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Abstract

In Part I, we investigate the principal series representations of the n-fold covering
groups of the special linear group over a p-adic field. Such representations are con-
structed via the Stone-von Neumann theorem. We have three interrelated results.
We first compute the K-types of these representations. We then give a complete
set of reducibility points for the unramified principal series representations. Among
these are the unitary unramified principal series representations, for which we further
investigate the distribution of the K-types among its irreducible components.

In Part II, we demonstrate another application of the Stone-von Neumann the-
orem. Namely, we present a lower bound for the minimal degree of a faithful repre-
sentation of an adjoint Chevalley group over a quotient ring of a non-Archimedean

local field.
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Introduction

For us, covering groups, also known in the literature as metaplectic groups, are central
extensions of a simply-connected simple and split algebraic group over a local field F
by the group of the n-th roots of unity, u,. Such groups fall into the category of locally
profinite groups. In the case n = 2, such covering groups were first presented explicitly
in Weil’'s memoir [Wei64] for the symplectic group. The problem of determining
this class of groups, in the more general case, was studied by Steinberg [Ste68] and
Moore [Moo68] in 1968, and further completed by Matsumoto [Mat69] in 1969 for
simply-connected Chevalley groups. In these works, one considers Steinberg’s explicit
construction, by generators and relations, of the covering groups. Around the same
time, Kubota independently constructed n-fold covering groups of SLy, [Kub67] and
GLs [Kub69] over a p-adic field by means of presenting an explicit 2-cocycle. Kubota’s
cocycle is expressed in terms of the n-th Hilbert symbol.

Since then, there have been a number of studies of representations of this class of
groups from different perspectives, among them being the work of H. Aritiirk [Ari80],
D. A. Kazhdan and S. J. Patterson [KP84], C. Moen [Moe88], D. Joyner [Joy98,
Joy01], G. Savin [Sav04], M. Weissman and T. Howard [HWO09], and P. J. McNa-
mara [McN12].

In the first part of this thesis, my objective is to study principal series repre-
sentations of the n-fold covering groups §f42 of SLs over a p-adic field F for n > 2,

introduced by McNamara [McN12]. Since this thesis is intended to be expository and

xiii
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self-contained, we draw on some of the work listed above (with specific citations). Our
approach is to work with the explicit construction of SLs given by Kubota [Kub67].
We assume n|q — 1, where ¢ is the size of the residue field of the p-adic field. This
implies the splitting of the central extension over a maximal compact subgroup K of
SLy(TF).

The principal series representations of éiz(IF) are those representations that are
induced from the inverse image B of a Borel subgroup B of SLy(FF). The construction
of those representations of B that are trivial on the unipotent radical of B brings us
to the study of the irreducible representations of the metaplectic torus T , i.e., the
inverse image of the split torus 7" of SLy(F) in ﬁz(F)

An important feature of f, which differentiates the nature of its representations
from those of a linear torus, is that it is not abelian. However, it is a Heisenberg
group and its irreducible representations are governed by the Stone-von Neumann
theorem. The Stone-von Neumann theorem characterizes irreducible representations
of two-step nilpotent groups, also known as Heisenberg groups, according to their
central characters. Indeed, given a character of the centre of a Heisenberg group that
satisfies some mild conditions, the Stone-von Neumann theorem provides a recipe to
construct the corresponding, unique up to isomorphism, irreducible representation of
the Heisenberg group. The construction involves induction from a maximal abelian
subgroup of the Heisenberg group.

Once an irreducible representation p,, with central character x, of T is obtained,
the principal series representation 7 of gig(ﬂ?) is Indsj}}(ﬂr),ox7 where p, is trivially
extended on the unipotent radical subgroup of B. These representations of éig(IF)
were introduced in [McN12], and they admit several open questions. We take the
following two approaches in order to study 7. On the one hand, we investigate the
K-types of m,. On the other hand, we determine the unramified characters x for
which m, is reducible. Finally, the two trajectories meet when we investigate the

distribution of the K-types among the irreducible constituents of m,. Let us now
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elaborate on each of these three streams.

A common technique in representation theory is to study the decomposition of
the restriction of representations to a particular subgroup. In the theory of real Lie
groups, restriction to maximal compact subgroups retains a lot of information from
the representation; in fact, such a restriction is a key step towards classifying irre-
ducible unitary representations. In the case of reductive groups over p-adic fields,
investigating the decomposition upon restriction to maximal compact subgroups re-
veals a finer structure of the representation, in the interests of recovering essential
information about the original representation.

The problem of decomposing a representation of a reductive p-adic group upon re-
striction to a maximal compact, which we refer to as the K-type problem, is visited and
solved in certain cases, including the principal series representations of GL(3) [CN09,
CN10, OS14], and SL(2) [Nev05, Nev11], representations of GL(2) [Cas73], and su-
percuspidal representations of SL(2) [Nev13].

Our result is as follows. Let O be the ring of integers of F and let K be the in-
verse image of the maximal compact subgroup SLy(O) in SLy(F). The representation
Ind%Q(F) py is smooth; it can be viewed as the union of its Kj;-fixed points, where the
K;’s are the natural filtration of K. This allows us to reduce the problem to calculat-
ing the dimensions of certain finite-dimensional Hecke algebras. The key calculation
for determining the decomposition is the determination of certain double cosets that
support intertwining operators for the restricted principal series representation. Our

main result, which is stated in Theorem 4.4.19, can be summarized as follows:

Theorem 1. Let x be a character of Z(T) of depth m — 1 and let n = n if n is

odd, and n = n/2 if n is even. Then IndSELZ(]F)pX decomposes into a direct sum of

K -representations as:

—_

SL K —~ —~ \%n
Resglnd] "7, = €D ((ndf )™ ) o @) (W0 W)™

=0 I>m

I3
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where the x;’s are all possible extensions of x to a maximal abelian subgroup A of f,
and Woﬁ and Wo_,l are two irreducible inequivalent spaces of the same degree such that
W(fl @ Wotz = (Indgm[?XO)Kl/(IndgmgXO)Kl—l. Moreover, under the condition m > 1

all the summands are irreducible.

A key step in understanding the degrees of Woi,l and WOJFZ in the decomposition is
to investigate the K-type problem for the n-fold cover of GLy(IF) defined in [Kub69].

The final result is obtained by comparing the restriction to K of the principal series

SLx(F)

representation of C/}VLQ(IF) with ReszInd

Py- In my work, I follow the argument
in [Nev05] for the linear group SLy(FF); however, the technicalities in the covering case
are much more involved than the linear case, and the results are fairly different. For

instance, the decomposition is no longer multiplicity-free (see Corollary 4.2.15).

Having established the K-types, we explore 7, from a different angle; namely,
we study the problem of determining the unramified characters x for which , is
reducible. This problem is solved for unitary unramified principal series of éig(IF) by
Moen in [Moe88]. For non-unitary unramified principal series, the case of n = 2 is
solved by Gelbart and Sally [GS75], and n = 3 is solved by Aritiirk [Ari80]. Along the
same line, the decomposition of the unramified regular principal series of the n-fold
covering groups of certain Chevalley groups is also of interest in [Sav04]. However, he
excludes the case of SLy(F) from his computation (and explicit statement of results).

In Chapter 5 of this thesis, we undertake the determination of those unramified
characters x for which 7, is irreducible. As suggested by the study of K-types of 7,
the behaviour of 7, depends on the parity of n. We chose to restrict ourselves to odd
n and leave the even case for future work. In particular, the result in [Ari80] is a
special case of ours. Unramified characters, and hence their corresponding principal
series representations, are parameterized by a complex power s of the norm character
|- | : F* — C*. Our result, which is stated in Theorems 5.2.13 and 5.3.6, can be

summarized as follows:
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Theorem 2. Given an unramified character xs of Z(f), the principal series repre-

sentation s is reducible if and only if s =1 + % ors =1+ l(qu. Fors =1+ %,
the principal series representation s decomposes as a direct sum of two inequivalent

subrepresentations.

The proof is adapted from the classical method of finding reducibility points of
the principal series representations of the linear group SLy(FF) [Cas95]. The splitting of
the central extension over K implies the existence of an open compact section K 0 C K
isomorphic to K. We deal with regular and non-regular characters ys separately. Let
¢s be a fixed spherical function in 7. In the case of regular characters, the idea is
to construct a special intertwining operator 7 in Homgz (F)(ﬂ's, 7s) and pin down the
image of the spherical function under this map. The crucial tool is an adaptation of
[Cas95, Theorem 6.6.2] to the covering group in Proposition 5.2.6. This theorem links
the question of the irreducibility of 7g to that of the vanishing of 7. For a non-regular
character ys, we prove a variant of Jacquet’s first lemma, adapted for the non-linear

group éTJQ (F), which allows us to reduce the problem to the Jacquet module level.

We finish Part 1 by weaving Theorem 1 and Theorem 2 together in Chap-
ter 6. This is accomplished by investigating the problem of the distribution of the
K-irreducible spaces in the K-type decomposition in Theorem 1, into the é\flg(IF)—
irreducible constituents mg in Theorem 2, when 7y is the reducible unramified unitary
representation. My approach, inspired by the argument in [GGPS90] for the linear
group SLo(FF), is to calculate a non-invertible intertwining operator A from the L*-
realization of 7g to itself. This involves a careful study of vector valued Bessel and
Gamma functions. In fact, calculating the effect of the intertwining operator A on the
value of functions at a single point provides a substantial amount of information. In
particular, one can identify the irreducible component that a specific K-type belongs
to. Hence, to understand the K-type distribution, one should first concretely realize

the K -spaces in Theorem 1 as spaces of matrix-valued square integrable functions.
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Using the method explained above, I succeeded in verifying that the spherical

K-types and its complement, appearing in the first piece of the decomposition in

ux
logq’

Theorem 1 for w5 for s = 1 + belong to opposite components. This result is

stated and proved in Theorem 6.2.3 and Theorem 6.2.6.

The second part of my thesis is on the minimal degree problem. Let G be a finite
group and let m¢(G) be the smallest possible dimension of a faithful representation
of G. The minimal degree problem is to find a “good” lower bound for m¢(G).

This problem was considered for PSLs over a finite field of size p, with p prime,
by Frobenius [Fro|. The lower bound given by Frobenius was shown to be serviceable
in a number of combinatoric and number theoretic applications [SX91, BG0O8b]. This
bound has been generalized by V. Landazuri and G. M. Seitz and A. E. Zelesski to
finite simple groups of Lie type [LS74, SZ93]. Bourgain and Gamburd considered the
problem for SLy(Z/p"7Z) as a step towards showing that a certain family of graphs
is an expander family. Inspired by combinatorial applications of such bounds, M.
Bardestani and K. Mallahi-Karai studied the minimal degree problem for SLy(Z/p"Z)
and Sp,,(Z/p"7Z) [BMK15].

In Chapter 7, in a joint work with M. Bardestani, K. Mallahi-Karai and H.
Salmasian, we study the minimal degree problem for the adjoint Chevalley groups
G over O/p, where O is the ring of integers, and p is the maximal prime ideal of a
non-Archimedean local field F'.

The key step in our approach is that we construct a Heisenberg subgroup H of G.
To give a lower bound to m¢(G), given a faithful representation (p, V) of G, we show
that there exists at least one irreducible constituent (o, V}) in the decomposition of
p|m into irreducible subrepresentations, to which the Stone-von Neumann theorem
applies. Hence, the unique construction of Vj, given by the Stone-von Neumann
theorem, allows us to compute the dimension of V;. The lower bound is obtained by

calculating the size of the orbit of the action of the normalizer of H on (o1, V7).
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In future, in order to understand the representations of the n-fold covering groups
of éig(IF) completely, one needs to complete the classification of the decomposition of
the reducible principal series representations, as well as construct the supercuspidal
representations. There are also many questions to answer about their K-type decom-
position, including investigating the behaviour of the representations of é\ig (F) when
the condition n|q — 1, which implies the splitting of éig(IF) over SLy(0), is relaxed.

Along the same vein, on the one hand, one can calculate the problem of finding
reducibility points of ms when n is even. Moreover, one can investigate this problem
when Yy is a ramified character. On the other hand, It is possible to extend my results
on the distribution of K-types, explained above, to the entire K-type decomposition

given in Theorem 1.

This thesis is organized as follows. In Chapter 1, we present the basic background
of representation theory and the Stone-von Neumann theorem needed in both parts
of the thesis. In Chapter 2, we cover the basics on central extensions, and the n-th
Hilbert symbol, needed for Part I. Chapter 3 is devoted to a detailed construction
of the n-fold covering groups of SLy(F) and GLo(F) by means of Kubota’s cocycle,
and the description of some of their subgroups. In Chapter 4, we study and solve
the K-type problem for principal series representations of SNLQ(F) In Chapter 5, we
calculate the reducibility points for the unramified principal series representations
of éig(lﬁ'), and Chapter 6 is on the K-type distribution within the reducible unitary
unramified principal series representation of the covering group. In Chapter 7, we
present a verbatim copy of a joint paper on the minimal degree problem for the

adjoint Chevalley groups G over O /p, which has been submitted for publication.



Chapter 1

Background

We assume that the reader is familiar with basic theory of non-Archimedean local
fields, and basic Lie algebra. For full exposition on these subjects see [Ser79al, [Cas86],
and [Hum78]. In this section, we cover two main topics that are background to both
parts of the thesis. In Section 1.1 we recall, without proof, some of the main concepts
and results in harmonic analysis and representation theory of certain category of
groups, which we need as tools to prove our results. Our main references for this part
are [Tai75], [Sal98] and [BHO06]. Section 1.2 is devoted to a detailed proof of one of the

main ingredients of this thesis, a version of the Stone-von Neumann Theorem 1.2.2.

1.1 Representations of Locally Profinite Groups

1.1.1 Locally Profinite Groups

The class of groups we are interested in are locally profinite groups. Throughout this

section we assume G is a locally profinite group.

Definition 1.1.1. A locally profinite group is a topological group G such that every

open neighbourhood of the identity in G contains a compact open subgroup.
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For example, any finite group is locally profinite. We can generate a more inter-
esting set of examples as follows. Let F be a non-Archimedean local field with ring of
integers O and maximal ideal p of O. Let x := O/p be the residue field and ¢ = ||
be its cardinality. Let O* denote the group of units in O. Let w be a uniformizing
element of p. Every element in F* can be written uniquely as = aw™ for a unit
element a € O* and an integer m, called the valuation of x and denoted by val(x).
The field F carries an absolute value defined by || = ¢™™ = ¢7¥®@) for x # 0,
and [0 = 0. Then O = {a € F | val(a) > 0}, O* = {a € O | val(a) = 0} and
p={a €O |val(a) > 0}.

The field of p-adic numbers Q,, for a prime p, and the field of formal Laurent

series R((x)), where R is a field, are non-Archimedean local fields.

Example 1.1.2. The additive group of F is a locally profinite group. Set p™ = w™Q,
for m € Z. Then the p™ are open compact subgroups of F and give a fundamental
system of open neighbourhoods of 0. The additive group F is the union of its compact

open subgroups.

Example 1.1.3. The multiplicative group F* is a locally profinite group. Namely,
the groups 1 + p", n > 1, are compact open and give a fundamental system of open
neighbourhoods of 1. Note that, unlike the additive group I, the multiplicative group
F* is not the union of its compact open subgroups. It is not difficult to see that

F*=7Zx O*.

Example 1.1.4. The group SLy(F) of matrices with determinant one and matriz
entries in F is a locally profinite group. The subgroups K = SLy(O), matrices with
determinant one and matriz entries in O, and K; :={g € K|g= I, mod p’}, j > 1,
are compact open and give a fundamental system of open neighbourhoods of I. Note

that K is a maximal compact subgroup of SLy(FF).

Remark 1.1.5. There exists a (unique up to a positive scalar) right-invariant Haar

measure pg on G, which amounts to the property that for every locally constant
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compactly supported function f on G, and g € G, [, f(zg)d. .z = [, f(z)du,2.
That is, d,,(zg) = d,,(x) for all z € G and g € G. Moreover, there exists a
unique homomorphism d¢ : G — R* such that d,, (gz) = d¢(g9)d, (z). The function
0c is called the modular character of G. We say G is unimodular if ds is trivial.
Abelian groups and compact groups are unimodular. Throughout this thesis, we set

dr = d,. .

1.1.2 Some Harmonic Analysis on Locally Profinite Groups

Definition 1.1.6. A character of the group G is a continuous group homomorphism
X : G — C*. It is customary to write 1 for the trivial character of G. Moreover, x

s unitary if its image is contained in the unit circle.

Note that characters of compact groups are unitary. If G is abelian, we denote
the set of unitary characters of G' by G. It is well-known that G is itself an abelian

group under point-wise multiplication and GG (Pontryagin duality).

Definition 1.1.7. A character of the additive group F is called an additive character
of F. A character of the multiplicative group F* is called a multiplicative character

of F*.

Because F is a union of compact groups, all its additive characters are unitary.
However, a multiplicative character of IF is not necessarily unitary. For example the
character = +— |z| assumes arbitrarily large values and hence is not unitary. The

proof of the following proposition can be found in [BH06, Proposition 1.7].

Proposition 1.1.8. Let ¢ be a non-trivial additive character of F. The map
F—>F a— Vg

where Y, (x) = Y(ax) is a group isomorphism.
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Definition 1.1.9. The level of an additive character 1 s the least integer d such
that p¢ C ker(1)).

Note that the continuity assumption on characters guaranties the existence of
the level. For the rest of this document, we fix a choice A of an additive character of

level zero. That is, A is trivial on O and not trivial on p~!

Remark 1.1.10. Since F* = Z x O*, for every € F*, x = 2yw*®), 25 € O* and
val(z) € Z. Hence, any multiplicative character x can be factored as x(z) = x*(zo)|x|*
for all z € F*, where s € C and x* is a character of O*. In fact, x* = x|ox. Moreover,

we can assume that < Im(s) <

b
log logq"

Definition 1.1.11. A multiplicative character x is called unramified if x|px = 1. Let
m be the least positive integer such that 1+ p™ C ker(x); then we say x is primitive

mod m, or ramified of degree m, or of depth m — 1.

We normalize the unimodular additive Haar measure pr on F so that [ odr =1

The following lemma is useful later in this document.

Lemma 1.1.12. Let ¢ : F — C* be an additive character of level d and let m < d.

Then
[ v

Proof: Choose y € p™ such that ¥ (y) # 1. Since dx is an additive Haar measure,

we may make the change of variable x — y + x.

/pm Y(z)de = /pm V(Y + z)dz = Y(y) /pm b(z)dz

Whence/ (z)dx = 0. i
pm

Definition 1.1.13. Let C°(FF) denote the space of complex-valued, compactly sup-

ported locally constant functions on .
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Definition 1.1.14. Let \ be the (fized) character of F of level zero. For f € L*(TF),
define the Fourier transform of f to be the function f :F— C given by
Flu) = / M—uz)f(z)dz u€F.
F

The Fourier transform is bijective on C2°(F) [Sal98] and its inverse is given by

f(u) = / A(uz) f(x)d.

Note that for any y € F*, d(yz) = |y|dz. Hence, d*x := dx|z|™! is a multiplicative
Haar measure on O*. Our choice of normalization implies that [, d*z =1—¢7".
Let A be the (fixed) additive character of F and let x be a multiplicative character of
Fx.

Definition 1.1.15. A function f : F — C is locally integrable if it is integrable on

each set {x € F, ¢ < |z| < ¢™} for m > 0.
Let f be a locally integrable function on F. Define

fol) = f(x), ifg™ < |z] < g™

0, otherwise.

Definition 1.1.16. The principal value integral of a locally integrable function f is
defined by

PV/]Ff(x): im [ fo(2)dr. (1.1.1)

m—00

A locally integrable function may not be integrable; however, if a locally in-
tegrable function f is indeed integrable, its integral is equal to the principal value
integral of f [Tai75, Chapter 4]. Next, we will follow [Sal98] closely, to state the defi-
nition and values of Gamma and Bessel functions that are defined using the principal
value integrals. These functions appear in the study of the intertwining operators
of certain representations in Chapter 6. Recall that, for all = zow"®® in F*,

xo € OF, x(x) = x«(x0)|z|?, where y, is a character of O* and s € C.



1. Background 6

Definition 1.1.17. For a (non-trivial) character x = x| - |5, s € C of F*, the
Gamma function I'(x) =Ty, (s) is defined as follows:

1. If x is ramified, let

P(y) = Ty (s) = PV / M) (o)

F ||

2. If x is unramified and Re(s) > 0 let
T(y) = Ty(s) = PV/)\(x)\:cPlda:.
F

3. If x 15 unramified and Re(s) < 0, o= < Im(s) < ==, and s # 0, let T'i(s) be

7 loggq log
the extension of I'1 by analytic continuation.

Next, we state a lemma from [Sal98, Lemma 10.2], and a theorem [Sal98, The-
orem 10.3] that gives the values for the Gamma function. In particular, it is shown

in [Sal98] that the principal value integrals in Definition 1.1.1 converge.

Lemma 1.1.18. Let x be a ramified character with ramification degree h > 1. If
lu| # q" then

/ AMuzx)x(x)dx = 0.
ox

Theorem 1.1.19. Let x = .| - |® be a character of F*.

1. If x is ramified of degree h > 1, then there exists C, € C such that I'y (s) =
Cx*qh(s_%), where |Cy,| =1 and C,1C,, = x.(-1).
2. If x is unramified (x. = 1), and s # 0, then

1— s—1
F1(8> - 1 _qq_s :

8. For all nontrivial characters x except for x(x) = |z[, T'y.(s) = x«(=1)I',-1(5),
and T'y (s)I', -1(1 — 5) = x«(=1), and so 'y (s)Iy, (1 —5) = 1.
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Another closely related function that will appear later in this thesis is the p-adic
Bessel function. Next, we define this function, and state a theorem taken from [Sal98,

Theorem 10.12 and 10.13], which gives us the values for the Bessel function.

Definition 1.1.20. For a unitary character x : F* — C* and u,v € F*, the Bessel

function J, (u, v) is defined as follows:

d
Jy(u,v) = PV/)\(ux + vx_l)x(x)|—x|.
F x
Theorem 1.1.21. Let x be a non-trivial unitary character of F* and u,v € F*. If

X is unramified and |uv| < q, or if x is ramified of degree h and |uv| < ¢", then

Jy(u,v) = x(0)L(x ™) + xH(w)T(x).

Note that we only include the cases that will be used in this thesis. The original

theorem gives the values of the Bessel function completely.

1.1.3 Smooth Representations

A complex representation (m,V) of a locally profinite group G is a group homomor-
phism 7 : G — Aut(V), where V is a complex vector space. Throughout this thesis,

all representations of locally profinite groups are over complex vector spaces.

Definition 1.1.22. A representation (m,V') of G is smooth if, for everyv € V, there
exists a compact open subgroup K of G (depending on v) such that w(g)v = v, for all
g€ K.

Example 1.1.23. A character of G is a smooth one-dimensional representation of

G.

For every subgroup H of G, let VH denote the subspace of H-fixed vectors. That
is, VH is the space of all v € V such that 7(g)v = v, for all g € H. Therefore, (m,V)
is smooth if and only if V' is the union of its K-fixed spaces, where K ranges over the

compact open subgroups of G.
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Definition 1.1.24. A smooth representation (w,V) is admissible if VE is finite-

dimensional, for each compact open subgroup K of G.

Definition 1.1.25. Given two smooth representations (m, Vi) and (e, Va) of G, an
intertwining operator f : Vi — V5 is a linear map that commutes with the action of
G, that is,

fom(g) =m(g)of VgeG.

The space of all intertwining operators from m; to o is denoted by Homeg (71, o). We
say m and me are equivalent or isomorphic if there exists a bijective linear map in

Homg (71, 72).

Definition 1.1.26. A representation (w,V) of G is called irreducible if V' admits no

non-trivial G-stable subspaces.

The next lemma, shows that all of the intertwining operators from an irreducible

representation to itself are multiples of the identity operator.

Lemma 1.1.27 (Schur’s Lemma). If (7,V) is an irreducible smooth representation

of G, then Endg(V) := Homg(7, m) = C.

It follows directly from Schur’s lemma that if (7, V') is an irreducible representa-
tion of GG, then the center of G acts by a character. We call this character the central
character of .

A smooth representation of a locally profinite group G is not necessarily G-
semisimple; that is; it might not be completely decomposable into a direct sum of
its irreducible constituents. However, (7, V') is K-semisimple for any compact open

subgroup K of G. More precisely, we have the following proposition, proven in [BHO6].

Proposition 1.1.28. Let G and K be a locally profinite group and an open compact
locally profinite group respectively. Then the following statements hold.

1. Fvery irreducible representation of K 1is finite-dimensional.
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2. If K C G, and (7,V) is a smooth representation of G, then V is a direct sum

of its irreducible K -subspaces.
3. If G s abelian, any irreducible smooth representation of G is one-dimensional.

Let (o, W) be a smooth representation of a closed subgroup H of G. Define

Indga to be the vector space of functions f : G — W satisfying
o f(hg)=0c(h)f(g) for all h € H and g € G,

e there exists a compact open subgroup K of G, depending on f, such that
flgz) = f(g) for all x € K and g € G.

We construct a representation of G over the vector space Indga by letting G act
by right translation. That is, (g- f) (z) = f(xg) for all z,g € G, f € Ind%o. By

definition, the G-representation Indga is a smooth representation of G.

Definition 1.1.29. Define the induced representation of G by o to be the space

Ind$ o together with the right translation action of G.

Remark 1.1.30. When G is unimodular, sometimes it is beneficial to consider the
normalized induction Ind%é}{ma instead, where dy is the modular character of H. Set

indo = Indgé}fa.

Remark 1.1.31. It is customary to use Ind%o to indicate the induction space to-
gether with the right translation action. There are instances in this document where
we consider the vector space Ind%o (or ind%o) together with a different action. To

avoid confusion, only in those instances, we will denote the vector space by £ (Indga)

(or £(ind%0)).

Lemma 1.1.32. Let G be a locally profinite group and let H be a closed subgroup of
G such that H\G is compact. Let (o,V') be an admissible representation of H. Then

Ind% o is admissible.
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Proof: Let Ky be an open compact subgroup of G. We want to show that
(Ind%o)¥o is finite-dimensional. Since H\G is compact, the double coset space
H\G/Kj is finite. Let {g1,..., .} be aset of double coset representatives of H\G/ K.
Every g € G can be written as g = hg;k for some 1 < ¢ < r, h € H and k € K,.

Hence, for all f € (Inng)KO,

f(g) = f(hgik) = f(hg:) = a(h)f(g:),

so f is uniquely determined by its values on {gi,...,g,}, which are vectors in V.
Consider the compact open subgroup H N g;Kog; ' of G. Observe that for h €
HnN giKogi_l, we have h = g;kg; * for some k € Ky and hence hg; = g;k. Therefore

a(h)f(g:) = f(hg:) = f(gik) = [(g:)-

Therefore, f(g;) € VHNg:Kog ' Note that since o is admissible, for 1 < i < 7,
VHN9iKo9" g finite-dimensional. Hence the image of g; under f is in a finite-dimensional

subspace of V. Therefore, (Indga) o g spanned by finitely many functions. i

For a representation w of G and a subgroup H of G, we denote the restriction of 7 to
H by Resym. The next proposition [BH06, Proposition 2.4], which relates induction

and restriction, gives a fundamental property of the induced representations.

Proposition 1.1.33 (Frobenius Reciprocity). Let H be a closed subgroup of G. For
a smooth representation (o, W) of H and a smooth representation (w,V') of G, we

have the following isomorphism:
Homg(m, Ind$ o) = Hompy (Resy, o).

For a subgroup H of a group G and = € G, set H* = {z 'hz |h € H}. If
(o0, W) is a representation of H, the conjugate representation o : H* ' — Aut(WW)
defined by 0%(g) = o(x 'gx) is a representation of H* . The following proposition

is a version of a well-known result originally due to Mackey [Mac52].
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Theorem 1.1.34 (Mackey’s Theorem). Let G be a locally profinite group and let
H and L be closed subgroups of G such that L\G/H s finite. Let (o,W) be an
admissible representation of H and let S be a finite set of double coset representatives
for L\G/H. Then

Res Ind%o = @ Indll_l[s—lmLO-S.

seS

Next, we state a result that relates the intertwining maps between induced repre-
sentations of finite groups, with functions in the corresponding Hecke algebras. Hecke
algebras can be defined in the more general setting of locally profinite groups [BHO6].

However, we only state the finite group version, which suffices for our purposes.

Definition 1.1.35. Let G be a finite group. Let H(G) be the vector space of all
functions ¢ : G — C. For ¢1,¢s € H(G), the convolution ¢1 * ¢o, given by

(1 * Z(bl Ypa(z7tg), Vg€,

:(:EG

equips H(G) with the structure of an associative C-algebra.
The algebra H(G) is isomorphic to the group algebra C[G].

Definition 1.1.36. Let L and H be subgroups of a finite group G and let p: L — C

and x : H — C be characters of L and H respectively. Define the vector space

H(ING/H, p,x) ={f : G = C| f(lgh) = p(1)f(g)x(h), l € L,h € H}.

Definition 1.1.37. For a subgroup L of a finite group G the Hecke algebra Hj is
the pair (H(L\G/L,1,1),x).

The proof of the next proposition can be found in [Nev05, Proposition 3.2]

Proposition 1.1.38. Let L and H be subgroups of a finite group G and let p: L — C
and x : H — C be characters of L and H respectively. The intertwining operators

from Ind$ X to Ind¢ 7p are given by convolution with functions in H(L\G/H, p,x).
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Suppose the locally profinite group G is the group of F-rational points of a
reductive linear algebraic group defined over F (or more generally, a finite topological
covering of such a group, as for example the group described in Chapter 3). Let P
be a parabolic subgroup of G with unipotent radical N, Levi subgroup M and Levi
decomposition P = M N.

Definition 1.1.39. Let (m, V') be a smooth representation of G. Define V/(N) to be the
subspace of V' generated by {m(n)v —v | n € N,v € V}. The space Viy := V/V(N)
inherits a smooth representation wn of P/IN = M. We call (7n,Vy) the Jacquet
module of (m,V) at N.

Later in this thesis, we generalize the notion of Jacquet module to non-linear
covers of a locally profinite group. The following lemma in taken from [BH06, Chapter

3.8].

Lemma 1.1.40. Let (m, V) be a representation of G. Then a vector v € V lies in

V(N) if and only if there exists a compact open subgroup Ny of N such that

/NO r(n)vdn = 0.

The next lemma is a direct implication of Proposition 1.1.33.

Lemma 1.1.41. Let (o, W) be a smooth representation of M. Extend o trivially on
N to obtain a representation of P, and let (w,V') be a smooth representation of G.
Then

Homg (7, Ind$e) = Homyy (7, o). (1.1.2)

Next we prove some general representation theory facts that we will use later in

the thesis.

Lemma 1.1.42. Let A and B be locally profinite groups such that A C B. Moreover,
let x4 and xp be characters of A and B respectively. The character xg occurs as a

constituent of Ind5y 4 if and only if Resaxp = xa.
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Proof: The character yp occurs in Ind%y 4 if and only if there exists an inter-

twining operator from yp to Ind¥y 4. By Frobenius reciprocity

Hompg (x5, IndeA) = Homa(Resaxs, xa)-

Since Resaxp and x4 are irreducible, it follows from Schur’s lemma that Resaxg =

XA- i

Lemma 1.1.43. Let A and B be abelian groups such that A C B and [B : Al =1 <
0o. Moreover, let x be a character of A. Then Indfx decomposes as a direct sum of

| distinct characters.

Proof: Since B is abelian, the [-dimensional representation Ind]jx decomposes
into a direct sum of [ characters. To see that the characters are distinct, note that

by Frobenius reciprocity,
Homp(Ind%x, Ind%y) = Hom 4 (Res Ind5y, ).

By Mackey’s theorem
Res Ind%y = @ Ind% . 4 X°, (1.1.3)
ses

where S is a set of coset representatives for B/A. Hence, |S| = [. Since B is abelian,

A= Aand x* = x for all s € S. Hence, (1.1.3) simplifies to x®. Therefore,

Dl

dim Homp(Ind5y, Ind5x) = dimHom,(x®, x) = L.

So, Indﬁ x decomposes as a direct sum of [ distinct characters. |
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1.2 Stone-von Neumann Theorem

The Stone-von Neumann theorem characterizes the irreducible representations of
Heisenberg groups in terms of their central characters. Here we state a version of
the Stone-von Neumann theorem based on [McN12]. Then we elaborate on the proof
given in the same paper. Note that one can see a variety of analogues of the Stone-von
Neumann theorem in the literature. The origins and development of the theorem as

well as its variants are discussed in [Ros04].

1.2.1 Definitions

Recall that for any group G, we define the lower central series of GG inductively as
follows. Set

Z(G) = {1}, Z1(G) = Z(G),
and for each i > 0, set Z;11(G) to be the preimage in G of the centre of G/Z;(G)
under the natural projection. A group is called nilpotent if Z.(G) = G for some

integer ¢ > 0. The smallest such c is called the nilpotence class of G.

Definition 1.2.1. A Heisenberg group is defined to be any group with nilpotence class

two.

Let H be a Heisenberg group and let A be a maximal abelian subgroup of H.
Moreover, let ¥’ be a character of A and let Indfx’ = {f : H — C | f(ah) =
X'(a)f(h) for all a € A, h € H} be the induced representation, where H acts by right

translation.

Theorem 1.2.2 (Stone-von Neumann). Let H be a Heisenberg group with center
Z(H) such that H/Z(H) is finite, and let x be a character of Z(H). Suppose that
ker(x) N [H, H] = {1}. Then there is a unique (up to isomorphism) irreducible rep-
resentation m of H with central character x. Let A be any maximal abelian subgroup

of H and let X' be any extension of x to A. Then 7 = Indfy’.
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1.2.2 Some Lemmas

Lemma 1.2.3. A non-abelian group H is a Heisenberg group if and only if Z(H)

contains the commutator subgroup of H.

Proof: Observe that

Z(H[Z(H)) = {acH/Z(H)|[a,g]=1Vg e H/Z(H)}
= {ac H/Z(H) ||a,9|Z(H) = Z(H)Vg € H and Va € a}.

So, Zy(H) = {a € H | |a,g] € Z(H)Vg € H}. Suppose H is a Heisenberg group.
By definition, Zy(H) = H, which implies [a,g] € Z(H) for all a,g € H. That is,
[H,H] C Z(H). Conversely, [H,H| C Z(H) implies Z2(H) = H, which means H is
Heisenberg. |

Lemma 1.2.4. Let A be a maximal abelian subgroup of a Heisenberg group H. Then

A is normal in H.

Proof: Note that [H,H| C Z(H) C A. Hence, for every h € H and a € A,
[h,a™ '] = h™'aha™' € [H, H] C A, and therefore, h~tah € A. i

Lemma 1.2.5. Let H, A and X' be as in the statement of Theorem 1.2.2. Suppose
M is an invariant subspace of Indfy/, and let f be in M such that A C Supp(f).
Then, there ezists a function f' € M such that A C Supp(f’) € Supp(f).

Proof:  Choose an element h € Supp(f) \ A. If h commutes with all the elements
in A, then the subgroup generated by {h~'}UA is abelian, which contradicts the max-
imality of A. Therefore, there exists a € A such that [a,h™'] # 1. By Lemma 1.2.3,
la,h™'] € Z(H). Consider the function

fr=a-f—x(la,h )X (a) f.
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Since M is H-invariant, f’is in M. Note that since A is a normal subgroup in H, for

all x € H we have

a- f(z) = f(za) = f(zaz~'z) = ¥/ (zaz™") f ().

Therefore, Supp(a - f) C Supp(f). Moreover, x([a, h*])x(a)f is a scalar multiple of
f and hence Supp(f’) € Supp(f). Thus, proving that f’(h) = 0 implies that Supp(f’)
is strictly contained in Supp(f). Because hah™' € A, and ' is an extension of x to

A, we have
X([a, h7)X (@) = X' (a™)x'(hah™ )X/ (a) = X' (hah™").
and hence,

(@ f=x(la,h" )X (a)f) (h) = X'(hah™") f(h) = x'(hah™") f(h) = 0.

So, f’ vanishes on h which shows its support is strictly smaller than that of f. More-

over, for any o’ € A, we have

fi(d') = f(d'a) = x(la, h™)) f(ad’) = (1 = x([a, h™"])) f(ad')

is nonzero, because A C Supp(f) and [a,h™'] ¢ ker(x) as ker(x) N [H, H] = {1}.
Therefore, A C Supp(f’). i

Lemma 1.2.6. Let H be as in the statement of Theorem 1.2.2, and let (7w, V') be an

irreducible representation of H. Then 7 is finite-dimensional.

Proof: Let B ={hy,...,hy} be a complete set of representatives of H/Z and let
v € V be a non-zero vector. Set B = {n(h;)v|h; € B}, and let W be the subspace of
V spanned by B. Let x be the central character of . Every element vy of W can be

expressed as Y .~ \;w(h;)v where \; € C. For all h € H and vy € W we have

w(h)vy = 7(h) Z A (hi)v = Z N (hhi)v = Z A (hy, )0,
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for h;; € B and some z; € Z(H). So,
w(hyvy =Y Nim(hy)v,
j=1

where \; = Ajx(2;). So, W is a non-trivial H-invariant subspace of V. Since 7 is

irreducible, it implies that W = V. Hence, V is at most m-dimensional. |

1.2.3 Proof of the Stone-von Neumann Theorem

Proof: Let m be an irreducible representation of H with central character Yy.
By Lemma 1.2.6, 7 is finite-dimensional. The restriction Res%{7 has an irreducible
constituent x’, that is one-dimensional, because A is abelian, and x'|zm) = x. Let ¢
be the projection homomorphism from Res? 7 to x’. Then ¢ is a non-trivial element

in Hom4 (Res’ 7, ¥'). By Frobenius reciprocity,
Hom 4 (Resf{7, ') & Homp (7, Indf /).

Therefore, there exists a non-trivial ¢’ € Homg(m, IndYx’). Note that ker(¢') is a
proper invariant subspace of the irreducible = and hence trivial. Therefore, Im(¢’)
is a non-trivial H-invariant subspace of Indfy’. We want to show that ¢ is an
isomorphism, and all we need to show is that Indf X’ is irreducible. Define a function
fa:H— Cby

fal) = X'(x) ifzeA,

0 otherwise.

Evidently, f4 € Indfy’ and the one-dimensional vector space F = Cf, is a subspace
of Indx’. Moreover, it is not difficult to see that H - f4 generates Ind%y’. Let
M be a non-trivial H-invariant subspace of IndYy’. We show that M intersects F

non-trivially and thus contains it. Choose a non-zero f € M. After replacing f by
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h- f for some h € H, we can assume that f(1) # 0, so A C Supp(f). If A # Supp(f),
by Lemma 1.2.5, there exists a f* € M such that A C Supp(f’) € Supp(f). By
continuing this process, in each step one coset of A in H is eliminated from the
support of the resulting function. Since |H/A| is finite, we can find a function in M
whose support is equal to A and hence is in F'. Because F' is one-dimensional, this
implies F' C M. Hence, since M is H-invariant, H- f4 C M. Therefore, M = Indg X'
Hence, Ind{ x' = 7.

Next, we show that 7 is the unique representation of H, up to isomorphism, with
central character x. Precisely, for any extension x” of x to A, we have Ind{y” = .
Let x1 and y» be two distinct extensions of x to A. Consider the function

xi1(a)
xa(a)

x1x3 ' (a) =

This is a character of A. Note that Reszm)x1 = Reszyx2 = x. So X1X§1\Z(H) =
1, and hence, we can consider 1Y,  as a character of A/Z(H). Because H is a
Heisenberg group, H/Z(H) is abelian and hence, its irreducible representations are
given by characters. So, x1X5  can be extended to a character of H/Z(H). By
Lemma 1.2.3, [H, H] C Z(H) so that the map

H/Z(H) x H/Z(H) — C
(mZ(H),heZ(H)) = x([h1, h2])

is well-defined. Note that x([h1, ho]) = 1 implies that [hq, ho| € ker(x) N [H, H] = {1}.
For each v € H/Z(H), define

X:: H/Z(H) — C
hZ(H) — x([h,x]).

This gives all the characters of H/Z(H). Therefore, the extension of y1x; ' to H/Z(H)
should be equal to y, for some z. So x1x5'(a) = x.(a) = x([a,2]), which implies
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that

xi(a) = xo(a)x(a 2" ax)

= xe(a)xa(a ")xa(z  ax) = x2(2z'ax).

Hence, x; and Y, are conjugate. Thus, the map T : Ind%y; — Ind¥y, defined by
T(f)(h) = f(z~'h) is an H-intertwining operator, which implies Ind% y; = Ind y,. I
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Chapter 2

Preliminaries

2.1 Central Extensions

Throughout this chapter, G and A denote groups such that A is abelian. Later on,
in the thesis, we will specialize to the case G = SLy(F), where F is a p-adic filed, and
A = pp, n > 2 is the group of n-th roots of unity.

Definition 2.1.1. A central extension of G by A is a group G that fits in the short

exact sequence
15A—>G—G—1, (2.1.1)

where A, seen as a subgroup of CNJ, maps into the centre of G.

Such a central extension need not be unique. In order to describe the structure of
the group G , we need to specify more data. To do so, there are two approaches. One
approach is to specify a “section” of GG in é, and the other is to give a “2-cocycle” in
the second cohomology group of G with coefficients in A. We will describe the above

approaches and the link between them. First, let us give a few definitions.
Definition 2.1.2. A 2-cocycle, or a factor set, is a function 5 : GxG — A satisfying

6(927 93)/8(917 9293) = 6(917 gQ)ﬂ(gnga g3)a

21
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for all g1, 9> and g3 in G. If a 2-cocycle B : G x G — A is of the form

Bg1,92) = s(91)s(92)s(9192) ™", for all g1, 92 € G,
for a function s : G — A, we say [ is a 2-coboundary.

The set of 2-cocycles form a group under pointwise addition. The second coho-
mology group of G with coefficients in A, denoted by H?(G, A), is the quotient group
of 2-cocycles modulo the subgroup of 2-coboundaries.

Given the central extension
15 AS5GR a1, (2.1.2)

a section is a map s : G — G, such that p 0s(g) = g for all g € G. In fact, for any
g € G, s chooses a class representative for As(g). Note that the section map s is not
required to send the identity element of GG to the identity element of G. However, if
it does, it is called a normalized section. One can see that §(g1)s(g2) € As(g1g2) for
all g1, g2 € G and hence, there exists an element 55(g1, g2) in A such that s(g1)s(g2) =
Bs(g1,92)8(g192). It is straightforward to show that [, is, in fact, a 2-cocycle. If
s is normalized, its corresponding 2-cocycle satisfies 3,(1,9) = Bs(g,1) = 1 for all
g € G, and is called a normalized 2-cocycle. Moreover, 3 is independent from the
choice of section up to a 2-coboundary. That is, if s’ is another choice of section,
B (g1, 92) = Bs(91, g2)(g1, g2), for all g1, g2 € G, where o : G — A is a 2-coboundary.

Therefore, to any central extension GofG by A, we can associate a class in H*(G, A).

Remark 2.1.3. If the short exact sequence (2.1.2) is split, i.e., G = G x A, then
there exists a section s : G — é, which is a group homomorphism. Moreover, the

corresponding cocycle S5 is trivial.

Definition 2.1.4. We say two central extensions 1 — A 5 G5B G5 1and

15 AB3G RG> 1 are equivalent if there exists a group isomorphism ¢ : G- G
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such that the following diagram commutes.

N

1 A2 o 1

As is expected, equivalent central extensions correspond to the same class in
H?(G, A).

Conversely, given a class in H(G, A), we can construct the corresponding central
extension. It is not difficult to see that every 2-cocycle is equivalent to a normalized

2-cocycle. We assume that the given class is represented by a normalized 2-cocycle

B.

Definition 2.1.5. Let 8 be a normalized 2-cocycle, and define G to be G x A =
{(9,0)| g € G, ¢ € A} as a set, and define the multiplication on G by

(91,C1)(92,G2) = (9192, B(91, 92)C1G2)- (2.1.3)

Lemma 2.1.6. The set GG together with the multiplication given in (2.1.3) is a central
extension of G by A.

Proof: First, let us show that Gis a group. Since the 2-cocycle § is normalized,
the element (1,1) € G x A is the identity element of G. Also, it is easy to check that
for all (g,a) € G, (g,a)™ = (¢7%, B(g, g a™Y). Let (gi,a;), i = 1,2,3 be three

elements of G. We compute

((91,a1)(g2,a2)) (g3,a3) = (9192, B(g1, g2)a1a2)(g3, a3

)
g19293, 5(91792) (glgg,g3)a1a2a3)
)
)

(
(
= (919293, B(92, 93) B(91, g2g3)arazas) by 2-cocycle property
(
(

g1, @1) (9293, 5(92; g3)a2a3

91, a1) (g2, az)(gs, az)) .
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Thus, Gis a group. The maps
i:A—=G, a~—(1,a), (2.1.4)

and

p:G—G, (g9,a)—g. (2.1.5)

are group homomorphisms, and so
15456261 (2.1.6)

is a short exact sequence. To see i(A) is central in G, let § = (g, d’) be an arbitrary

element of G. Then by (2.1.3), since (3 is normalized and A is abelian, we have

(1,a)(g,a") = (g, 8(1, g)aa’) = (g, B(g,1)a'a) = (g,d")(1, a).

Hence, i(A) is central in G. By Definition 2.1.1, @ is a central extension of G by A. 1

Remark 2.1.7. Suppose G and A are topological groups. In order to obtain a
topological covering, it suffices for the 2-cocycle  to be continuous in a neighbourhood

of the identity.

Note that if 5 : G x G — A is the trivial map, the construction in Definition 2.1.5
gives us the group G x A. In fact, every function in the identity class of H?(G, A)
results in a central extension equivalent to G x A, which we call a trivial extension.

For any subgroup H of G, H:= p~!(H) is a subgroup of G , and in fact a central
extension of H by A:

1AL HBH 1. (2.1.7)

Definition 2.1.8. The central extension splits over H z'ff[ >~ A x H; that is Blgxu
is a 2-coboundary. The map s : H — A satisfying B(g1, 92) = s(g1)s(g2)s(g192) 7" is
called a splitting map.
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If Blpxu = 1, we say the central extension splits trivially over H.

Lemma 2.1.9. Let H be a subgroup of G such that the central extension splits over

H wvia the splitting map s. Then H =~ H x A via the 1somorphism given by
¢:H — HxA
(h,a) — (h,s(h)a).

Proof:  First we show that ¢ is a group homomorphism. Let (hy,aq), (hg,as) € H;
then

¢ ((h1,a1), (he,a2)) = ¢ ((haiha, B(h1, ho)araz))
= ¢ ((ha, s(h1)s(h2)s(hiha) ™ araz))
= (h1ha, s(hy)s(h2)aras)
= (ha,5(h1)ar)(ha, s(hs)as)
= ¢ ((h1,01)) ¢ ((h2,a2)) .
It is easy to see that ¢ is surjective. If (h,a) € ker(¢) then h = 1 and s(1)a = 1.
The identity 1 = 8(1,1) = s(1)s(1)s(1)~" implies that s(1) = 1, and hence a = 1.

Therefore, ¢ is an isomorphism. |

2.2 The n-th Hilbert Symbol

Let IF be a p-adic field. Let n > 2 be an integer. Recall that ¢ = |O/p|. Throughout
the rest of the document, we assume that n|q — 1.

The n-th Hilbert symbol is a map (, ), : F* x F* — pu,,. The following proposi-
tions list the fundamental properties of the n-th Hilbert symbol as well as a formula
to calculate the symbol. For more detail on the n-Hilbert symbol, including the

definition and the proof of the following propositions, see [Ser79b, Ch XIV].
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Proposition 2.2.1. For every o, 3,y in F*, the following properties hold:
(1) (o, B7)n = (@, B)n(c, 7)n-
(i) (B, 7)n = (@, 7)n(B,7)n-

(111) (o, —a), = 1.

(iv) (,1 —a), =1 whenever o # 1.

(v) (o, B)n = 1 & B is the norm of an element in the extension F(al/™)/F.

(UZ) (a76)n(ﬁ; Oé>n =1.
(vii) (o, B), =1 for every a € F* if and only if § € F*".

Since n|lqg — 1, p, € & and we have the following easy formula for the n-th

Hilbert symbol, proven in [Ser79b].

Proposition 2.2.2. Let a and b be in F*. Then,

q—1

(a,b)n = (&) =,

where

val(b)
— (_ Val(a)val(b)a_
¢ ( 1) pral(a)

and ¢ denotes the image of ¢ in K*.
Remark 2.2.3. Note that val(c) = 0, and therefore (, ), is well-defined.

Remark 2.2.4. Note that n|¢ — 1 if and only if x, C F and (p,n) = 1. The n-th
Hilbert symbol is defined, and the properties in Proposition 2.2.1 hold, if F contains

in. However, the formula given in Proposition 2.2.2 holds only if n|q — 1.

Next, we calculate some useful identities, which are easy to see via Proposi-
tions 2.2.1 and 2.2.2, and that we use frequently in the computations involving the

n-th Hilbert symbol.
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Corollary 2.2.5. Let o and 8 be in F*. Then the following identities hold:
(i) (o, 1), = (1), = 1.

(ii) (@, 8);" = (@, 7 ) = (@7, B)a.

(iii) (B, )n = (a, B)n.

(iv) (a7, 8710 = (v, B)n-
(v) (a,0)2 =1,

(vi) (“F,%5F)n =1.

Proof: Part (i) follows from parts (i) and (ii) in Proposition 2.2.1. Part (ii)
follows from applying part (i) of Proposition 2.2.1: («, 8),(a, 871, = (, 1),, which
is equal to one by (i). To see (iii), note that (8,a™!), = (8,a);* by (ii), and that
(8, )t = (a, B), by (vi) of Proposition 2.2.1. Part (iv) is a direct implication of (iii),
and (v) is a consequence of (vi) in Proposition 2.2.1. Finally, to see part (vi), set

y=1+ g Then, (O‘aﬂ, %ﬁ)n = <% ﬁ)n = (7, —=7)n(7, 1 — ¥)n, which equals one

by Proposition 2.2.1.

Lemma 2.2.6. Let o, 5 € F* be such that a + 3 € F*. Then

(@, B)(=Ba" a+ ) = L.

Proof: By (iv) and (i) in Proposition 2.2.1 we have

(00 = (4222) - (B0 (43),
« o)., « (0% n « n a o/

Note that
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And hence the result. |

Lemma 2.2.7. The following equalities hold.
(i) (, ), =1 whenever o, f € O.
(i1) (e, B)n = 1 whenever « =1 mod p, and B € F*.

Proof: If o, € OX, then val(a) = val(8) = 0, so the value of ¢ in Propo-
sition 2.2.2 is 1 and hence (a, ), = 1. Note that for « € 14+ p and § € F*,
c=(=1)°(1 + wz)™® for some x € O, and hence ¢ = (1 + wz)™® =1 mod p. 1

When n is odd, the Hilbert symbol has additional nice properties as follows.

Lemma 2.2.8. Let n > 2 be an odd integer. For each o, f € F*, write a = w* @y
and B = w3y, where ag, By € OF and w is the uniformizing element. Then the

following identities hold:

(Z) (w7w>n =1,

(iii) (a, B)n = (@, Bo)u™ ) (w, )7 ™ @
(iv) (Oé, O‘)n =1.

Proof:  Since n is odd, it follows that %1 is even. This implies (w, w), = 1. To
see part (ii), note that by Proposition 2.2.1, (o, @)n = (@, @)y (g, @)y, which is
(v, @), by part (i), and applying the formula in Proposition 2.2.2 gives (ap, @), =

o Similarly, («, 5), decomposes as

Qg, n al , D0 )n\&o, W n\W , W ne P/
( 60) (wv (a) 6) ( val(ﬁ)) ( val(a) val(,B)) (22 1)
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Observe that, because ag, By € O%, (ao, Bo)n = 1, and by part (i) ("), V) =
1. So, by Proposition 2.2.1, (2.2.1) simplified to (=, 8o )W (@, ag)n *™?, and hence

val(a)

part (iii). Finally, observe that by part (iii), (c, @), = (@, a0 )v™ ™ (@, ag)n ™ = 1. I

Remark 2.2.9. If n is even, then (w, w),, = £1 depending on the parity of q;—l, and

hence the analogous identities given in Lemma 2.2.8 are

(i) (@, @), = (~1)F ) (ag, @),

_ (_1)Etval(a)val(8 val(a) —val(B)
) n » M0n P n
(iii) (e, B)n = (=1) @O (e, Bo)n™" (@, )

1

(i) (@ 0)y = (~1)5 1),

Finally, let us state the Hensel’s lemma [Kna07, Corollary 6.29], and demonstrate
some applications of it that will be useful later in this thesis. Recall that a is a simple

root of a polynomial f(X) if f(a) =0 and f'(a) # 0.

Lemma 2.2.10. Let f(X) be a polynomial in O[X]. If f(X) is the reduced polynomial
with coefficients in O/p and @ is a simple root of f(X), then f(X) has a simple root

a in O whose image in O/p is a.
Lemma 2.2.11. The group 1+ p is a subgroup of F*".

Proof:  Let a € 1+ p. Consider the polynomial f(X) = X" —a € O[X]. Note
that f(1) = 0 mod p and, since (n,p) = 1, f'(1) # 0 mod p. Hence, by Hensel’s

lemma, f(X) has a root in O and hence « is an n-th power. i

Lemma 2.2.12. The indez [O* : O*"] is n.
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Proof: Consider the homomorphism ¢ : O* — O*". Note that ker(¢) = {z €
O*| 2™ = 1}. The equation f(X):= X" —1 =0 has (n,q — 1) solutions in the cyclic
group k*, which is equal to n under our assumption of n|g — 1. Let Z € k* be any
root of f(X). Note that f/(z) = nz"~! # 0, since (n,p) = 1. Hence, by Hensel’s
lemma, there exists a unique x € O*, such that f(z) = 0. Hence, |ker(¢)| = n.

Therefore, [0 : O*"] = | ker(¢)| = n. i

Remark 2.2.13. If n is even, then one can similarly sce that [O* : O*2] =

|3



Chapter 3

Construction of Covering Groups

of SLy(F) and GLo(IF)

From now until the end of part I of this thesis, we assume that F is a p-adic field,
and n > 2 is an integer such that n|g — 1. Set n = n if n is odd and n = % if n is
even. Set G = SLy(F) and G’ = GLy(F). Let Iy denote the 2 x 2 identity matrix,
set dg(t) := (§,%), dg(s,t) = (§9), ut(m) = (§7), and It(m) = (L 9) for all
s,t € F*, and m € F and set w = (% }). Moreover, for matrices X and Y, with ¥’
invertible, let XY := Y"!XY and ¥ X := Y XY ! denote the conjugations of X by
Y.

In Section 3.1, we present Kubota’s 2-cocycle for G [Kub67] and G’ [Kub69],

which leads to the construction of their n-fold covering groups G and G’ respectively.

In Section 3.2 and 3.3, we describe the structure of certain subgroups of G and G'.

31
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3.1 Construction

3.1.1 Covering Groups of SLy(F)

Define the map g : G x G — u, by

(3.1.1)

e ) = (X(gng) X(gng))n |

X(g1) = X(g2)
where (, ), denotes the n-th Hilbert symbol, and

a b c ifc#0

c d d otherwise.

Note that X (g) # 0 for every g € G, so 3 is well-defined. The following propo-
sition is the main result in Kubota’s 1967 paper [Kub67].

Proposition 3.1.1. The map [ is a 2-cocycle that is not a 2-coboundary, and it

determines an n-fold topological covering group of G.

It is known that there exists a unique non-trivial n-fold cover of G' [Moo68]|. We
denote the n-fold topological covering of G constructed via the 2-cocycle § by G.
Recall from Definition 2.1.5 that G = G X p, = {(g,¢)| g € Gand ¢ € p,} as a set,
and the multiplication in G is given by by

(gl,Q)(g% Cz) = <g1g275(g17g2>glg2>7

for all g1,g2 € G and (1, (s € u,. Moreover, recall that the n-fold covering group G

fits into the exact sequence
0= ptn - GG =0, (3.1.2)

where the group homomorphisms i and p are defined to be i({) = (1,{) and p(g,() =
g forall ( € pu, and g € G.
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Lemma 3.1.2. The identity element in G is (I, 1). Moreover, for g = (¢eb)ye G

and ( € iy, the inverse of (g,() € G given by

(g7, ¢, if ¢#0

(g_17 (CL, d)ng_l), otherwise.

(2,0)7"' =

Proof: The first statement follows from observing that for all g € G, (I, g) =
B(g,I,) = 1. Note that g™' = (% ?). If ¢ # 0 then we compute the 2-cocycle

c a

Blg.g™) = (' =) =(c,—0), =1.
So (g,¢) ' = (g1, (). If ¢ =0, then
ﬁ(&g_l) = (d_la a_l)n = (d,a)n.

Hence, (g, 0)(g™" (a,d)n(™") = (Iz, (a, d)n(d, a)n(¢T") = (I, 1). i

3.1.2 Covering Groups of GLy(F)

In 1969, Kubota extended the map /3 to a 2-cocycle ' for G’ in [Kub69]. Here, we

describe the construction of 4'. For each x € F* and g = (29) € G, define

1, if ¢#£0;
v(x,g) =
(z,d),, otherwise.

Note that v(1,g) = 1. Let us identify F* as a subgroup of G' by {§:= (49) |y €
F*}. Then F* x G = G’ via (y,g) +— yg. For each y € F*, define the map

oy G — G

(g.¢) — (g% v(y,8)¢).
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It is proved in [Kub69], using a case-by-case argument, that the map

F* — Aut(G)
Yy =y

is well-defined and, indeed, a group homomorphism. Hence, it defines a semi-direct

product F* x4 CNJ, with multiplication given by

(1, (81,G1)) (12, (82, &2)) = (W1y2, (81, C1)(8Y v(y1,82)(2)), (3.1.3)

for y1, 40 € F*, 81,80 € G and (1, (s € py,. The group F* I><¢é is an n-fold topological
covering of G’ via the map (y,(g,()) — yg. The 2-cocycle ' associated to this
covering arises in transforming the group structure of F* x4 G to the set G’ x [y Via

the bijections

(y,(8,€)) = (y8,Q) (3.1.4)
(det(g), (a(g))g',C)) « (g,¢),

where a(g') := (é detfq(g/)), so a(g')g’ € G.

A straightforward calculation yields the map ' : G x G' — pu,, given by

B (g1.82) = B (“®) (a(g1)g1) , a(g2)g2) v (det(g2), a(g1)g1) (3.1.5)

where (3 is the Kubota 2-cocycle for G defined in (3.1.1). Note that ' restricted to
G x G coincides with 5. Denote this n-fold covering group of G’ associated 3’ by 6‘7;
S0, G =G x in as a set, and the multiplication is given by twisting with g’.

Kubota proved the following proposition directly in [Kub69].

Proposition 3.1.3. The map (' is a 2-cocycle that is not a 2-coboundary, and it

determines an n-fold covering group of G'.

The covering group G fits into the exact sequence

/

0= oG %G -0, (3.1.6)
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where ¢ and p’ are group homomorphisms defined by #/(¢{) = (1,{) and p' (g,{) = g
for all ¢ € u, and g € G'.

Lemma 3.1.4. The identity element in G' is (I, 1). Moreover, forg = (%) € G’
and ¢ € i, the inverse of (g,() € G s

(8¢ if ¢#0

(g7, (a det(g),ddet(g) "), (')  otherwise.

(g,0) ' =

Proof: It is not difficult to see that f'(Is,g) = 5'(g,ls) = 1, which implies that
(I, 1) is the identity element in G'. Note g~! = det(g)_l( 4 ). Let us calculate

—C a

B'(g,g™") using the definition of 8’ in (3.1.5). Observe that

_ a bdet(g)™"
&) (a(g)g) = ga(g) = e
¢ ddet(g)
and
L ddet(g)™" —bdet(g)”
a(g g =
—c a
Hence, by (3.1.1),
(¢, —c)n =1, ifc#0

B (" (ag)e) alg g™ ) =
(d det(g)!,a),, otherwise.

Moreover, observe that

a b

a(g)g = B B
cdet(g)” ddet(g)

Therefore, v (det(g™1),a(g)g) is 1 if ¢ # 1, and is (det(g™'),ddet(g™")), otherwise.
The result follows, as in the proof of Lemma 3.1.2, by noting that

(d det(g)’l,a)n (det(g’l),ddet(gfl))n = (d det(g)_l,a det(g))n.
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Remark 3.1.5. Note that because 3’ extends [, certain properties of 8 can be

deduced from those of #’. For instance, Lemma 3.1.2 is a special case of Lemma 3.1.4.

3.2 Maximal Toral Subgroups

3.2.1 Tori of SLy(F)

Definition 3.2.1. Let T = {dg(t) | t € F*} be the standard mazimal torus in G.
Define the metaplectic torus T Ofé to be the inverse image of T under the projection

map p in (3.1.2).

We will see shortly that T is not abelian, however, with an abuse of notation, we
call it a torus for the covering group G. The group multiplication of the metaplectic

torus 7 can be simplified as follows.

Lemma 3.2.2. Let (dg(t1), (1) and (dg(ts), ) be in T. Then

(dg(t1), C1) (dg(ta), Go) = (dg(tita), (ta; t1)nC1C2)

and

(dg(t), )" = (dg(t™"), (t,£)ag ™).
Proof: The key is to calculate the cocycle § (3.1.1) on toral elements:

(tato) ™" (taty) ™!
L gt

5 (dg(t), de(ts)) = ( ) — (1 1), = (ta )

n

for all t1,t5 € T. The inverse formula follows directly from that for G given in

Lemma 3.1.2, and Proposition 2.2.1, which states that (¢,t7!), = (t,),. |

Lemma 3.2.3. The group T is commutative if and only if n = 2.
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Proof:  Lemma 3.2.2 implies that T is commutative if and only if (t2, t1)n = (1, t2)n
for all t,¢, € F*, which, by Proposition 2.2.1, is equivalent to (ts, )% = 1, for all
t1,to € F*. Let ¢ denote the primitive n-th root of unity, and choose t; and ¢, such

that (t2,t1), = ¢. Hence, ¢*> = 1, which implies n = 2. i

Corollary 3.2.4. The central extension G does not split over T', for n > 2.

Proof:  If the central extension were to split over T then we would have T =Tx s

which is an abelian group. i

Proposition 3.2.5. The group T is a Heisenberg group.

In order to prove Proposition 3.2.5, first we need to calculate the commutator
subgroup [T, T] of T'. For elements (dg(t1),¢;) and (dg(ts), &) in 7', their commutator

[(dg(t1), C1), (dg(t2), 2)] = (dg(t1), G1) " (de(t2), G2)~ (dg(t), Gi)(dg(t2), C2).
Note that by Lemma 3.2.2,
(dg(t1), €)™ (dg(t2), 2) ™" = (dg(ty 'ty "), (t, tr)a(ty, tr)a(ta, 2)nCi62).-
So, [(dg(t1), ¢1), (dg(t2), ¢2)] is equal to
(Lo, (trta, 1ty ) (s ta)n (b1, 1) (2, o) (2, 1))

which, using the properties of Hilbert symbol in Propositions 2.2.1 and 2.2.5, simplifies

to (Io, (t2,t1)2).

Lemma 3.2.6. The commutator subgroup [Tv, f] is tsomorphic to .
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Proof: It follows from the formula for the Hilbert symbol in Proposition 2.2.2

that, as ¢, and ¢; range over F*, (¢o,t1), exhaust yu,. Therefore,

[TvT] = <(17C2) | QIS :un>>
which is isomorphic to p, when n is odd and to iz when n is even. i

Proof: (of Proposition 3.2.5)
By Lemma 3.2.6, the commutator subgroup of T is central in 7. Hence, Lemma 1.2.3

implies that Tisa Heisenberg group. |

We know that p, in central in T. Next we calculate the centre of T precisely.

Lemma 3.2.7. The centre off S

Z(T) = {(dg(t), )| t € F*™*,C € pin}

Proof: If t € F** then t* € F*" and hence by Proposition 2.2.1, (t3,t'), = 1
for all ¥ € F*. On the other hand, the same proposition implies that (¢*,¢), =
(t,t"), (¢, 1) 1. Hence, (t,'), = (t',t), for all #' € F*, which by Lemma 3.2.2 implies
(dg(t),¢) € Z(T) for any ¢ € ju.

Conversely, let (dg(t),¢) € Z(T). Then, by Lemma 3.2.2, (t,t), = (t',t), for
all ' € F*, as above we conclude that (¢,¢)? = (2,¢') = 1 for all ¢’ € F*. Proposi-
tion 2.2.1 then implies that > € F*", so, there exists an € F* such that t? = ™.

If n is even, then t* — ™ = ? — 2*2 = (t —22)(t + 2) = 0. This implies t = +z™.
Let £ be a primitive n-th root of unity in u, C F. Then, —1 = &2 is an n-th power
and hence, in either case, t € F**.

Now suppose that n = 2m+1, for some integer m. Without loss of generality, we
can assume that z and ¢ are in O (since one can multiply both sides of the equation

t2 = 2" by @™ for a suitable choice of k). We will show that the polynomial

f(X)=X"—thas aroot in O and hence, t € O™". Let t and T denote the images of
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t and z in the residue field. Thus we have

1= fla-) — p25Y — g5 — (52ma(Gh) _ 25t

So, because k* is a cyclic group, there exists § € k* such that Z = 2. So we have,

C—r"=C-y"=0t-y"){+y") =0.

Hence, ¢ = §™ or t = —3" = (—g)". That means the polynomial f(X) has a root
a=—yor a =7y in k. Note that f'(a) = na # 0 in &, since (n,p) = 1. By Hensel’s
Lemma 2.2.10, f(X) admits a solution in O. Hence, ¢ is an n-th power in O. i

Lemma 3.2.8. The index of Z(T) in T is n?.

Proof: It is clear from Lemma 3.2.7 that [T : Z(T)] = [F* : F*"]. Because
F* = O* X Z, [F* : F** = [0* x Z : O** x nZ] = n|O* : O**], which is equal to
n? by Lemma 2.2.12. |

Remark 3.2.9. Set 7" := {dg(t) | t € F*"}, and let T* = {(dg(t),() |t € F*",( €
pn} C T. This is equal to Z(T) if n is odd, but is of index 4 in Z(T) if n is even. It
follows directly from Lemma 3.2.2 and Proposition 2.2.1 that the central extension G

splits trivially over T™. That is, TnTm x Ly -

3.2.2  Tori of GLy(F)

Definition 3.2.10. Let T" = {dg(s,t) | s,t € F*} be the standard mazimal torus
in G'. Define the metaplectic torus T ofa to be the inverse image of T' under p
in (3.1.6).

The following lemma gives the simplified formulas for calculation in T
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Lemma 3.2.11. Let g1 = dg(s1,t1) and go = dg(ss,t2) be in T'. Then

(g1,C1) (82, C2) = (8182, (51,12)n(1(2)
and
(gla Cl)il = (g;1> (817 t1>n<‘71)'

Proof:  We calculate 3’ by applying (3.1.5) to g1 and go. Note that *®2) (a(g;)g;) =
dg(81781_1>7 a(gQ)g2 = dg(82732_1)7 and U(det(QQ)va(gl)gl) = (82t2781_1>n' Hencev
B'(g1,92) = (52,81)n(s2t2,57") = (52,81)n(52,51 Ju(t2, 57 )n = (51, 82)n. The second

statement is a direct result of Lemma 3.1.4. |

Remark 3.2.12. Note that it follows that 7" is not abelian, and hence the central

extension G’ does not split over T".

Proposition 3.2.13. The commutator subgroup [/7:7, /7:7] 15 the central subgroup (i,

and so T' is a Heisenberg group.
Proof: Let g1 = dg(s1,t1) and g2 = dg(ss,t2). Then
[(91,C1), (92, C2)] = (917" (515 t)nCi ) (9270 (52, t2)nCa™ ) (g1, C1) (g2, C2)
= (IZa (317 t?)i(sla tl)n(327 t2)n)

Suppose s; = 1. Then (s1,%2)2(s1,t1)n(52,t2)n = (S2,t2)n and (s2,ts), exhaust u,
as sy and ¢ty range over F*. Hence, [T", T'] = {(I5,¢) | ¢ € pn} = i(1). Hence,
[T7, T") is central in G’ and because Z(G') C Z(T"), Lemma 1.2.3 implies that 1" is

a Heisenberg group. i

Lemma 3.2.14. The centre of T is

Z(T") = {(dg(s,1),C) | s,t € F*",C € py}.
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Proof: It follows from Lemma 3.2.11 that (dg(si,¢1),¢1) € Z(T") if and only if
(51,t)n(t1,8), = 1 for all s, ¢ € F*, which implies that s; and ¢, are in F*". i

Lemma 3.2.15. The index of Z(T') in T’ is n*.

Proof:  Note that [77: Z(T")] = [F* : F*"][F* : F*"]. The rest of the argument

is similar to the proof of Lemma 3.2.8. i

Set T = {dg(s,t) | s,t € F*"}, so Z(T") = p'"(T"). Tt follows from Lemma 2.2.7

that the central extension G/ splits trivially over 7",

3.3 Structure Theory

3.3.1 Some Subgroups of SL;(F)

Our first subgroups of interest are coverings of the standard Borel subgroup in G.

Definition 3.3.1. Let B :== {(; /) | t € F*,m € F} denote the standard Borel
subgroup of G, and N = {ut(m) | m € F} be its unipotent radical. Define the
metaplectic Borel B = p~Y(B), where p is the projection map in (3.1.2). Also, let
N =pY(N). So, B={(b,¢) | be B,( € u,} and N = {(ut(m),() | m € F,( €
fin}-

to mo

Let by = (tg :}i) and by = (0 t;1> for t1,ty, € FX, and mi,my € F. It is not
difficult to see that
(b1, ¢1) (b2, (2) = (biby, (t2,t1)n(1(2)-

Lemma 3.3.2. The central extension splits G trivially over N.

Proof: From (3.1.1), it is easy to see that B|yxny = 1, and hence the central

extension splits trivially over N. That is NN x [y, via the identity map. |
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We can therefore identify N as a subgroup of N as follows:
N 2 (ut(m),1) |meFcC N
Lemma 3.3.3. The subgroup B is the semidirect product off and N.

Proof: First let us show that N (seen as a subgroup of N ) is invariant under

conjugation by T. Let (dg(t),¢) € T and (ut(m),1) € N.

(dg(t™), (t,)¢7") (ut(m), 1) (dg(t).¢) = (ut(mt™), (t,1)(t,t)¢¢)
= (ut(mt™?),1) € N.

Moreover, the Levi decomposition B = T'N in G implies

t m

B ,C | = (dg(t),¢) (ut(mt‘l), 1) ,
0 t

for all ¢ € F* and m € F, and hence B = TN. The result follows from observing that
TNN = {I,}. |

Next, we describe a family of compact open subgroups of G. Let K = SLy(O) be a
maximal compact subgroup of G and let K denote the inverse image of K under p.

The following proposition is proven in [Kub69]. *

Proposition 3.3.4. The central extension G splits over K. Moreover, the splitting
function s : K — p, s
a b (e,d), 0<val(c) <o

s = (3.3.1)

c d 1 otherwise.

!Proposition 3.3.4 only holds when (n,p) = 1, which is implied by our assumption of n|q — 1.
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In other words, Proposition 3.3.4 states that K =~ K x by, Where the isomor-
phism is given by

K — Kxpu, (3.3.2)
(k,¢) = (k,s(k)C).

The inverse image of K in K under the isomorphism (3.3.2) is the subgroup
Ko:={(k,s(k)") | k € K}
of K. Recall from Example 1.1.4 that the congruent subgroups
Kj:=={geK|g=L modp}, j=>1,
are compact open in GG, and give a fundamental system of open neighbourhoods of I,.

Lemma 3.3.5. The central extension K splits trivially over each of the subgroups

K;j,7>1, TNK and BN K.

Proof: Letk=(2%) € K;. Sinced € 1+p, s(k) = (¢,d), =1 by Lemma 2.2.7.
On the other hand, it follows directly from (3.3.1) that if k € BN K (or TN K) then
s(k) = 1. Thus, in all these cases, the splitting is trivial. |

Remark 3.3.6. We identify K; = K; x {1}, j > 1, BN K = (BN K) x {1} and
TNK = (TNK) x {1} as subgroups of K.

Remark 3.3.7. The open compact subgroups Kj, j > 1 give a fundamental system

of open neighbourhoods of the identity. Hence, Gis a locally profinite group.

Let I = {((28),¢) € K | ¢ € p,abde O} be the inverse image of Iwahori
subgroup of G in G. The next lemma verifies that the well-known decompositions of

G hold for G.
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Lemma 3.3.8. Let N, T,E,l?o and T be the subgroups ofa/’ as defined above, and

w := (w, 1). Then the following decompositions hold.
(i) G = NTK,, the Iwasawa decomposition,

(ii) K =IwlUl,

(111) G = BWB U B, the Bruhat decomposition,

(iv) K=(BNnK)a(NNK)UI.

Proof: Let (g,¢) € G. By the Iwasawa decomposition for G, g = ntk for some
ne N,t €T and k € K. We can write

(8,¢) = (n,1)(t, ¢s(k)5™ (nt, k) (k, s(k) ),

where s is the splitting map in Proposition 3.3.4. This proves the Iwasawa decompo-

sition for G. The rest can be seen via the decomposition

( Z €)= (ut(ac™), 1)(dg(—c), O)(ut(de™), 1),

for (¢8),¢) in G, ¢ #0. i

We normalize the Haar measure pi5 of G so that ,ué(lN( ) = 1. Under this assumption,
using the decompositions in Lemma 3.3.8, we compute the measure of I and (E N

K)@W(N N K), which will be used in Chapter 5.

Lemma 3.3.9. [f,ué([?) =1 then ué(f) = qul and fi5 <(§ N K)@(N N [?)) = 1

where q 1is the size of the residue field.

Proof: Let us first calculate the measure of the Iwahori subgroup I. Let P
be the canonical projection of K onto SLy(O/p). Then I is the inverse image of

T:=1{((2,%),0)]acr, ber CE )} Therefore, [SLo(O/p) : I) = [K : T].
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Therefore, u(I) = [K : 1] = [SLy(O/p) : Z]"". By elementary counting, we get
IZ] = q(q — 1) and |SLy(O/p)| = q(q — 1)(¢ + 1). So we have u@(f) = ﬁ. It follows
from Lemma 3.3.8 that us(B N K)B(NNK) = L i

q
q+1°

In Chapter 4, we will apply the Stone-von Neumann Theorem 1.2.2 to the Heisen-
berg group T in order to investigate its irreducible representations. To do so, we need
to identify a maximal abelian subgroup A of the Heisenberg group T. Lemma 3.3.5
implies that TNK is abelian; however, it does not contain Z (f), whence is not max-
imal. Nonetheless, if the centralizer of TNK in f, C’T(T N IN(), is abelian, it is a

maximal abelian subgroup (see below) and we could choose A to be CT(T NK).

Lemma 3.3.10. The centralizer C’Tv(fﬂ[?) is {(dg(a),() | a € F*, n|val(a), ¢ € u,}.
Moreover, [T : C’f(f NK) =n.

Proof: If (dg(a),¢) € T commutes with every (dg(t),(’) € T N K, we have
(t,a), = (a,t), and hence (t,a)? = 1 for all t € O*. Applying the formula in
Definition 2.2.2

2(75)

1= (t,a)2 = ¢l

Therefore, it must be the case that for odd n, n | val(a) and for even n, 5 | val(a).
The argument is reversible.
Moreover, for every (dg(t),¢) € T, t = uw™® u € O* and val(t) = nr + i,

where 0 < i < n. It is easy to verify that

(dg(t),¢) = (dg(um™), (uw™, @')n() (dg(='), 1) .

Hence, {(dg(w’),1) | 0 <1i < n} is a complete set of coset representatives for CT(TV N
K) in T and hence, [T : C’T(fﬂ K)] =n. i

Let a; = (dg(uy@w®1),(;) and ay = (dg(ugw™?), (3) denote two typical elements in

Cf(fﬂ I?), where uy,us € OF, ri,1r9 € Z and (1, (o € fin.
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Lemma 3.3.11. The subgroup C’f(f N IN() 1s @ maximal abelian subgroup of T.

Proof: By the multiplication formula in Lemma 3.2.2, a; and a3 in C’f(f N K)

2
n

commute if (upww™?, u;w™); = 1. Using the properties of the Hilbert symbol, we

have

B2 (0" 2@, ) 2, 2 = 1.

(ugw™?, uyw
Hence, Cf(fﬂ[?) is abelian. To see that it is maximal, note that TNK C Cf(fﬂk)
Hence, if z € T commutes with every element in C’f(f NK), it commutes with TN K

and hence is in C’T(f NK). i

Set A = C’T(T N [?) It is not hard to see from the multiplication formula in
Lemma 3.2.2 that §(dg(u;@®"),dg(usw™?)) = 1 when n = n. However, when
n =35, B(dg(ui@w™),dg(usww™?)) = £1 depending on the the parity of 7. Hence,
the central extension splits trivially over A for odd n. However, that is not always
true for even n.

The next lemma gives us a better picture of the structure of A and Z (T) when

n is even. Set
§ = {(dg(=™),0) |k €2},
Lemma 3.3.12. Suppose n is even. Then Z(T) = O*™ x S and A~ O* x .

Proof:  Let us identify O with the subgroup {(dg(a),1) |a € O*} of A. It is not
difficult to see that S and O are (normal) subgroups of A. Let (dg(uw=™),() € A4,

where © € O*. Observe that

(dg(uw™), () = (dg(u), 1) (dg(@™), (u, @"™")() .

Hence, A = O*S. Moreover, O* NS = {(I,1)}. Similarly, O** = {(dg(a®),1) |a €
O*} and Z(T) = O*™S and O**N S = {(I5,1)}. Hence, under these identifications,
one can sce that Z(T) = O*% x S and A~ O* x 8. i

Figure 3.1 gives an inclusion diagram of the subgroups of A.
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Figure 3.1: Inclusion diagram of the subgroups of T, the symbols on the lines

are the indices of subgroups: [A: Z(T)] = [T NK : Z(T N K)] = n.

Lemma 3.3.13. The quotient A/Z(T) is isomorphic to T N K /(Z(T) N K).

Proof:  Observe that A = Z(T)(TNK) and Z(T)NK = (T N [?) NZ(T). Hence,

the result is a direct consequence of the second isomorphism theorem. |

3.3.2 Some Subgroups of GL;(F)

The standard Borel subgroup B’ of G’ and its unipotent radical N’ are defined anal-
ogously to those for G. One can show similarly that the central extension splits
trivially over N’ and hence N’ can be identified with a subgroup of N’. Tt is not
difficult to see that B’ is semi-direct product of T’ and N

Let K’ denote the inverse image of the maximal compact subgroup K’ = GLy(O)
of G'. It is proved by Kubota [Kub69] that the central extension of G’ splits over K’

via the splitting map 2

b c,d det(g)), if 0 <wval(c) < oo
e ) (g)) (0) (33.3)

c d 1 otherwise.

It follows from this formula that the central extension splits trivially over B'N K’ and

T'NK'. Moreover, as in Lemma 3.3.5, one can identify the congruence subgroups K7,

2This result only holds when (n,p) = 1, which is implied by our assumption of n|q — 1.
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j > 1, of K’ as subgroups of K'. Set A" := C’F(/jﬁﬂ [A(/’), the centralizer of 7/ N K’

in T".

Proposition 3.3.14. The group A’ is a mazimal abelian subgroup of T'. Further-
more, A" = {(dg(s,t),() | s,t € F*, n|val(s),n|val(t)}, and [/Tv’ : Al = n?.

Proof: Let (dg(si,t1),¢1) be in A’. Then (dg(si,t1),(1) commutes with all
(dg(s,t),() in T' N K'. Therefore, for all s, € OX, (s1,t)n(t1,$), = 1. That is,

q—1 q—1

pval(s1) ™ gval(ti) ™ — 1

Y

for all s,t € O*, which implies that val(s;) and val(¢;) are both divisible by n. The
reverse argument is trivial. It follows directly from the multiplication formula that
A’ is abelian and by an argument similar to the one in the proof of Lemma 3.3.11, A
is a maximal abelian subgroup of T

Moreover, similar to Lemma 3.3.10, one can see that {(dg(=*,@/),1) | 0<1i,j <

n} is a complete set of coset representatives for A" in T’ and hence, [/ﬁ cAT=n%1

It is not difficult to see that, regardless of the parity of n, A’ splits trivially. Also, as
with T, A'/Z(T) = T'NK'/(Z(T) N K').



Chapter 4

K-Types of Principal Series
Representations of éEQ(IF) and

GLo(F)

Recall that G = SLy(F) and G" = GLy(F). In this chapter, we first present the
construction of the principal series representations of G and G’ following [McN12].
We then go on to study the K-types of these representations.

The restriction of a smooth representation of G and G’ to a maximal compact sub-
group decomposes as a direct sum of irreducible representations (Proposition 1.1.28).
The study of this decomposition, which is called the K-type problem, is motivated by
a similar problem in the case of irreducible representations of real reductive groups.
In the case of the linear p-adic groups, this problem has been solved for the principal
series representations of GL(3) [CN09, CN10, OS14], and SL(2) [Nev05, Nev11], rep-
resentations of GL(2) [Cas73] and supercuspidal representations of SL(2) [Nev13]. In
this chapter, we solve the K-type problem for the principal series representations of
G and G'. Our main result is Theorem 4.4.19, which gives a complete decomposition

of the restriction to K of the principal series representations of G into irreducible

49
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constituents, together with their multiplicities.

We continue assuming that n|g — 1. Set n = n if n is odd and n = % if n is even.
Moreover, set «(t) = (dg(t),1) for all ¢ € F*. We denote the elements of the linear
group G by boldface font style, for example g € G; elements of the covering group G
by typewriter font style, for example g € G ; and those of the p-adic field F in roman

font style, for example ¢t € .

4.1 Principal Series Representations of /S-\L/Q(IF) and
GLy(F)

In this section, we apply the Stone-von Neumann Theorem 1.2.2 in order to construct
irreducible representations of T and T’. These are used to construct principal series
representations of G and G’ respectively. We are only interested in those representa-
tions of G (@) that do not factor through representations of G' (G’), which we call
genuine representations. To that end, let us fix a faithful character € : p,, — C. We
consider only those representations of G (@7) where the central subgroup pu,, acts by e.
In particular, a character of Z(T) (Z (/Tv’)) is called genuine if its subgroup pu, acts by
€. Recall that A = C’f(f NK)and A = Cﬁ(?m K') are maximal abelian subgroups

of T and T’ respectively.

Proposition 4.1.1. Genuine irreducible smooth representations p and p' off and T’
are classified by genuine smooth characters on(f) and Z(/Tv’) respectively. Moreover,

dim(p) = n and dim(p’) = n?.

Proof:  Let y and ' denote genuine characters of Z(T) and Z(7T") respectively.
Recall that by Propositions 3.2.5 and 3.2.13, T and T’ are Heisenberg groups. By
Lemma 3.2.6 and Proposition 3.2.13, the commutator subgroups [T, T] and [T", T"]
are equal to p,, where x and x’ act by a faithful character e. Thus, ker(x) N [f T |

and ker(x") N [/7\:’, fﬁ] are both trivial. So, the Stone-von Neumann theorem applies.
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Let xo and x{ be any extensions of x and x' to A and A’ respectively. We
apply the Stone-von Neumann Theorem 1.2.2 to construct unique smooth genuine
representations (p, IndEXD) and (p’ ,Indfx{)) of T and T’ with central characters
and x’ respectively. Note that a basis for the space IndiXO (IndZXg) consists of
functions with support on distinct cosets of A in T (A’ in i’v’) By Lemma 3.3.10,
and Proposition 3.3.14, [T : A] = n, and [/ﬁ : A'] = n?. Hence, dim(p) = n and
dim(p') = n?. i

The genuine principal series representations of G are defined in [McN12] as follows.
Let p be a genuine smooth irreducible representation of T extended trivially over N
to a representation of B=Twx N. The genuine principal series representation of G
associated to p is defined to be Indgp. These principal series representations are not

always irreducible; we investigate this question in Chapter 5.
Remark 4.1.2.

e Note that we use the same notation p for both a representation of T and its

trivial extension to B.

e One defines the genuine principal series representations of G’ in the same way,

by starting with a genuine smooth irreducible representation p’ of T

e We may drop the adjective “genuine” for simplicity. It should be understood
that all the representations of the covering groups we consider are genuine,

unless otherwise stated.

4.2 Branching Rules for Resf(lndgp

Let x be a character of Z(7') and let x, be a fixed extension of x to A. Let p := p, be
the unique smooth genuine representation of T with central character X- The main

goal in this section is to decompose Res I?Ind% p into irreducible constituents.
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Recall from Lemma 3.3.10 that a typical element of A can be written as (dg(aw™), (),
where a € O, r € Z, and a typical element of T N K can be written as (dg(a), (),
a € O%, ¢ € ,. Define the character

V:F* = p, (4.2.1)

a — (w,a),.
Observe that by Lemma 2.2.7, ¥ is ramified of degree one. Set Ypx := J|px.

Lemma 4.2.1. Let p be the unique smooth genuine representation off with central

character x. Then
n—1
Resap = EB Xis
i=0
where the x; are n distinct characters of A defined by
Xi (dg(awm™), ¢) = xo (dg(aw™), 95 (a)C) ,
forallae O, reZ, and 0 <i < n.

Proof: By the Stone-von Neumann theorem, p = Ind?:XO. By Mackey’s theorem

ResAIndEXO = @ Indﬁm%xos,

sESn

where S, is a complete set of coset representatives for A\T/A. It is not difficult to

see that we can choose
S ={(dg(w"),1) |0 <i < n}.

Since A is stable under conjugation by S,, Ind“.,x0® = Xo0°. Let (dg(aw™),() € A,
and s = (dg(w’),1) € S,. Then

Xo” ((dg(aw™),C)) = xo (s7" (dg(aw™), () s)
= Xo ((dg(@™), (@', @")n) (dg(aw™), () (dg(="), 1))
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= xo ((dg(az™" 1 (aw™, w 7’) (wi,wi)ng) (dg(wi)71))

((def
= xo ((dg(am™), (@', a@™ ")u(aw"™, @ )u(@", @")n())
((dg(aw"™) wa)m())

((ce(

= o ((dg(am™), 95+ (a)C)) -

Denote this character by y;. To show that the x;, 0 <7 < n, are distinct, it is enough
to show that ¥%|px = 1 if and only if s = 0. By Proposition 2.2.2
_ (g=1)2

9% (a) = (w,a),” =a=T " |

which is equal to 1 for all @ € O* if and only if n|2i. The result follows. i

The characters x; defined in Lemma 4.2.1 are clearly distinct when restricted to
TNK and, again writing y; for these restrictions,

n—1

Resgzp = @ Xi- (4.2.2)

i=0
Figure 4.1 gives an inclusion diagram of the subgroups of interest to us. The symbols
on the arrows indicate the index of the group on the lower end of the line relative to

the one on the upper end.

Proposition 4.2.2. Let x;, 0 < ¢ < n, denote also the trivial extension of the
characters in (4.2.2) to BN K. Then

Resf(lndgp = @ Indlgmf(xi.
Proof: By Mackey’s theorem we have

Resf{lnd%p = @ Iﬂdfgxflm}ReSzéz—lmf(pI?

zeX
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Figure 4.1: Inclusion diagram of the subgroups of T. The symbols on the
lines indicate the indices, and the representation of each group is indicated

beside the O.

where X is a complete set of double coset representatives of K and B in G. The
Iwasawa decomposition KB = G implies that X = {(I,,1)} and hence
Resf(lndgp = Indgmf(Resémf(p,

which by (4.2.2) is equal to

n—1 n—1
& &
Indz 7 (@ Xi) = P df zxi.
1=0 1=0

K
BrirXis
K
BrRXi

Hence, in order to calculate the K-types, it is enough to decompose each Ind
0 <4 < n, into irreducible representations. Note that the induction space Ind
is smooth and admissible: smoothness is a natural consequence of smooth induction
and admissibility comes from Lemma 1.1.32. Fixi € {0, -+ ;n—1}. The smoothness
of Indgm #Xi implies that

Indggmf{Xi - U (Indggmf(Xi)Kl

1>1
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Lemma 4.2.3. For every | > 1, (Indgmgxi)m is a K-invariant finite-dimensional
K

subspace of Indg_=xi.

Proof: By admissibility (Indl:(

Bn I?Xi)Kl is finite-dimensional for every [ > 1 and

since K is normal in K, it is K-invariant. |

Hence, to decompose Ind& into irreducible constituents, it is enough to decom-

BnEXi
pose each (Indgm I?Xi)Kl into irreducible constituents.

Definition 4.2.4. For any character v of any subgroup D of Tv, we say 7y 1S primitive
mod m (or of depth m — 1) if m is the smallest strictly positive integer for which

RGSDme’}/ =1.

Note that by Lemma 2.2.11, Z(T) N K,, = T N K,,, for all m > 1. From now
on, let m > 1 be a positive integer such that x is primitive mod m. Note that since
Xi’Z(T) =X, Xilfnk, = X|Z(T)0Km' Hence, x is primitive mod m if and only if the y;

for 0 < i < n are primitive mod m.
Lemma 4.2.5. When 0 <1 < m, we have (Indggmf(xi)m ={0}.

Proof: Suppose that f is a vector in this space. Because y; # 1 for [ <m,

}EQKZ
we can choose b € BN K such that x;(b) # 1. Let g € K. Note that K is normal in

K and hence g'bg € K;. On the one hand, f(bg) = x;(b)f(g); on the other hand,

f(bg) = flgg™'og) = (g7 '0g) - f(g) = f(g),

since f is fixed by K. It follows that x;(b)f(g) = f(g). Our choice of b implies that

f(g) = 0 and because g is arbitrary, f = 0. 1

Define
B':=BnNnK/Bnk, T =TnK/TnK, K :=K/K,. (4.2.3)

Note that the quotient groups él, T! and K' are finite groups. Recall that y; is

primitive mod m.
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Lemma 4.2.6. The character x; factors through B if and only if I > m.

Proof: First note that yx; is determined by its restriction to TNK. By Defini-
tion 4.2.4, xi|7,7 is primitive mod m implies that Xi|7~“ﬂKl =1 for [ > m. Hence, x;
factors through T'. Conversely, because y; is primitive mod m, by Definition 4.2.4 if
y; is trivial on T N K then [ > m. |
We denote the quotient, if exists, by y;; that is, y; : B! - C is given via

- t 3 t s

Xi _ 3 C = Xi ) g )

0 ¢! 0 ¢*

where ¢ and 5 are images of t and s in O* /1 + p' and O/p' respectively.

Proposition 4.2.7. Assume | > m. Then (Indg{m}xi)m factors to a representation

of K isomorphic to Indg)@.
Proof: Define the map

¢ (Indg(mf(xz')m

— Indg Xi

o= o),

where ¢(f) : K' = Cis given by gK; — f(g). Let us show that ¢ is well-defined.
Suppose a = bg for some a,b € [?, and g € K;. Then

o(f)(aKi) = f(a) = f(bg) = (g- f) (b).
Since f is fixed by K;, we have
g f(b) = f(b) = ¢(f)(pLY),

so ¢ is well-defined. Note that ¢ is clearly injective. To see it is surjective suppose
fe Indg)@. Define a function f : K — C via g — f(gK;). Observe that for every
b€ B and g c K ,

f(bg) = f(bgk;) = xi(bK)) f(gK:) = xi(b) f(g),
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and for k € K; and g € K we have,

k- f(g) = f(gk) = f(gkK)) = f(g).

Hence f € (Indl:(

Bmf(Xi)Kl and ¢(f) = f. Moreover, to see that the map ¢ commutes

with the action of K and K', observe that for g € K and ak; € K,

o(g- f)(aKi) =g- f(a) = f(ag) = o(f)(agKi) = (gKi) - ¢(f)(aKy).

Proposition 4.2.7 tells us that, in order to decompose (Indgmf(xi)m into irre-
ducible constituents, it is enough to decompose Indg; X:- The latter, being a repre-
sentation of the finite group K ! is completely reducible. Hence, we are interested in
counting the dimension of Hom(Indg)&, Indg)’(i). Let H := H(EZ\IN(Z/EZ, Xi, Xi) be
the Hecke algebra defined in Definition 1.1.36. By Proposition 1.1.38, it is readily
inferred that

dim Hom(Ind%, v;, Ind® y;) = dim #(B\K'/ B, x:, x:). (4.2.4)

Hence, it suffices to count the dimension of H. A basis of H consists of functions

transforming on the left and right by y;, with support on a double coset of Blin K'.

Lemma 4.2.8. Suppose {8, }aca s a complete set of double coset representatives of
Bl in K'. Then {(g,1)} is a complete set of representatives for the double cosets of
Bl in K'.

Proof: Note that if (b,¢)(g,,1)(b',') = (gs,1) for b,b’ € B!, (,{’ € u, and
v, B8 € Q, then bg,b’ = gsz. Hence, {(ga,1)}acq represents distinct cosets. For an
arbitrary (k,¢) € K', there exists b, b’ € K' such that bkb' = g, for some double
coset representative g,. Set b = (b, 3(b,k)"'("!) and v’ = (b/, 3(bk,b’)"!). Then

b(k, ()b = (8as 1).
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So, the set {(8a, 1) }acq of representatives is complete. |

Recall that w = (% §) and 1t(m) = (L 9) for all m € F. The complete set of

representatives for double cosets of B! in K
{I,w,t(zw") | x € {1,e}, 1 <r <}, (4.2.5)

where ¢ is a fixed non-square in O* /O is given in [Nev05]. Set @ := (w,1) and

It(m) := (1t(m), 1) for all m € F. Lemma 4.2.8 implies that
{1y, 1), @0, lt(z") | x € {Le},1<r <1} (4.2.6)

is a complete set of double coset representatives for B! in K'. Recall that (TNK)x {1}
is a subgroup of T, which we identify with TN K. Set (TN K)? := {dg(t?) | t € O*},
Moreover, set T' := {u(t) | t € O /1 +p'} and (TY)? := {1(t?) | t € O*/1 +p'}. Tt is
not difficult to see that 7 and (7%)? are subgroups of T".

Proposition 4.2.9. The dimension of H, | > m, is

1+2(l—m), if xi 2 £ 1
dimH — ( ) |(TmK) 7é

21, otherwise.
Proof:  Assume! > m. Recall from Definition 1.1.36 that f(bkb’) = x;(b) f(k)x:(b’)
for all f € H, b,b € Bl and k € K. Hence, for every double coset representative x
in (4.2.6), there exists a function f € H, with support on the double coset represented
by x if and only if bxb’ = x implies that y;(bb’) =1 for all b, b’ € B'. The set of such
double cosets parameterizes a basis for H. We now determine these double cosets.
Let
t s ¢

b=(b,() = ¢ and b = (b, ()= <
0t 0 ¢

where t, ¢ € O%/1+pl, 5,5 € O/p and ¢, (' € p, denote arbitrary elements of B,
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The identity coset B': A function f € H has support on B if and only if f(b) =
Xi(b), Vb € B'. So there is always a function with support on the identity coset,
namely f = ;.

The coset of @w: For b and b’ in B!,
bwb = w (4.2.7)

implies, via a quick calculation, that b = b’ = dg(t), for some t € O* /1 + p!
and ¢/ = (1. Therefore,

Xi(bb/) = )_(1 ((dg<t)7 <>(dg(t)7 C71)> = Xz (dg(t2>7 (t7 t)”) = Xz (dg(t2>7 1) )

and so, H contains a function with support on this coset if and only if y;(¢(¢?)) =

1 for all t € O*/1 + p!, that is, if and only if )Zi}(Tl , = 1. Finally, observe that

)
Xil e = 1, 1 = m, and 0 < i < n if and only if Xi|rnr): = 1. Suppose
Xil(rniyz = 1, for some 0 <4 < n. We show that in this case, m = 1. Suppose
a € 1+ p; consider f(X) = X? — a. Observe that f(1) = 0 mod p, and

f'(1) = 2(1) # 0 mod p. By Hensel’s lemma, f(X) has a root in O; that is

a € O**. Therefore 1 + pC O*?_ which implies Xilfng, = 1, 80 m = 1.
The coset of lt(zw"): For b and b’ in B!
b lt(zw" )b’ = lt(zw") (4.2.8)
implies that tt' € 1+ p” and ¢ = ¢'~!. Therefore,
tt' ts' + st
Xi(bb) = x;(bb’, 1) = xi( 1),

0 t !

Note that (* t5’+5t'71) € BN K,. Hence, ¥;(bb') = 1 if and only if BN K, C

0 t*ltlfl

ker(x;). The latter holds if and only if > m, since x; is primitive mod m.
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Now, let us summarize our result. There is always one function with support on the
identity coset, and 2(I — m) functions on cosets represented by lt(zw"), z € {1,¢},
m<r <l If Xi‘(TmK)Q # 1, no function in H has support on the double coset
represented by w, otherwise, there exists an additional function in H with support

on the double coset represented by w. i

We elaborate on the condition x;|(rnx)2 = 1 that appears in Proposition 4.2.9.

Lemma 4.2.10. For each 0 < i < n, Xi|(rnx)y2 = 1 if and only if Xo|(rnr)2 = eoﬁ]OXQ

Proof:  Let u(s) € (T NK)2, sos € @ By Lemma 4.2.1

xi(t(s)) = xo (dg(s),9(5)*) = xo(e(s))e((5)"),

which is equal to 1 if and only if Xo|rnx)2 = €0 V| on

Lemma 4.2.11. If4 { n then the characters 9| *,, 0 < i < n are distinct. Otherwise,

02?

the 9% 0 <@ < %, are distinct; for 3 < j <3, 9

2j 2(5—7)
ox2 =1 .

0x2 0x2

Proof: By definition of ¢ in (4.2.1), ¥=%(s) = 1 for all s € O** if and only if

__(a-1)2i
2 » =1forall t € O%, or equivalently when n|4i. Therefore, i = 0 unless 4|n, in
which case the equality holds for both i = 0 and i = n/4. |

We summarize the result in the following corollary.

Corollary 4.2.12. For | > m, the l-level representations
/—Wv@l = (Indgﬁlfgxi)l{l/(Indgmf{)O‘)Kl_l

decompose into two inequivalent irreducible subrepresentations. The m-level represen-
tations (IndB KXZ)Km, 0 <1 < n, are irreducible except when m = 1 and there exists
0 <k < n such that xo|(rnk)y: = €0 ﬂOQX’Z, in this case, we are in one of the following
situations:
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1. If 4t n then (I][1d§m~(xi)l(1 is trreducible for all 0 < i < n such that i # k, and

for i =k, it decomposes into two inequivalent irreducible constituents.

2. If 4|n then (Indgm?xi)m is irreducible for all 0 < i < n such that i # k and
i # k+ 7% modn, and fori =k ori=k+ % mod n, it decomposes into two

mequivalent 1rreducible constituents.

Proof: It follows from Proposition 4.2.7, (4.2.4) and Proposition 4.2.9, that for

[>m

dim HOIIl(WN, VV“) = 2.

Hence, W;,; decomposes into two inequivalent irreducible subrepresentations. More-

over,

~ \Em _ \Knm 1, if x; #+1
dim Hom(<1ndg Xi) , (Indg Xi) ) = anic (4.2.9)

2, otherwise.

—2i

ox2> Which also

By Lemma 4.2.10, Xz" = 1 is equivalent to Xo|rnk)2 = €09

(TNK)?2

implies that m = 1. Hence, (Indg Xi)Km is irreducible except when m = 1 and
Xol(rnk)y2 = €0 1952;2, where it decomposes into two irreducible constituents. If
the latter is the case, by Lemma 4.2.11, there is exactly one 0 < i < n satisfy-
ing Xol(rnry = €0 19512 if 4  n, and there are exactly two 0 < ¢ < n satisfying

X0|(TOK)2 —€o0 19(_92i2 if 4|n. i

X

For each 0 < i < n, let /I/IZJ; and ﬁ/:_l denote two irreducible inequivalent spaces such
that ﬁ//z-’l = W;@ @Wiﬁ, as in Corollary 4.2.12. This corollary can be rephrased directly

as follows:

Corollary 4.2.13. Assume | > m. We can decompose Resf(Indg;p as follows:

n—1 _ __ ——
Resklndgp = @ ((Indgmgxi)l(’” ® @ (VVJLZ b VVz_l)> :
i=0

I>m
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All the pieces are irreducible except when m = 1 and Xo|(rnky: = €0 19(;2;2 for some

0<i<n then

1. If 44 n then there is exactly one 0 < i < n for which (Indg{mgxi)Kl decomposes

into two 1rreducible constituents. All other constituents are irreducible.

2. If4|n then there are exactly two 0 < i,k <n, |i—k| = 7§ for which (Indgm}xi)l(l

decomposes into two irreducible constituents. All other constituents are irre-

ducible.

Next we determine the multiplicity of each constituent in the decomposition in

Corollary 4.2.13. To do so, we count the dimension of

Hom z, (Indfgﬁ o Ind ) )Zi) .
By Proposition 4.2.7 and Proposition 1.1.38, it is enough to count the dimension of
the Hecke algebra H(B\K'/B', Xx, X:)-

Proposition 4.2.14. Let | > m and Hy; = ’H(El\fa/él,)}k, Xi), where 0 < i,k < n.
Then dim Hy, ; is

20 — 1, if Xol(zrmyz = e 09,5
2(l—=m), otherwise.
Proof: Similar to the proof of Proposition 4.2.9, we determine which double

cosets in B'\K'/B! support a function in Hy;. For every double coset representative
x in Lemma 4.2.8, there exists a function f € H;,; with support on the double coset
represented by x if and only if bxb’ = x, b,b’ € B!, implies that Xe(b)x:(®') = 1. Let
b=(b,¢)=(({,%),¢ and b =, ¢) = ((},%).¢) be arbitrary elements of B

Because xi # Xi, there is no function in Hy,; with support on the identity double

coset.

For the double coset of w, bwb’ = w implies that b = b’ = dg(t), for some
t € O*/1+p and ¢’ = (1. Therefore, xi(b)xi(b') = ¥ (dg(t),<) x: (dg(t),¢™1)
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equals

Xo (dg(8), 9()*¢) xo (dg(t), 9()*¢") = Xo (dg(t?),9(t)* )
= %o () (1, ()
= xo (¢(t?)) € (D))

Therefore, X1 (b)x;(b') = 1 if and only if xo|(rnry = €0 ﬁ(;(xk;i). In this case, m =1
and w supports a function in Hy ;.

Finally, for the double cosets represented by R(IL’WT), x e {l,e}, 1 <r <,
b lt(zw" )b’ = lt(zw") implies that ¢’ = ¢!, and t 4+ s@” = ¢! mod p', or equiv-

alently, t = ! mod p", and t'w” = @w"t'"! mod p', or equivalently t~! = ¢!

mod p'~". Observe that, in general, Y4 (b)y;(b') is equal to

X (dg(t),€) xa (dg(t),¢") = xo (dg(t), 9(£)**¢) xo (dg(t"), 9(t')*¢") (4.2.10)
= Yo (dg(tt’), 19(t)2'°19(t’)2"§§’)
= xo (u(tt)) e (9(6) V()¢

Lemma 2.2.7 implies that 9 is primitive mod one. Observe that r > 1 and [ —r > 1.
Therefore, t = t~' mod p and t = ¢ mod p, which implies that t = ¢ = o mod p
where o € {£1}. Hence, 9(¢)* = J(t')? = 1, and (4.2.10) simplifies to xo (¢(¢t")) €(¢C").

We are in one of the following situations:

Case 1: Suppose 7 > m. Then we have ¢/ = (7!, and t = "' mod p™; that is
tt' € 14+ p™. Hence, xo (¢(tt")) €(CC") = xo(tt') = 1, because yg is primitive mod
m. Therefore, in this case, there is always a function in H;,; with support on

these double cosets.

Case 2: Suppose r < m. Then ¢’ = (71, so xo (t(tt')) €({¢") = Xo(tt'), which equals
one if and only if ¢/ € 1 + p™, which is not the case in general. Hence, in this

case, there is no function in Hj,; with support on these double cosets.
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To summarize the result, the coset represented by w supports a function in Hy; if
and only if xo|(rnKy2 = €0 ﬂ(;ik;i). If » > m then the cosets represented by lt(xw")
support a function in Hy;; otherwise, there is no function in Hjy; with support on

these double cosets. |

Corollary 4.2.15. In the decomposition of ReSKInde gwen in Corollary 4.2.13,

1. For each 0 < ¢ < n and l > m, there exists a way of decomposing W-l as

/W/ﬁ@Wﬁ such that for 1 > m, W:?’XW* andWl_W for all0 <i,j <n.

2. For m = I, {(IndBmel)Km | 0 < i < n} consists of mutually inequivalent

representations, except when m = 1 and xo|rnr)y2 = €0 9|’

Ox27 for some 0 <

J <n, where
K

K
(IndBnK)@) g(IndBmKXk) ;

evactly when v+ k =j mod n.
Proof: It follows from Proposition 4.2.14 that for [ > m,
dim Hom (fI/IZ-,l, Wkl> =2
and when i + k=7 modn

, L, Xolnk)2 =ecod| 7,
dim Hom ((IndBmKXZ) (IndBmKX )K7n> - ©

0, otherwise,

and hence the result. |

Example 4.2.16. If xo|(rnk)2 is trivial, Corollary 4.2.15 implies that (IndB KXO)
appears with multiplicity one in the decomposition of Resklndgp, and by Corol-

lary 4.2.13 decomposes into two irreducible constituents.
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In order to further investigate the irreducible spaces W;E and fV[Z_l, we will show
that /Wvu, 0 < i < n is the restriction to K of an irreducible representation of K ,
whence it follows that Wﬁ and Wfl have the same degree. This motivates us to study

the genuine principal series representations of G’ and their branching rules.

4.3 Branching Rules for Resf}v,lnd%p’

We now apply the same machinery to G'. Let X’ be a genuine character of Z (/7\:/) and
let xp be a fixed extension of y’ to A’. Let (p/ ,IndZX’O) be the unique irreducible
representation of T’ with central character X/, trivially extended to a representation
of B'. We will decompose Resl?,lndg ¢’ into irreducible constituents. The arguments
in this section are partly analogous to those in Section 4.2. To avoid repetition, we
will occasionally refer the reader to arguments in Section 4.2.

Recall that A" = C ﬁ(f NK’ ) is a maximal abelian subgroup of T'. Recall from
Proposition 3.3.14 that a typical element of A’ can be written as (dg(aw"", bw'™), (),
where a,b € O*, u,v € Z, and ( € u,, and a typical element of T'N K’ can be

written as (dg(a,b), (), for some a,b € O%, ( € p,.

Lemma 4.3.1. Let p/ be the unique smooth genuine representation of T" with central

character x'. Then
n—1

Resp' 2= €P X},

i,j=0
where the x; ; denote n? distinct characters of A’, defined by

Xi; (dglaz™™, b="™), ¢) = xo (dg(az™™, bw"™),¥(a) 79 (b)7'C)
where a,b € O*, u,v € Z and ¢ € u,, and ¥(a) = (w, a), was defined in (4.2.1).
Proof: Observe that § = {(dg(@’,@’),1) | 0 < 4,5 < n} is a complete set of

coset representatives for A’ \/Tv’/A’ . By Mackey’s theorem

T 1 A’ 18
RQSA/IndA/ Xo = @ IndA/m:g'A/XO .
KIS
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One can see that A’ is stable under conjugation by elements of S, so Ind‘: 4 X" =
Xo'. Let (dg(aw",bw'™),() € A where a,b € O% and ( € p,, and let § =
(dg(w', @?),1) € S. Note that

57 (dg(aw"™, b)), ()5 = (dg(w’i, w™), (&, wj)n) (dg(aww"™, bw®™), () (dg(wi, w’), 1)
- (dg(awuna bwvn)a C(ba w);(aa w)%)
= (dg(aw“", bww"™), ﬁ(a)_jﬁ(b)_i() )

Therefore,

W (gl b=™),0) = b (dglam™ b=™), 9(a) 0(b) 7€)

Denote these characters by x; ;. A similar argument to the one in Lemma 4.2.1 implies

that {x}, | 0 <i,j < n} is a set of n* distinct characters of A’. i

It follows from Lemma 4.3.1 that the characters x; ;| 77z are also distinct, and writing

again v, . for these restrictions
1,7 )

Res 7m0 = @D xi;- (4.3.1)

1,5=0

Proposition 4.3.2. Let p' be the unique smooth genuine representation of T with

central character ', trivially extended to B'. Then

Resz ( IndB,p @ IndB,mK,X”

1,7=0
The proof is similar to that of Proposition 4.2.2. It follows from Lemma 1.1.32

that, for every 0 < i,j < n, mdX is smooth and admissible. Fix a pair (1, j),

B'mK'XU'
0 <i,5 <n. We have,

IndB’ﬂK’XIJ - U (IndB’ﬁK’XZJ)Kl'

>1
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Definition 4.3.3. For any character v of any subgroup D of 37\7, we say vy is primitive
mod m (or of depth m — 1) if m is the smallest strictly positive integer for which

ReSDﬂKT/an =1.

Suppose ' is primitive mod m. It follows that the x; ; are also primitive mod
~1 ~1
m. One can define the finite quotient groups B’ and K’ analogously to (4.2.3), and
—~1
as in Lemma 4.2.6, x; ; factors through B’ if and only if [ > m. We will denote the

quotient, if exists, by x/; ;.

Proposition 4.3.4. Let x;; be primitive mod m. If I < m, (Indgmﬁxgvj)lq = {0}.

If Il > m, (Indgmﬁxg,j)[q factors to a representation of [?’l 1somorphic to Indglli’m.
The proof is similar to that of Proposition 4.2.7 and Lemma 4.2.5.
Fix [ > m. By Proposition 4.3.4 and Proposition 1.1.38, our next goal is to
compute the dimension of the algebra H' := H’(gl\ﬁl/gl, X'ijs X'ij)- A basis of H'
consists of functions with support on double cosets of gl in [?/’l that transform on

both sides by i,i,j'

. —
Lemma 4.3.5. A complete set of double coset representatives of B in K' is given
by

{15, 1), @,1t(=") | 1 < r < 1}

Proof: Note that this set is a subset of the set A of double coset representatives

of B\K'/B! in (4.2.6). Observe that under the isomorphism
F*xG =~ G (4.3.2)
(v,(8:¢) — (dg(L,y)8,(),
0% x K maps to lf\(/’l and O* x B! maps to B". For every k' € [A(/’l, let (y,k) be
the inverse image of k' under the isomorphism (4.3.2), and let by, by € B! be such

that byxby = k, for some x € A. Let b} and b, be the image of (y,b;) and (y,bs)

under (4.3.2) respectively. It follows from the multiplication of F* x G given in (3.1.3),
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—~1 ~1 —~
and the isomorphism map (4.3.2), that bixby = k'. Thus, K/ = [J,., B xB". A
short calculation shows that

(dg(e’l, 1), 1) R(wr) (dg(e,1),1) = (It(ew"), (@, €)n(e, @ )n) = lt(ew"),

where ¢ is a fixed non-square and 1 < r < [. It is not difficult to see that other cosets

—~1
of A remain distinct in K’ . |

Next, we count the dimension of H' using a method similar to the one we used for

‘H. We will need the following technical lemma.

Lemma 4.3.6. Let b= (§7) and b’ = (%’ ’;‘,/), where t,t',s,s € O* /1 +p!, n,n' €
O/p! and such that ss' € 1 +p. Then

B (b, 1t(=")) B (b lt(="), b') = 1. (4.3.3)

Proof: =~ We use the cocycle formula given in (3.1.5). Note that det(lt(w")) = 1,
and hence v (det(lt(@")), a(b)b) = 1. Moreover, a(b) b = ( ;21 ). Therefore,

g (b, lt(z") = 3 : = (8,0 )n.
0 s o 1
To calculate §'(blt(w"), b'), observe that det(b’) = s't’ and a(b)blt(=") = (5717, ™).

Hence, v (det(b’),a(b)blt(w")) = (s't',s7!),, = 1, because s,t and s~ are in O*.
Moreover, observe that “®) (a(b)blt(w")) is equal to

1 0 s+nw"” n 1 0 s+ nw” s't'n
0 S/—lt/—l 8—1wr 5—1 O S/t/ N 8—181—1t/—1wr 8_1 ’
and
. )
a(b")b' =
0 st

So, we compute

B(blt(=),b) = B el
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Therefore, f'(b,lt(w”))s (b lt(w"),b’) = (s,@")n(s,@")n = (ss',@"), = 1, since
ss' €1+ p. |

Remark 4.3.7. Observe that 7' is a subgroup of T In particular, 7" C T is a

subgroup of T,

Proposition 4.3.8. Let | > m. The dimension of H' is

dlmHl _ 1+ (l - m)a Zf X;,j TNK 7é 1;
2+ (I—m), otherwise.
Proof: To count the basis elements of H', we determine which double cosets

—~1
support a function in H’. To do so, recall that for every f € H', b,b’ € B’ and
A no_ o T ;
k € K, f(bkb’) = x';;(b)f(k)x; ;(b). Hence, for every double coset representative
x in Lemma 4.3.5, there exists a function f € H’' with support on the double coset
represented by x if and only if bxb’ = x implies that x/; ;(b)x’;;(b') = 1 for all
—~1
b,b' € B'. Let
s n s n

b=(b,() = . ¢ and b = (b, ()= . ¢

—~1
where t,s,t',s' € O*/1+p!, n,n’ € O/p!, be arbitrary elements of B’ .

—~1 —~1
The identity coset B’: A function f € H' has support on B’ if and only if
- —~1
f(®) = x/;;(b) Vb € B". So there is always a function with support on the

identity coset, namely f = x’; ;.
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—~1
The coset of w: For b,b’" € B’ , bwb’ = w implies that
= w, (4.3.4)

and

B (b, w) 8 (bw, b)CC = 1. (4.3.5)
The equation (4.3.4) implies that n =n' =0 mod p', s =t~! mod 1+ p’ and
t' =s' mod 1+p’. Henceb = dg(s,t) and b’ =dg(t !, s7) mod /Bv’ﬂKl’.
To compute (4.3.5), observe that by the formula for the 2-cocycle [ given
in (3.1.5), we have

B'(b,w) = B(dg(s, s™'), w)v(1,a(b)b) = (1,57 ), =1,
and
gou) — o " T Dewe [ "7
o B sThg/—1¢—1 0 "\ o gt e st 0

— (S,, _S/S—lt/—l)n -1
since §', s, € O*. Therefore, (4.3.5) implies that ¢’ = (~!. Note that

Xi; (dg(s,1),¢) xi; (dg(t™h,s7),¢7) = xi;(dg(st ™, ts71), 1).

Note that {dg(st™',ts7!) | t,s € O*/1+p'} = T' and as we saw in Re-
mark 4.3.7, T is a subgroup of 7". Hence, a function f € H' has support
=1.

~1_~I -
on B' @B’ if and only if /|,

The coset of lt(="):
1 ~ ~ ~ ~
For b and b’ in B’ , suppose b lt(w”)b’ = It(w”). Then, blt(w") = lt(ww" )b,

which implies
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and
B'(b,1t(w")) B (b lt(="), b")(( = 1. (4.3.7)

The equation (4.3.6) implies that

1

s+nw" =571 modp' and t=t"1—w"n's ' mod p,

that is, ss’ € 1 +p", tt' € 1 +p". By Lemma 4.3.6, (¢’ = 1. Observe that

ss’ sn' 4+ nt’

)E/i,j<bb/) = )E'z’,j( ) 1),
0 tt
where, ss',tt' € 1+ p” and sn/+nt’ € p”. Therefore, x’; ;(bb’) = 1 if and only if
B'N K] C ker(x; ;). This latter holds if and only if r > m, since x; ; is primitive

mod m.

Now, let us summarize the result. There is always one function in H' with support
on the identity coset. Also, there are functions in H’ with supports on each of the

double cosets represented by R(wr) for m <r <. If ¥ # 1, then ‘H' does not

2% ‘Tl
contain any function with support on the double coset of w; otherwise, there exists

an additional function in H’ with support on this double coset. Finally, observe that

X'sjlm = 1if and only if X} ;|rnx = 1. i
Next, we elaborate on the condition X;7j|TmK = 1 that appears in Proposi-
tion 4.3.8.

Lemma 4.3.9. For 0 <1i,j <n, x;,|lrnx = 1 if and only if xpolrnx = €0 19{9_3.

Proof: By Lemma 4.3.1, x}; (t(a)) = x(, (dg(a), 9"~/ (a)), which is equal to 1 if

and only if x{ olrnx = € 0 9. |
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! . .
VEm s dirre-

Corollary 4.3.10. Let 0 < 4,5 < n. The representation (IndKOK,X”
ducible if X{)O]TQK =+ ﬁgf, and decomposes into two inequivalent constituents other-
wise. Moreover, the quotients W’”l <IndB/nK'X i) /(IndB,mK,X i)t forl >m

are irreducible.

Proof:  This follows from Lemma 4.3.4, Proposition 1.1.38 and Proposition 4.3.8. |l

Corollary 4.3.11. We can decompose Res~(1ndB,p) as follows:

n—1
Res~(1ndB,p) EB ((IHdB,mK,X irj Kn @ EBW'z‘,j,l> ~

1,j=0 I>m

If Xo0lrrx # V%, for all 0 < k < n, then all the pieces are irreducible. Other-
wise, there are exactly n pairs (i,7), 0 < 4,7 < n, such that j —i = k mod n,
and (IndK K'XU) K decomposes into two irreducible constituents. The rest of the

constituents are irreducible.

Proof: The result follows from Corollary 4.3.10 and from noting that the map
(1,7) — 7 — i mod n has a kernel of size n. Hence, if there exists a pair such that

XB,ome K= ﬁé}i, then there are exactly n distinct such pairs. |

4.4 Restriction of Ind%p’ to K

Fix a genuine irreducible representation p of T with central character X, and let xu,
0 < k < n be all possible extensions of y to A, given in Lemma 4.2.1. In Section 4.2,
we decomposed Res I}Indgp into irreducible representations of K ; this decomposition
is given in Corollary 4.2.13. Recall from Corollary 4.2.12 that the irreducible K-
spaces W ry and Wk 1» L > m that appear in the decomposition in Corollary 4.2.13
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are the two irreducible constituents of quotient spaces fV[7kJ, 0 < k < n. Moreover,
it is part of the statement of Corollary 4.2.12 that, for a fixed k, lel and val;l are
inequivalent.

In this section, we show that, for each 0 < k < n, Wk,l = ResgW', where W' is
some irreducible representation of K'. We deduce that fWV,j ; 1s mapped bijectively to
W,; , Via conjugation by some element in K' \ K. Hence, W,j ; and Wk_ , have the same
dimension. This argument allows us to complete the statement of our main result,
which is stated in Theorem 4.4.19.

Suppose p’ is a genuine irreducible representation of T’ with central character
X, such that p appears in Reszp', and let x; ;, 0 < 4,7 < n be all possible extensions
of X’ to A’, defined in Lemma 4.3.1. To find a representation W’ of K’ satisfying
vakJ = ReszW’, we consider the restriction of the principal series representation
Indg P to K. Because the structure of T depends on the parity of n, we consider the
cases for even and odd n separately. As the first step in each case, we describe the

central character y’ of p/ in relation to Y.

4.4.1 Odd n

Recall that for odd n,

Z(T) = {(dg(a),Q) | a € F*",( € pa},
A = {(dg(a),¢) | a € F*,¢ € . nlval(a)},
TNE = {(dg(a).Q)|a€ 0" (€ p},
Z(T") = {(dg(a,b).0) | a,b € F*".C € py},
A" = {(dg(a,b),¢) | a,b € F* { € pin,n|val(a),n|val(b)},
T'NK = {(dgla,b),()|a,be O (€ pu}.

Hence, we have the inclusion diagram in Figure 4.2.
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pO T T Oy

2

n n

xr O A=TNA —A OX;‘J’

2

n n

YO Z(T)=Z(T)YNT——2Z(T") Oy

Figure 4.2: Inclusion of subgroups of T and /Tv’, when n is odd. The represen-
tation corresponding to each subgroup is indicated beside . The characters
j

satisfy xx = X ;, where k = % mod n.

Proposition 4.4.1. Assume n is odd. Let p be a genuine irreducible representation

of T such that p appears in Reszp'. Then,

%7/ ®n
Rest o = p°",

and X,‘Z(T) = x. Conversely, if X" is any character of Z(/Tv’), with corresponding

irreducible representation p’ of ﬁ, satisfying x| 2¢7) = X, then p appears in Reszp".

Proof:  We first claim that X = {(dg(1,@),1), 0 < j < n} is a set of double
coset representatives of T\ ’TV'/ A’. Namely, for every element (dg(aw’“, beo*?), ¢ ) in
fTv’, we can write ky = na; +r; for 0 <r; <mn and ky = nas + (j —ry) for 0 < j < n.

Hence we have
dg(aw™, bw™) = dg(w™, @ ")dg(1, @’ )dg(aww"™, bor"*2).

Choose ¢; = 1 and (3 = (b, " ),. Then every element (dg(aw’“, beo?), C) in 7' can
be decomposed as (dg(w@™,w "), (1) (dg(1,w’), 1) (dg(aw™™, bww"*2), {,) . Therefore,
T’ can be decomposed as the disjoint union

T = | | T(dg(1,=),1)A".

0<j<n
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This proves the claim. Therefore, by Mackey’s Theorem we have

ReszInd}) vy ~ @D mdL " (4.4.1)

xeX

Note that A* = A’. Also, as can be seen in Figure 4.2, TNA = A. So, (4.4.1)
is equal to @, Indixf)x. On the one hand, because our choice of p' implies that
p appears in the decomposition (4.4.1), X’X‘Z(f) = x for at least one x € X. On
the other hand, because every x € X commutes with Z(T), y*| 2(7) 18 the same as
x ranges over X. Hence, the Stone-von Neumann theorem implies that Indgxgx =p
for all x € X and hence, Res e por

Now assume that y” is a character of Z (/Tv/) such that Resz(f)x” = x. Then as

~ T nx nx

above Reszp” = @,y Indyxg". For x = (I, 1), Res, )Xo = ReszzXxg = x, and
hence Indﬁx{)’ X p. i

Proposition 4.4.2. Assume n is odd. Let p and p' be as in Proposition 4.4.1. Then

ResGIndg/ p' = (Ind$p)®"
Proof: Since ' = GB' and GNB' = B , Mackey’s theorem yields

ResGInd = nd< ResBp ,

~ ~ ®n
which, by Proposition 4.4.1 equals Ind%p@” = (Ind%p) : |
Proposition 4.4.2 implies that
/ ~v G !/~ é on
ResKIndB,p = ReszResgIndZp" = (ReSgInd§p> , (4.4.2)

and we have computed Res KIndG p in Corollary 4.2.13.
Now let us compute ResKIndG,p in a different order. Namely, we compute

ResiResz IndG .p'. We further assume that p’ is chosen such that depth of x’ is
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equal to the depth of y, which equals m — 1, and that the choice of yq is such that
Resaxo = Xo. By Corollary 4.3.11, we have

n—1
ReSK’ (IndB/p ) @ (IndB/mK/X 7,] ;n @ @ Wli7j7l 5 (443)
4,7=0 I>m

where W’i,j,l (IndB,mK,X i) /(IndB,mK,X ”)K{_17 and the x; ; are defined in Lemma 4.3.1.

In order to study the restriction of each piece in (4.4.3), we need to restrict the

characters x; ; to TNK.

Lemma 4.4.3. Assumen is odd, so that 2 is invertible modulo n. For(0 <1i,j <n, let

k be the integer in {0,--- ,n — 1} such that k = 5 mod n. Then ResznzXi; = Xk-

Proof:  Suppose 2k =i —j mod n. Let (dg(u),() € TNK. By Lemma 4.3.1,

X, (de(w), ¢) = x4 (dg(u), 9(u)¢),
which by Lemma 4.2.1, and because x,|la = Xo, is equal to xo (dg(U),ﬁ(u)%g) _
X (dg(w), ©). :

The cardinality of the kernel of the map (7,7) — k& mod n, in Lemma 4.4.3, is n;
that is for each k, there are exactly n distinct characters x; ; of T’ N K’ that restrict
to xx on TNK.

Lemma 4.4.4. Assume n is odd. Let i,j and k be in {0,--- ,n — 1} such that

Xiil7ng = Xu- Then, for alll > m

K/
Resj <IndB/mK’XU> <IndBmKXk>

7t - 7
Proof: By Lemma 4.3.4, it is enough to show that Resf(llndgv/l X'ij Indgll)zk.
N ~ ~ =~
Note that K'\K" /B’ is trivial and B' N K' = B'. So, by Mackey’s theorem we have

K

~

~

=it —
Resl}llndglx’ivj Ind ResBlX”,

which is equal to Indg Y by choice of 7, j and k. i
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Proposition 4.4.5. Assume n is odd. Let p and p' be irreducible representations of
T and T’ with central characters x and X" respectively, such that xj|a = xo, where xo
and xq are fived extensions of x and x' to A and A’ respectively. Moreover, let I > m,
and let W,;l &) W,:fl, 0<k<n, and I/AV//i,j’l, 0 <1i,5 <n, be the quotient spaces that
appear in the decompositions in Corollary 4.2.13 and Corollary 4.3.11 respectively.

Then, whenever k = 52 mod n, we have

Z7j7l :

Proof:  Recall that /I/Iv/i’7j7l = (Indgmﬁx’i’j)[q/(Indgnﬁx’i,j)lq—l. Hence

Resz Wi, = Resj; [(Indgmﬁx’ijj)fﬂ /Resz [(Indgmﬁx'i,j)[q*l] ,
which by Lemma 4.4.4 is equal to

. K; . K1 —
(maf oxe) /(s zni) = We @ Wy

- Resz —~—
Remark 4.4.6. The map {W/;, |0 <4,j <n} — {Wi,; |0 <k <n}isann to

1 map. That implies each irreducible piece in the decomposition in Corollary 4.2.13

appears n times in Res Rlndg, p'. This is consistent with our result in (4.4.2).

Before continuing to our result in Section 4.4.3, we treat the case of even n.

4.4.2 Even n

Recall that for even n,

T = {(dg(t),¢) |t €F*.C € ),
Z(T) = {(dg(t),¢) |t € "% ¢ € ),
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peO T T op
oxe O A n?
\
n TNA —— A O X,
X O Z(f) " n?
4
YO Z(THNT Z(T) Oy

Figure 4.3: Inclusion diagram for subgroups of T and T'. Symbols on the
arrows are the indices. The representation of each subgroup is indicated

beside the O.

A = {(dg(t),Q) |t € F*, 2|val(t), ¢ € pn},
TNK = {(dg(t).Q)|te 0" ¢ €},

T = {(dg(t,s).) | t,s € F*,¢ € p,},
Z(T) = {(dg(t,s).0) [ t.s € F".C € )},

A" = {(dg(t,s),C) | t,s € F* nlval(t),n|val(s),( € pn},
T'NEK = {(dg(t.s),0) [t,s € 0%, ( € ),

and therefore,

Z(T)NT = {(dg(t).Q) [t €F",¢ € a},
ANT = {(dg(t),¢) |t € F*,n|val(t),C € pn}.
Figure 4.3 is an inclusion diagram of the above groups. Arrows on the diagram

indicate the inclusion, and the symbols on the arrows are the indices. Unlike the

case for odd n, the centre Z(T") and the maximal abelian subgroup A’ of 7" do not
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restrict to those of T upon restriction to 7. Observe that [Z(T) : Z(T') N T] = 4,

[A: A’/NT] = 2. This mismatch makes the computation of Res I}Indg p' more delicate.

We show that, unlike Proposition 4.4.1, our assumption that p appears in Reszp" does
not imply that p’ is p isotypic, upon restriction to T. We show instead that p is one
of the four distinct irreducible representations of T that appear in Reszp'.

Set x := Resz(’TT)me/ . Let {e, 0} and {1, 2} parametrize sets of coset represen-

tatives for §7Z/nZ and Ox2 JO*" respectively. Define the subgroup

Y 1= {(dg(t), Q) | t € T, nlval(t)},

of Z(T). Then Y/ (Z(’TV') m:F) ~ 0*3/0*". By Lemma 1.1.43, Ind)y 7 -x de-

composes into 2 distinct characters of Y: ;x and ,x. Moreover, Z(T)/Y = 27Z/nZ.
Therefore, for each a € {1,2}, Indiz/(T)aX decomposes into two distinct characters of
(T)

Z(T): aex and 4ox. Set L = {1e,10,2e,20}. Hence, Indi(ﬁ)

X decomposes into 4

distinct characters ,x, ¢ € L:
Z(T) _
Indz(’va)mTX = ge%gx. (4.4.4)

Remark 4.4.7. Later, we will consider the restriction of the ,x to Z (T) NK. Observe

that, upon this restriction 1.x = 1,x and 2.x = 2,X; but, 1.x and ,.x remain distinct.

We denote the irreducible genuine representation of T with central character X

by pe.

Proposition 4.4.8. Assume n is even. Let ;x, £ € L be as in (4.4.4). Then

Resz' = P [(pe)®"/ 2} ,

lel

where the py are mutually non-isomorphic.

Proof:  Note that X = {(dg(1,w’),1) |0 < j < n} is a system of coset represen-
tatives for f\ fﬁ/A’ , and that A’ is stable under conjugation by x € X. Moreover,
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it follows from the definition of the xj; in Lemma 4.3.1 that for x = (dg(1,=’), 1),

/X

Xo = Xo,- Therefore, by Mackey’s theorem,

Reszp = @ (Ind(TmA/x Xo ) (4.4.5)

xeX

= @ Indi (Ind?mA/XE),j) )
i—0

Observe that [A : TN A'] = 2, with coset representatives {e, 0}. Therefore, for every

0<j<n,Indd is a 2-dimensional representation of the abelian group A and

FraXo
hence decomposes into a direct sum of two characters: (X’ @ ,X-

Next we show that the elements of the set {cx},0x | 0 < j < n} are distinct. By
Lemma 1.1.43, for 0 < j < n, ResTnA,Ind%TA,Xg’j = Xo,; D Xo,;- Suppose 0 < 4,5 < n.

Then by Frobenius reciprocity

A A
Hom4 (IndTﬂA/XOJ’ IndTmA'XE),i) = Homg. (ReSTnAfIndTmA/XE)m X{),z‘)

= Homgz., (Xé,j D Xo,5: Xf),z‘) :
We can easily see that xj ; and X, coincide on TN A if and only if ¢ = j. Whence,

2, i=j
dim Hom 4 (IndTnA,Xo iz Ind%mA,XG,z) =
0, otherwise.

Therefore, the elements of {.x},ox; | 0 < j < n} are 2n distinct characters of A,
which, because [A : Z(T)] = n/2, implies that they restrict to at least 4 distinct
characters upon restriction to Z (T) Moreover, because p appears in Res:;p’ , at least
one of these 4 central characters is x. Observe that, for 0 < j < n, and «a € {e, o},
Res, )7 aXj = X-

Counsider

IndA 2(THTX = Ind ~ Ind g X = Ind @gx = EB Xk

teL ¢eL,0<k<n/2
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Observe that, by Lemma 1.1.43, the ,x; are 2n distinct characters that, by Lemma 1.1.42,
restrict to x on Z (/Tv’) N T, and therefore exhaust every such character. Hence, the
sets {eX0,,0X0,5 | 0 < j <n}and {,xk | € € L,0 <k <n/2} are equal. In particular,
by the discussion that follows (4.4.5) we have

Reszp’ = Indi @ X ® oX

0<j<n

= Indi é{) ¢ Xk

e L,0<k<n/2

o~ %
= D

teL
because yx extends yx. Moreover, the p, are mutually non-isomorphic, because the

¢x are distinct characters of Z(T). i

Proposition 4.4.9. Assume n is even. Let p' be as in Proposition 4.4.8. Then
the restriction of Ind%p’ to G decomposes into a direct sum of four principal series
representations ofé as:
a a n
ResgIndZp" = GB [(Indépg)%}
(el

Proof: By Mackey’s theorem and Proposition 4.4.8 we have

0|3

&
=~ =~ =~ =~ S
ResgInd%p = Ind§Res 50" = Ind <@ pg) = @ (Ind%pg)

leL leL

Proposition 4.4.9 implies that

el el e 3
Resf(Ind% p' = Resj <Resélnd% p’) o @ HResf{ (Ind%pgﬂ 1 : (4.4.6)

leL
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where Resz <Ind§pg>, by Corollary 4.2.13, is

n_y
@ [and’émf(@X'ﬂ ) @ @ kg D L’sz

k=0 I>m
We further simplify the above decomposition by showing that the characters Resz zex,

e L,0< k<% are not distinct. Recall that L = {1e, 2e, 10, 20}.

Proposition 4.4.10. Assume n is even, and let ox;, 0 < k < 5, £ € L, be all

the possible extensions of ¢x, where yx is defined in (4.4.4), to A. Then for each k,
Reszzexk = Resz woxk if and only if (€,0') = (1e,10) or ({,{') = (2e,20).

Proof: Forafixed ¢ € L, by Lemma 4.2.1, ;x; appears exactly once in Resfmglndé(f)gx

for each 0 < k < 5. It is not difficult to see that the double coset TN K\A/Z(T) is

trivial. Mackey’s theorem yields
Resfm}lndg(f)gx = Ind:g?f{gmﬂx.
Let ¢,¢ € L. Hence,
A A ~
Homz <Resfm~(lndz(f)gx,Resr;mf(lndz(—f)g/x) = Homg <ResmeI d 2(F) nyIHd
which by Frobenius reciprocity is

Homy qya iz (ReSZ(T)mkIndé(T)fX ) @X) : (4.4.7)

Note that |Z(T) N K\A/Z(T)| = |0* JO*™?|. Because A is abelian, Mackey’s theo-
rem yields

Resfmglndg(f)gx ~ %2,
Hence, (4.4.7) simplifies to Hom ;7% (ex®2,0x) . Thus, for 0 < k < 2, ReszzeXr =

Resz e xk if and only if ReSZ(T)mf( X = ReSZ(T)mf( ¢X- By Remark 4.4.7, the latter
holds if and only if (¢,¢') = (1e, 10) or (¢,') = (2e, 20). i

Kz/X)
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Suppose that p = py for some ¢ € L. Without loss of generality we assume that
P = pae, @ € {1,2}. By Proposition 4.4.10, (4.4.6) simplifies to
~ @n
ResKIndg,p' = EB [Resf( (Indgpgﬂ . (4.4.8)
teq{1e,2¢e}
Now, we decompose Res KInd~p in a different order; that is ReszRes; Ind%p’

Let x be the central character of p. We assume that y’ and x have the same depth
— 1. The decomposition of Res;{v,lnd &, by Corollary 4.3.11, is

n—1
Resz (Ind ) ~ D [(IndB,mK,X” Km @ EBW'M,,] : (4.4.9)
4,J=0 I>m

where the x; ; are defined in Lemma 4.3.1. As in the odd case, first we need to study
ReszngXi,s-

Lemma 4.4.11. Let x;;, 0 <4,5 <n be as in (4.4.9). Then

ReszzX;,; (dg(t), €) = xoo (dg(t), 9(t)7¢)

for all (dg(t),() e TN K.

Proof:  Let (dg(t)¢) € TN K, by Lemma 4.3.1,

ReszniXt, (dg(t), ) = xboo (dg(t), 9(8) 79(t)'C) = b, (dg(t), 9(£)"7C) .

Therefore, {Reszzx;; | 0 <i,j < n} consists of n distinct characters of TNK. In

the next two lemmas, we relate these characters to the central characters yx, £ € L.
Lemma 4.4.12. Each ResgzX; ; appears ezactly once in @56{18’26}70§k<% Xkl Fnf

Proof: Note that

A — -
ReSTmKIndZ(T/)me*ReSTnK @ oXe |,
beL,0<k<
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which by Proposition 4.4.10 is

®2
@ Resg~zeXk
Le{1e,2e},0<k<G
Consider
Homs 5 (Res-Tvmf(X;j, Resfm}lndg( ﬁ)ﬂf&) : (4.4.10)

Observe that TN I?\A/Z(/T\ﬁ) NT = 57/nZ. So, by Mackey’s theorem and Frobenius
reciprocity, (4.4.10) is

@2
TnK ~
Homs & (Resfmf(xg’j, (Indz(Tf)mf(K> ) = Hom ;7 (Res mKX”, Res 7 X )

Because ReSZ(T)X/ = x, for all 0 < 4,5 < n, Res Res, and

. )
2(THnEXij — (THNKX>

hence, (4.4.10) is 2-dimensional, from which we deduce that Reszzx; ; appears ex-

actly once in @56{16726}709@ OXk- |

In particular, xq, appears exactly once in @46{16’26}709@ eXk- A priori, xq, can be
any of the characters in that expression; by possibly reordering the index k, we can as-
sume that Resz.z X0 = 2¢Xo- Then it follows from Lemma 4.2.1 that 5.}, (dg(), () =
Xbo (dg(t), 9(t)**¢). So, we can see that x} ¢, given by x{, (dg(t),9(t)), does not ap-
pear as 5. Xx, 0 < k < §. Therefore, it ought to appear as i.x; for some k. Again,
with possible re-indexing, we assume that x} o = 1cxo. With this setting, we have the

following lemma.

Lemma 4.4.13. Assume n is even. For 0 < i,7 <n, if i —j mod n is even, set
a=2and k= (i—j modn)/2;ifi—j modn is odd, seta =1 and k= (i —j—1

mod n)/2. Then ResznzXi; = aeXk-

Proof:  Let (dg(t),¢) be an arbitrary element in 7N K. Then by Lemma 4.4.11

ReszzXi; (dg(t), €) = xoo (de(t),977() . (4.4.11)
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Suppose i — j mod n is even and k = (i — j mod n)/2. Then, because x{ o = 2. Xo,

(4.4.13) is equal to
2e X0 (dg(t)a ﬁsz) = 2eXk (dg(t)v C) )

by definition of 5.y in Lemma 4.2.1. Now, suppose ¢ —j mod n is odd, and k£ =

(i —j—1 mod n)/2. Note that 97 = 9971, Then (4.4.11) is equal to
Xoo (d8(1), 0P (1)C) = X0 (de(t),9%C)

which, because X’ 5 = 1c X0, equals 1¢Xo (dg(t),ﬁ%(t)g) = 1eXk (dg(t), Q) . |

Lemma 4.4.14. Assume n is even. For 0 < 4,57 < n, let k and « be as in
Lemma 4.4.13. Then, for alll > m
—~ K/ ~ K,
K’ by K
Resg (IndgmﬁX;J) = (Indgmgank>
it — 7=
Proof: By Lemma 4.3.4, it is enough to show that Resf(llndi,;l Xij = Indg;aej(k.

7 - i - i
Mackey’s theorem yields Res f(,lndg’l X = Indgll Resz X' j, which is equal to Indgll e Xk

by Lemma 4.4.13. i

For each £ € L and 0 < k < 7, let ng be the quotient space that appears in

Resf(Indg;pg in Corollary 4.2.13.

Proposition 4.4.15. Assume n is even. Let p and p' be irreducible representations of
T and T with central characters x and X' respectively, such that p appears in Reszp',
and that x and X' are primitive mod m. Forl >m, 0 <k < 5,0 < 14,j <n, let
Wk,l = Wk’l EBW,;FZ and Wv’ml be the quotient spaces that appear in the decompositions
in Corollary 4.2.13 and Corollary 4.3.11 respectively. Then, for each 0 < k < g,

I >m, Wi = ResgW/'; 1, for some 0 <1i,j <n.

Proof: Recall that for 0 < k < Z

s Wit = (Indf o)/ (Indf o). To

T

follows from Proposition 4.4.8 that p = py, and hence x = ,x, for some ¢ € L, where
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¢x is defined in (4.4.4). By Proposition 4.4.10, without loss of generality, we can
assume that ¢ € {le,2e}. Moreover, by a consequence of Lemma 4.4.12, we can
assume that ,xo are chosen such that 5.xo = Resz, I~<X6,0 and 1cXo = Resz, f(X/l,O'

If x = 2ex and Wk,l is given, for some 0 < k < n, [ > m. Consider Wé,w,l.
Then by Lemma 4.4.13 and Lemma 4.4.14, Resgz Wiy o) = 2Wiy = Wi If x = 10
and Wk,l is given; consider Wék—l,o,l- Then by Lemma 4.4.13 and Lemma 4.4.14,
Reszr e Wh 100 = 1 Wit = Wiy i

Remark 4.4.16. Proposition 4.4.15 can be seen directly from Lemma 4.4.12, without

identifying the quotient space Wi” ; that restricts to a given I/I/;k/l

Remark 4.4.17. Note that the map (i, j) — i—j mod n, which appears in Lemma 4.4.11,
has a kernel of size n. Therefore, it follows from Lemma 4.4.14 that
—~, -~ — ®n —_— ®n
Resf{ @ I/Vz',j,l = @ <2eWk,l> © @ (leWk,l> .
0<i,j<n 0<k<% 0<k<2

In particular, every irreducible constituent in the decomposition of Res I?Indgp ap-

pears n times in Resz (Resﬁlnd%p’ ) This is consistent with our result in (4.4.8).

4.4.3 Main Result

Finally, we put all of our results together to make the main theorem of this chapter.

We first state the common corollary to Proposition 4.4.5 and Proposition 4.4.15.

Corollary 4.4.18. Let p be a genuine wrreducible representation of T with central
character x. The non-equivalent irreducible representations W{z and /V[v/,:l, 0<k<n,
[ > m, that appear in the K-type decomposition Resf{Indgp in Corollary 4.2.13 are of

the same dimension.
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Proof: By Proposition 4.4.5 and Proposition 4.4.15, for any 0 < k < n, [ > m,

vakJ =W, ® W,j ;» 1s restriction of some irreducible representation WZ’ , of K’ , for
some 0 < 1,7 < n. Hence, there exists an element of K’ \ K that maps Wk_ , into W,j ]

bijectively. |

Theorem 4.4.19. Let p be a genuwine irreducible representation of T with central

character x, and let xi, 0 < k < n, be all the possible extensions of x to A. Then

~ —~ \ On
ReszIndZp = @ (mdf oxe)) @ @ (W oWe)

where /I/I70+l and Wo_,z are two inequivalent representations of K with the same dimen-
sion and (WJI @WJJ) (IndBmKXO) /(IndBmK 0)f-1.
We consider (T N K)?* as a subgroup of T. The m-level representations

Km
(IndBmK)@) ,
where 0 < 1 < n, are mutually non-isomorphic, except when m =1 and X0|(TQK)2 =
€0 19\(_9];2, for some 0 < 57 < n. In this case
K 7 K
<IndBmKXz> = (Indgmf(xk) ,

exactly when i +k = j mod n.

All the pieces in the decomposition are irreducible except when m = 1 and

Xol(rnk)> = €0 19|(_92Xi2 for some 0 < @ < n. In this case, we are in one of the fol-

lowing situations:

1. If 44 n then there is exactly one 0 < i < n for which <IndBmKXZ) U decomposes

into two 1rreducible constituents. All other constituents are 1rreducible.

2. If 4n then there are exactly two 0 < i,k < n, |i—k| = % for which (Ind KXZ)
decomposes into two irreducible constituents. All other constituents are irre-

ducible.
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Proof: The decomposition and irreducibility results follow from Corollary 4.2.12
and Corollary 4.2.13. The multiplicity results are shown in Corollary 4.2.15, and the
fact that WOJ“Z and Wo_ , have the same degree follows from Corollary 4.4.18. i



Chapter 5

The Reducibility Points of the
Unramified Principal Series of

SLy(F)

In this chapter, we define the unramified principal series of G and determine com-
pletely when a representation in this series is reducible. As shown in Chapter 3, the
structure of the torus of G depends on the parity of n. We only study the case for odd
n and leave the case of even n for future work. We continue using non-normalized
induction.

The problem of finding the reducibility points of the representations of the cov-
ering groups was solved for unitary unramified principal series of é\ﬁg(]F) by Moen
in [Moe88|. For non-unitary unramified principal series, the case of n = 2 was solved
by Gelbart and Sally [GS75], and n = 3 was solved by Aritiirk [Ari80]. Our approach
is mostly aligned with the argument for linear groups, which can be found in [Cas95].

Unramified principal series representations are parametrized by a complex num-
ber s that identifies the character of the centre of the torus 7. These characters are

either regular or singular, and are defined in Section 5.1.1. The case with a regular

89
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central character is addressed in Section 5.2. The main idea is to identify a certain
integral operator from the unramified principal series representation to its contra-
gredient representation. With composition of two such operators, we construct an
intertwining operator 7 from the unramified principal series representation to itself.
The key Proposition 5.2.6 relates the question of the irreducibility of the principal
series representation to the one of calculating 7, which is done by tracing the image
of the spherical function, defined in Section 5.1, under 7. The main result for this set
of representations, proved in Theorem 5.2.13, states that regular unramified principal
series representations of G are reducible exactly when s = 1 + % Those principal
series representations with a non-regular central character, however, demand a com-
pletely different treatment, which is addressed in Section 5.3. The main result for

this group, proved in Theorem 5.3.6, is that non-regular unramified principal series

iy

representations of G are reducible exactly when s =1 + Togq"

Throughout this chapter, we assume that n is odd such that n|qg — 1.Recall that
we denote the elements of the linear group G by boldface font style, for example
g € G; elements of the covering group G by typewriter font style, for example g € G ;

and those of the p-adic field F in roman font style, for example ¢ € F.

5.1 Spherical Space

5.1.1 Unramified Principal Series

Recall that an unramified character of the multiplicative group F* is a character that
is trivial on the maximal compact subgroup O*. We extend this notion to genuine

characters of Z(T). Recall that Z(T) = {(dg(¢),{) | t € F*",{ € un}-

Definition 5.1.1. We call a genuine character of Z(T) unramified if it is trivial on

the subgroup {(dg(t),1) |t € O*"} =2 O*".
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All such characters have the form

xs: Z(T) — C
(dg(t),€) = [t[*e(<),

for some s € C, where | - | is the norm character.

For linear groups, reqular characters are those which are not fixed by any Weyl
group element. That definition is consistent with normalized induction; if one uses
non-normalized induction, then the regular characters y are instead those such that
X # 0x™. We use non-normalized induction, so the correct analogue of regular charac-
ters are those x5 for which x5 # d5x?. Otherwise, we call x, a non-reqular character.
Here, d5 is the restriction of the modular character of the Borel subgroup Bto Z (T),
ie, 05 (dg(t),Q) = |t|*, t € F*".

Lemma 5.1.2. The non-reqular unramified characters of Z(Tv) are xs, for s €

{1, +1}.

’ log q

Proof:  Observe that for (dg(t),() € Z(T),

X5 (dg(1). Q) = xs (dg(t7), Q) = [t]7€(¢) = x—s (dg(1), ¢).-

Therefore, Y% = x_s and hence d3X? = X_st2- S0, Xs = 05XY if and only if

|8 =|-|75*?% that is ¢~ = ¢"572). Therefore, —ns = n(s — 2) + 12;2];, k € Z, which
further implies that s = 1 — nﬁg -+ k € Z. Observe that ¢" = ¢t ioga) implies that

Xs = Xgy 27 - We deduce that there are exactly two distinct non-regular unramified
nlogq

characters; one corresponds to the even choices of k, and the other corresponds to

the odd choices of k. Because n is odd, we can assume that k € {0, —n}, therefore,

distinct non-regular unramified characters are determined by s € {1,1 + ; :giq}. i

Recall from Section 3.3 that A = Cf(Tv N K). For an unramified character s

of Z(T), we choose the trivial extension of xs to A, in the sense that it is trivial
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on elements t(u), u € O of A. We continue calling this extension xs. So, for
(de(a), ) € A, we have xs (dg(a), ¢) = |al*e(C).

Let ps be the genuine irreducible representation of T with central character Xs;
and let ps also denote its trivial extension to B. Let ms = Ind%pS be the corresponding

principal series representation of G. We refer to mg as the unramified principal series

of G.

5.1.2 A Spherical Function

In the argument for determining conditions for irreducibility of the unramified prin-
cipal series of G [Cas95], one considers a spherical function that generates the one-
dimensional subspace of K-fixed vectors in the principal series. We adapt Casselman’s

argument [Cas95] to our setting. A first step is to define the correct analogue of the

K

spherical function. Because 7 is a genuine representation, ;' is trivial. Since G

splits over K, we can instead consider the fixed points under the subgroup IN(O =K
in K.
Recall that Ky = {(k,s(k)™) |k € K}, and K ~ Ky X p,. We extend € to a

character € of K:

K > C (5.1.1)
k<127<) = €(C)7

for k € [?0 and ¢ € u,. Therefore, [?0 acts trivially on a genuine representation of K

if and only if K acts by €.

Lemma 5.1.3. Let wg be an unramified principal series of G. The space 7{(0 of

Ky-fixed points of ms is one-dimensional.

Proof: Note that

0 (Reskﬂs)f{o.
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Also observe that xs|7,7 (dg(u), () = €((), v € O*,( € p,. It follows from Proposi-
tion 4.2.2 and (4.2.2) that

[y

(Resf{ﬂs)f{o = (IndK KXZ)KO,
=0

where g is the trivial extension to BNK of Xs|7nj> and we recall from Lemma 4.2.1

that
Xi ((dg<u>7 C)) = Xs ((dg(u), 19%’; (U)C>) =€ (ﬁ%x <u>) € (C) )
for all u € O*.

It is therefore enough to calculate the dimension of (Ind Bn sz) Ko for each 0 <

Ko

i < n. By definition of €, (Ind is the subspace on which K acts by €. By

BmKXZ)

Frobenius reciprocity

Y

Homp (%, Ind% 2x:) = Homg 7 (@57 xi).

Note that for u € O%, (dg(u),() = u(u)(Is,¢), where (dg(u),1) € Ky. Hence,
€l7nz (dg(u), ¢) = €((); that is €[5z = Xo. Therefore,

. 1, =0
dim Homz (€7, xi) = ,
0, otherwise.

It follows that dim(ms)50 = dim @' (Ind& Ko = 1. 1

BﬁKXz)

Observe that for any non-zero function ¢ € 7%, and any g € G that is factored as

S 7

g=ntk,ne N,t € T and k € KO with respect to the Iwasawa decomposition of G

in Lemma 3.3.8, we have:

¢(ntk) = ¢(nt) = ps(nt)P(1) = ps(t)o(1).

Therefore, ¢ is entirely determined by ¢(1), which is a function in Indixs. We
further identify ¢(1) up to a scalar multiple in the next lemma. Let f; € Indixs be
the function with support on A with the property that fo(1) = 1.
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Lemma 5.1.4. Let ¢ be a non-zero function in 0. Then ¢(1) belongs to the one-

dimensional subspace of Indgxs generated by fo.

Proof: Because ¢ € 7Ko it is fixed under the action of 7'N Ko. An arbitrary

s )

element of T N K, has the form of t(u) for some u € O*. Since ¢ is fixed by Ko,
s (t(w)) @ = ¢, thus (ms(e(u))d)(1) = ¢(1). On the other hand, by right translation,
we have (ms(0(1))$)(1) = ¢(u(w)); and since ¢(u) is in T, this equals ps(c(u))(p(1)).
Thus ¢(1) is fixed by ps(¢(u)). We next show that this implies the support of ¢(1) is
A.

Let t € T. Observe that {u(w') | 0 < i < n} is a set of coset representatives
for AinT. Sot € Au(w?) for some 0 < j < n. Then there exists a € A such that

t = at(w’), whence
tu(u) = av(w’)(u) = av(@’)v(u)(w ) i(w’) = ayiu(w?),

where y = 1(e?)i(u)u(w™) = (dg(u), (u,?)?) is in TN K C A. On the one hand,

n

v(u) € Ky implies that
(s (1)) 6) (1)(¢) = ¢(1)(av(=)) = xs(2) (¢(1) («(=)))
On the other hand, «(u) € T implies that

((ms(e(u)e) (1)) (8) = ps(e(w))d(1)(t)

= ¢(1)(ayu(=))
= xs(a)xs(y) (6(1)e(=")) -
Hence, if ¢(1)(c(w?)) # 0, then ys(y) =1 for all y € TN K. We evaluate
XS(Y) = Xs (dg(u), (u7 w])i) =€ ((u7 wj)i) = 79(“)72]"

But, ¥~% is trivial if and only if j = 0, whence the support of ¢(1) is the identity
coset of A. i
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Lemma 5.1.5. Let u = (dg(u),¢) be an arbitrary element of T N K. Then

Proof:  Recall that Supp(fy) = A. It is easy to see that for all t = (dg(t),6) € T,
val(tu) = val(t). Hence, tu € A if and only if t € A. Therefore, because ps acts by
right translation, Supp(ps(u)fo) = Supp(fo) = A. Let t € A. Since A = CT(T N I?),

t and u commute. Therefore,

ps(u) fo(t) = fo(tu) = fo(ut) = xs (dg(u), ) fo(t) = €(C) fo(t).

For g € G with Iwasawa decomposition g = ntk, n € Nt € T and k € [N(o, set
¢s(g) = ps(t)fo. We show that this map is well-defined.

Lemma 5.1.6. The map ¢s is a well-defined element of Indgps.

Proof: If ¢s is well-defined then by construction it is in Indgps. We show that
¢s(g) is independent of the decomposition of g. Let g € CN}', and let n;t;k; and nytoks
be two different Iwasawa decompositions of g. We will show that ps(t1)fo = ps(t2) fo-

It follows from n;t1k; = natoksy that
(ngtg)ilnltl = kgkfl, (512)

which is an element of (NT) N Ky. Let us write the left hand side of (5.1.2) as nsts.
Since NN T = {(I, 1)}, it is easy to see that n; € N N Ky and t3 € T N K. Hence,

from (5.1.2) we have

t, = nf1n2t2n3t3

= nl_lngtgngt;ltztg
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= nj'ny"nstots,
where *2n3 € N since T normalizes N. Therefore, we have

ps(t1)fo = ps(n;'na™nstots)fo

= ps(tats)fo.

Observe that t; € T N I?O, so t3 = t(u) for some u € O*. Hence, it follows from

Lemma 5.1.5 that ps(t3)fo = fo and hence ps(t1)fo = ps(t2)fo, as required. |

Since in particular ¢s(Iy, 1) = fy, it follows from the preceding lemma that ¢ is a

basis for 7rsf(0. We call ¢¢ the normalized spherical function of mg.

5.1.3 Quasi-Characteristic Function of K

Consider the space Cgo(é,lndixs), on which G acts by right-translation. Recall
that functions in this space are locally constant with compact support, so they are
integrable. In this section, we define an intertwining map F; : Cgo(é, Indixs) —
Indg;ps; and we identify a pre-image of ¢s under this map, which we call the quasi-
characteristic function of K.

We assume the Haar measure 15 = 1 on Bis right-invariant, recall 65 ((§ ,"1),¢) =

It|2. For every ¢ € C(G, Indixs) define Py(¢) : G — IndiXs by

Pi(o)(g): T — C (5.1.3)

- /B palb™)o(bg) (£)db.

It is not difficult to see that Ps(¢) is smooth. Moreover, because ps(b™!)¢p(bg) €
Indixs forall b € B and g € G, Ps(¢)(g)(at) = ys(a)Ps()(g)(t) for every a € A
and t € T. So, P(¢)(g) € Indixs.

The following lemma shows that the image of Py lies in the space of the rep-

resentation Indgps. Evidently, Ps(g-¢) = g+ Ps(¢), so Ps defines an intertwining
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map

P, : C=(G, Ind:":)(s) — Indgps.

Lemma 5.1.7. For every ¢ € CgO(é, Indixs), Ps(p) lies in Indgps. Moreover, Py
takes I?o-ﬁxed vectors in Cso(é, Indixs) to I?o—ﬁxed vectors in Indgps.

Proof:  For the first claim, we need to show that Ps(¢)(b1g) = ps(b1)P(p)(g) for
all by € B and g c€ G. We compute

P(o)(brg) = / pa(b1)p(bbyg)db

= [Ps(blb,_1)¢(b/g)db/bfl where b’ = bb;
B

— p(bo0) / pelb ) o(bg) b’

B

= ps(b1)Ps(0)(g)-

So Ps(ip) lies in Indgps. Moreover, suppose ¢ € C(G, Indixs) is such that for all
k € Ko, k- ¢(g) = ¢(g). Since P, is an intertwining operator for the action of G,
Pi(¢) = Bylk- ) =k P(), s0 Po(p) € nl. '

Now we wish to identify a simple function in the pre-image under P, of our normalized
spherical function ¢g. In fact, Lemma 5.1.7 implies that Ps; maps any Ko-fixed function
to a scalar multiple of ¢, so it suffices to choose a simple function with this property.
Set M = (BN K), and define the function ¢, € C=(G, Indixs) via
A@M'fy, ifgek
o(g) = ~ (5.1.4)
0, ifgé¢ K,
where € is defined in (5.1.1). We call the function ¢y the quasi-characteristic function

of K. Note that o 18 [?o—ﬁxed under right translation.

Lemma 5.1.8. Let P be as defined in (5.1.3), ¢s be the normalized spherical function,

and o be the quasi-characteristic function. Then Ps(pg) = ¢s.
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Proof: By construction, we have k - g = g for all k£ € I?O, so by Lemma 5.1.7,
Pi(po) € 7T§0. This space is one-dimensional, so Ps(pg) = A¢s for some scalar A. To
show that A = 1, it is enough to show that Ps(¢o)(I2,1) = fo. Note that since ¢y is

zero outside of K we have

Ple)) = [ o (bl

Fix b = k(I,,¢) € BN K, for some k € BN Ky and ¢ € p,. By (5.1.4), go(b) =
()M~ fy. Now, because b € NT N I~(, and because ps is trivial on the unipotent

radical subgroup N, Lemma 5.1.5 implies that
ps(® N fo = €O fo
Therefore, ps(b™")po(b) = () 'e(()M " fo = M~" fo and

[ ps(6 Hpo(d)do = M fou(BN K) = fo.
BNK

5.1.4 Jacquet Module

In this section, we set the stage in order to identify an intertwining map 7g from
Ts 10 T_gya. Let (ms)y = 7s/ms(IN) be the Jacquet module of 7y, defined in Defini-

tion 1.1.39. Our goal in this section is to construct an exact sequence
0— pfs+2_>(7Ts)N_>ps — 0.

Later, in Section 5.2, we specify to those parameters s that yield a regular central
character. But for now, we include all the possible values of s.

Consider the E—map

Ty — Ps
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fo= f.

Since « is non-zero and ps is irreducible, « is surjective. Let & be the image of «
under the Jacquet functor. Observe that ps|y is trivial; and hence, (ps)y, the Jacquet
module of py, is ps. Because the Jacquet functor is exact, & : (7ms)y — ps is a surjective
T-map, so () n/ ker(a@) = ps. In general, it is a well-known result, originally due to
Jacquet [Jac71], that the Jacquet module of a subrepresentation of a principal series
representation is non-zero.

Next, we identify p_g,9 as a subspace of (75) y. To do so, we define an intertwining
operator from a E—subspace of ms, which consists of those functions with support on
Ef&é, to p_sio and that factors through to an isomorphism under the Jacquet functor.

Set Ing = {h € IndgpS | Supp(h) C é@é} and 7y := 7s|z. Then (7g,Ing) is
a B-subspace of (s, Indg—ps). Observe that, because G = B U BWB, h € Ing if and
only if h(1) =0, i.e., h € ker(«). Hence, Ing = ker(a). For any representation (m, V'),
recall that £(V') denotes the vector space underlying (7, V).

We will benefit from the following decomposition of an element ((¢%).¢) in G

when ¢ # 0:

a b
( ; ,¢) = (ut(ac™), 1)(dg(—c™1), ) @ (ut(de™ ), 1). (5.1.5)

c

Lemma 5.1.9. Let h € Ing. Then h|gn is compactly supported and therefore,

/N h(@n)d n,

18 convergent.

Proof: By assumption Supp(h) C B@WB = BwN. We will show that there exists
an open compact subgroup Ny of N such that Supp(h) C E@NO.
We have Supp(h) € BwB if and only if h(I,1) = 0. Because h is locally

constant, h(ly, 1) = 0 implies that there exists an integer k£ > 0 and a compact open
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subgroup Ny = {(lt(z),¢) | = € p*} such that |y, = 0. If 2 # 0, by (5.1.5) we have

(It(z),¢) = (ut(z™),1) (dg(—z~"),¢) @ (ut(z™"),1) .

Hence,

h(lt(x),() = ps (dg(—x_l), C) h (fﬁ (ut(x_l), 1)) . (5.1.6)

If € p* then the left-hand side of 5.1.6 is zero. Moreover, z € p* implies that
val(z™!) < —k, whence h is zero on {w (ut(z),{) | val(x) < —k}. Therefore,

Supp(h) C BWN_j.1, where N_jq = {(ut(z),() | € p~F+1}. 1

Remark 5.1.10. The integral in Lemma 5.1.9 can be written as an infinite sum of
integrals over compact sets, which turns out to be a geometric series that is convergent

when Re(s) > 1. It follows that in that case, the integral in Lemma 5.1.9 is convergent

for all h € Ind%pS

If h € Ing, then [, h ~ M(un)dn is convergent by Lemma 5.1.9, and assumes values

in £(Ind AXS)' Consider the map

Ags:Ing — SIndAXS) (5.1.7)

hr—>/ (wn)d n.

The map A induces an action of T on & (Indixs) that is different from the natural

action on this space.
Lemma 5.1.11. The map A is a T-mtertwming operator from mg to dzpP.

Proof: It is easy to see that for f € E(Indixs) and (dg(t),() € T,

3y (de(t). Q) f = 1tl’ps (dg(t),¢) f



5. The Reducibility Points of the Unramified Principal Series of éIQ(IF) 101

defines an action of T on & (Indixs). Let h € Ing and t € 7. Then
AGg(t-h) = /N(t - h)(wn)dn. (5.1.8)
Because 73 is the restriction of g, T acts by right translation. Therefore,
(t - h)(wn) = h(wnt) = h(wtt 'nt).

Because T normalizes N ,n’ =t~ !nt is in N. It is not difficult to see that dn =

dtn't™! = §5(t)dn’. Hence, by this change of variable, (5.1.8) is equal to
5B(t>/ h(wtn)dn.
N

Observe that, because functions in Ing C IndgpS translate on the left by ps, we have
h(wtn) = h(wtw ‘am) = pg(wtw )h(wn) = p¥(t)h(wn).

Hence,

AL (6 - h) = 85(6)F(t) /N (@m)dn = 85(6)% (6) Al o (B).

The next lemma shows that A;ﬂ,s defines, indeed, an intertwining operator from
(7T157 ID@) to (p—S-i-?v Inng—sH)-
Lemma 5.1.12. The two f—r@pr@sentatz’ons §3p% and p_g. o are isomorphic.

Proof: Since p_gyo and dzp2 are irreducible genuine representations of T, by

the Stone-von Neumann theroem, it suffices to show that they have the same central

character. Recall that the central character of p_gyo is x—sy2. Let (dg(t),() € Z(T).

We compute

dgps (dg(t),C) = [tPps (dg(t),¢) = [tP[t]®e(0) = [t *"2(¢) = x—s+2 (d8(1), C),

and hence the result. |

We identify (057, & (Indixs)) with (p,5+2,1nd§><,5+2), hence A%, defines an inter-

twining map Ags : Ing — Indix_sﬂ.
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7
T > Ts

Au?,s
J J

P—s+2 =z (ma)n — (ms)n

Figure 5.1: The image of Az ¢ under the Jacquet functor J is an isomorphism.
The inclusion map is denoted by 7. The Jacquet functor is exact, and the

diagram commutes.

Lemma 5.1.13. The homomorphism Ags factors through to a f—isomorphism be-

tween ((13)n, (Ing)n) and (p—sio, Indyx_sy2).

Proof: Since (p_gi2, Iﬂdix_erz) is irreducible, the non-zero homomorphism Ag s
is surjective. We show that ker(Ags) is the subspace Ing(N) of Ing, and hence
Ingny = Ing/Ing(N) = Img(Ags) = Indix,sﬂ.

Suppose h € ker(Azs). By Lemma 1.1.40, to show that h € Ing(NV), we need to

show that there exists a compact open subgroup Ny of N such that

/ ms(n)hdn = 0.
No

Observe that, by the proof of Lemma 5.1.9, Supp(h) C B@wN' for some open compact
subgroup N’ of N. Therefore,

Aga(h) = /N h(iim)dn = / o (0)h(@)dn = 0.

N/
Let g € G = BUBWN. If g € B, then h(g) = 0, so clearly Sy Ts(m)h(g)dn = 0.

Otherwise, g = buwn’ for b € B ,n’ € N and
/ ro(m)h(bin)dn = pa(b) / o (0'n) (@) dn
N N
= ps(b)/ ms(n”)h(w)dn''n”  n'n=n"

— u(b) / (ol = 0.
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Therefore,

/lws(n)h dn =0,
and hence h € Ing(N). Conversely, assume h € Ing(N). Then h = "7 (mgz(n;)h; —
h;) for some m € Z, h; € Ing and n; € N. Let Ny be a compact subgroup of N such
that Supp(h;) C EGNO, and that it contains n; for all 1 < ¢ < m. Then

/N Mimdn = /N (ras(ns)hi — hi) (@n)dn (5.1.9)

m

= 2. < /N : hi(wnn;)dn — /N 0 hi(fﬁn)dn),

i=1

Since dn is invariant, with a change of variable nn; = n’, for each ¢

/ h;(wnn;)dn = / h;(wn')dn',
No NO
and hence (5.1.9) is equal to zero. Therefore, h € ker(Agzs). So, ker(Ags) = Ing(N),

whence ((7z)n, Ingy) = (,o_s+2,1ndix_s+2). |

We denote the isomorphism given in Lemma 5.1.13 by Ags. As shown in Figure 5.1,
via Agg, and the inclusion map (7z)y < (7s)n, We identify p_g,o as a subrepresen-

tation of (7s)y. Consider the exact sequence,
0= g — Ts = ps — 0, (5.1.10)

where a(f) = f(1). Because the Jacquet functor J is exact, the image of (5.1.10)

under J is an exact sequence. Moreover, by Lemma 5.1.13, (75)nv = p_sio. Hence,
0= posis — (Te)y = ps — 0, (5.1.11)

where @ = J(«), is an exact sequence.

5.2 The Case of Regular Characters

In this section, we show that if xs is a regular character, so that ps # p_s.o, then the

exact sequence (5.1.11) splits; that is, (7s)y = p_si2 @ ps. We then show that this
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decomposition leads to constructing a homomorphism 75 € Homg(7s, m_g12).

Lemma 5.2.1. Suppose xs is a reqular character. Then the sequence
0— p_sio BN (7s) N 2 ps — 0.
18 a split T-ezact sequence.

Proof:  To see that the sequence splits, we find a T-invariant complement for p_g o

in (ms)y that carries the representation ps. First, we find a complement on which

Z(T) acts by xs. Let {fo,- -, fu_1} be a basis for (p_g 2, Indix,sﬁ), identified with

a subrepresentation of (7s)y, and let {gg, -+ ,g,_1} be a set of coset representatives

for a basis of (7s)n/p—s+2 = ps. Therefore, for every t € Z(T),
n—1

tefi=X-sr2(t)fi, and t-g=xs(t)g; + Z Aij (t) [,
=0

for some \;; Z(T) — C. We will find constants ¢ij, 0 <14,j < n such that Z(T) acts

on g; =g+ Z;:Ol ¢;; f; by the character xs, and hence {g; | 0 <i < n} is a basis for

the Z(T)-complement to p_gyo. Observe that

n—1 n—1
t-g; = Xs(t)g; + Z Aij(t) f5 + Z CijX—s+2(t) [},
=0 =0
for every t € Z(T), which is equal to ys(t)g; if and only if Nij(t) = cij(xs(t) —
X—s12(t)). Let to € Z(T) be such that ys(to) — x—st2(to) # 0; because s is regular,

such a tg exists. We claim that the relation t-(tg-g;) = to-(t-¢;), for every t € Z(T)

and 0 < 17,7 < n, implies

Aij(to) (Xs(t) — X _s42(t)) .

Ai't =
J( ) Xﬁ(tO)__;X—s+2<t0)
Aij(to)

Hence, by setting ¢;; = T ST

we have t - g; = xs(t)gi, 0 < i < n. Now, to

prove the claim note that, for all t € Z(T'),

t-(to-g) = t-(xs(to)gi+ Y Nij(t)fy)

j=1
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m

= Xs(to) (xs(t)g: + Z Aij(t)f5) + Z Aij (o) X—s+2(t) f;.

j=1 j=1

Similarly to - (t - ;) = xs(t)(xs(t0)g; + >y Nij(to) f5) + > iy Ai ()X —sy2(to) fi-
Hence,

n n n

Xs(to) Z )‘ij<t)fj+z Aij (o) X—s+2(t) f5 = Xs(t) Z /\ij(to)fj+z Aij ()X —s+2(t0) f5-

J=1 j=1 j=1 =1
SO, /\ij(t)<Xs(t0) — X—s+2(t0>> = )\Z‘j(to)<xs(t) — X—s+2(t))7 fOI‘ each 7 and j, and
hence the claim. It remains to show that W := Span{g; | 0 < i < n} is a T-invariant

complement to p_g,o. Let t' € T, te Z(f) Then, for 0 <i < n,

te(thg) =t (t-g) =t (xs(t)gi) = xs(t)(t" - g0).

That is, Z(T) acts on t’-g; by xs which implies t"-g; € W, and that finishes the proof. il

Proposition 5.2.2. Suppose xs is a reqular character. Then there exists a unique
E—equivari(mt morphism Ag : Ts|g — p_syo that extends Ags, and a é—eqm’variant

morphism Tg : T — T_g12, such that for any h € mg

Proof:  Consider the following extension of Figure 5.1. Observe that, by Lemma 5.2.1,
the projection map from ps @ p_gio t0 p_gio defines a map Proj : (ms)y — p_si2. All

the maps are T-equivariant morphisms and trivial on IV, so B-equivariant morphisms.

A
Tw > Tg

Afﬁ,s
J J

Ps+2 % (Ta&)n —= (Ts)n = Ps D P—st2
WS Proj

Since the Jacquet functor is exact, this diagram commutes, in the sense that for

h € g, Ags(h) = AgsoProjoJoi(h). We can extend Ags to a map Ag : s — p_gio
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by defining Ag(h) = AgsoProjoJ(h). Hence A is a B-equivariant map. By Frobenius
reciprocity, we have
Homé (77'57 7Tfs+2) = Homé <7Ts |§7 pfs+2)

¢ = oo, (5.2.1)

where « is the evaluation map at 1. Moreover, by Lemma 1.1.41

Homé(ﬂ-s’ W*SJFQ) = Homf(<7TS)N7 Pfs+2>7

which because (ms)y = ps @ p_sio, and ps ¥ ps, is one-dimensional. It follows
that Ag is unique, up to a scalar. Let 73 € Homg(7s, m_s42) be the é—map corre-
sponding to As € Homp(7s|5, p_sy2). Because T3 maps to A, (5.2.1) implies that
Ts(F)(1) = As(f)- i

Remark 5.2.3. When Re(s) > 1, by Remark 5.1.10, the extension Ag of Agg is
defined via the integral given in (5.1.7). Therefore, in this case, there is an explicit

formula for the extension.

Similarly, we can construct a @—map T sio: T_gi0 — Ts. S0, the composition of
these maps gives us an intertwining operator of mg, which we shall denote T:
s T—S
T : 7 BEN T_sto —% . (5.2.2)

Corollary 5.2.4. Let T be as in (5.2.2). Then T = ~v(s)id, for some constant
v(s) € C.

Proof: By Lemma 1.1.41, and Lemma 5.2.1
Homg (s, 75) = Homz((ms) v, ps) = Homz(p—sy2 @ ps, ps)-

Because p_s.2 and pg are distinct irreducible representations of T , this intertwining

space is one-dimensional. Hence, 7T is a scalar multiple of the identity. |

We will show that the vanishing of y(s) determines the reducibility points of 7.
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5.2.1 Irreducibility Criteria

In the next proposition, we reduce the problem of the irreducibility of 74 to the one of
calculating (s), when ys is a regular character. We will use the Projectivity theorem,
which we state without proof. The proof, in a more general setting, can be found

in [BHO6, Appendix 10.a].

Theorem 5.2.5 (Projectivity Theorem). Let (7, V') be an irreducible genuine smooth
representation Ofé such that T = 0, and let (1,U) be a smooth genuine represen-
tation of G. Let f U — V be a surjective é—homomorphism. There exists a
é—homomorphism ¢V — U such that fo ¢ =1dy.

Proposition 5.2.6. Assume xs is reqular. Let T be as in (5.2.2). The principal

series representation g is irreducible if and only if T # 0.

Proof: Suppose 7 = 0. We have T = T g, 0 T5. If 75 is not injective, then the
kernel of T is a G-invariant subspace of 7g. Since Ty is, by construction, not the zero
map, its kernel is a proper subspace and hence, 7y is reducible.

Let us, for the purpose of contradiction, assume that 7 is injective. Set W :=
Img(7s). Observe that because 75 # 0, W is non-trivial. Moreover, because T_g,2 (W) =
0 and T g2 # 0, W is a proper subrepresentation of (m_gyo, Indgp_s”). Set M =
(Indgp_s+2) J/W. Because the Jacquet functor J is exact, the image of the exact
sequence

Ts P
00— 7 — T_g10 > M —0,
where p is the projection map, under J remains exact; that is
0— (ﬂ-S)N — (7T—s+2)N — My — 0

is exact. Observe that (ms)y = (7_st2)n, and they are finite-dimensional spaces, so
My = 0. Let M’ be an irreducible quotient of M, then M} = 0. By Projectivity

Theorem 5.2.5, there exists a é’—homomorphism that embeds M’ into m_g,2; hence
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M', being a subrepresentation of a principal series representation m_g 9, has non-zero
Jacquet module; that is M}, # 0, which is a contradiction. Hence, 75 is not injective,
whence 7y is reducible.

Conversely, assume that 7 # 0 and suppose, to the contrary, there exists a non-
trivial subrepresentation of 7. Let W be a maximal non-trivial subrepresentation of

Ts, 50 that M := mg/W is irreducible. The image of the exact sequence
0—-W <i> Ty 5 M — 0,

where ¢ and p are inclusion and projection map respectively, remains exact under the

Jacquet functor; that is
0—>WN‘—> (WS)N—»MN—)O (523)

is exact. The Jacquet module of W, being a subrepresentation of a principal series
representation, is non-zero. Hence, Wy is equal to either ps, p_si2, Or ps B p_gia.

If Wy = ps ® p_sio then My = 0, which, similar to the argument above, is
impossible by the Projectivity Theorem. So, Wy is isomorphic to either ps or p_g.o,
which, because (5.2.3) is exact, implies that My is isomorphic to either p_g o or ps.

If My = ps by Lemma 1.1.41
Homsz(My, ps) = Homg (M, 7)),

which implies there exists a non-zero é—map q: M — m,. Hence, qop : ms = M - g
is a é—intertwining operator. Note that qop is not injective, because p is not injective.
This contradicts the fact that Homg (7, 75) = C.

Similarly, suppose My = p_gio. Note that Homg(7s, 7_s42) = CTs. Moreover,

the assumption 7 = T_g,.9 0 Tg # 0 implies 7y is injective. By Lemma 1.1.41
Homz#(My, p—s+2) = Homg(M, m_s ).

So, there exists a non-zero é—map q: M — m_g,9. Hence, the map qop : 7y NV N

T_sio 1S a non-injective map in Homé(ws,ﬁ_s+2), which is a contradiction. Hence,
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such a W does not exist, and 7y is irreducible. |

By Proposition 5.2.6, to determine the reducibility points of 7g, we need to know all
the values of s such that v(s) = 0. In order to find v(s), it suffices to determine the
image of the spherical vector ¢s under T = T_¢,5 0 Ts.

Let fl € Indix,sﬁ be such that Suppf) € A and f{(1) = 1, and let ¢_g o :
G — Indix_sw, defined via ¢_gi2(g) = p_si2(t)fi, whenever g =ntk,n € N, t € T

and k € I?O, be the normalized spherical function in 7_g 5.

Lemma 5.2.7. Let Tg be as in Proposition 5.2.2, and let ¢s and ¢_g 1o be the normal-
ized spherical functions in WSI?O and 7r,s+2f(0 respectively. Then there exists a scalar
c(s) € C such that

Ts(ds) = c(8)P—s+2.
Proof:  Since 75 is an intertwining operator, it takes the [?Q—ﬁxed subspace of g to
the Ko-fixed subspace of 7_g,5. By Lemma 5.1.3, 7r§° and 7{{;’ o are one-dimensional

spaces, generated by ¢g and ¢_g 9 respectively. Hence, the lemma follows. i

Similarly, T si2(¢—si2) = c(—s + 2)¢s, for some constant ¢(—s + 2). Since (s) =

c(s)e(—s + 2), our goal is to calculate the constants ¢(s) and ¢(—s + 2).

Lemma 5.2.8. Let ¢(s) € C be such that Ts(¢s) = ¢(S)d—_si2, and let Ag : Ts — p_gi2
be as in Proposition 5.2.2. Then c(s)f} = As(¢s).

Proof: By Proposition 5.2.2, Ag(¢ps) = Ts(és)(1), which by Lemma 5.2.7 equals
c(s)p_s+2(1). Since ¢_gy2(1) = f} by definition, the result follows. i

Therefore, in order to calculate ¢(s), it is enough to calculate Ag(¢s). However, we
have no explicit formula for Ag, unless Re(s) > 1. Let ¢g be the quasi-characteristic
function defined in (5.1.4). Recall from Lemma 5.1.8 that ¢s = Ps(pg), where Ps :
(G, Indixs) — Trg 1s given by

Pu(p)(g) = / pa(b™Y)o(bg)db.
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Hence, Ag(¢ps) = Ag o Ps(pg). Denote the map Ag o Ps by Dg:

DS:CZO(G,IndEXS) — pPosi2 (5.2.4)

h — Ago Py(h).

Recall from Proposition 5.2.2 that, under the isomorphism in Lemma 5.1.12, Ag|p,,

is given by

Ags:Ing — IndiX_SJrg
h — / h(wn)d n.
N

Let C(BwAB, Indixs) denote the subspace of C*°(G, Indixs) that consists of those
functions with support contained in BwB. 1t is not difficult to see that if Supp(p) C

BB then Supp (Ps(gp)) C BWB as well, so Img( C Ing. Hence,

PS|C§°(§1E§,Ind§XS)>
Ds|Cg°(§ﬁ§,Ind:£Xs) - Ai"v’s © PS’
for which we are going to give a formula, in the next lemma. First, observe that the
map

B x N — BoN (5.2.5)

(b,n) — buwn

is a bijection.
Lemma 5.2.9. Let h € C’go(éﬁé,lndixs), and let Ds = Ngs o Ps. Then, after a

suitable normalization of the restriction of the Haar measure ofé to é@é,

Ds(h) = | _¢(x)h(x)dx,

BwB
where Y(x) = 6 3(b)ps(b™1) for x = bam’ withn' € N, b € B.

Proof:  Consider the open subset B@B = BN of G with the measure 4 inherited

from the Haar measure of G. Note that this measure is invariant under multiplication
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by N on the right and multiplication by B on the left. By (5.2.5), BWN is in bijection
with B x N. The uniqueness of Haar measure up to a scalar implies that any N-right
invariant and B-left invariant Haar measure on B x N is a scalar multiple of pu.
Now, let f € Cg’o(é’&?é, Indixs). Recall that we assume that the Haar measure
on B is right invariant. For clarity, we subscribe the right and left invariant integrals

by R and L consecutively. So,

Ds(h) = Azﬂ,s(Ps(h))

= ps(b~ 1 h(bim)dgbdrn

N JB

:/ 05(b)ps(b")h(bwn)d bdgn. (5.2.6)

=z

Let ¢(x) = 65(b)ps(b™") for x = bam’, n’ € N, b € B. Then (5.2.6) can be written as
»(x)h(x)dx.
BxN
This is an N-right invariant and B-left invariant integral on the set B x N. Therefore

it is equal to
¢ [ w)hx)dx,
BwB
for some non-zero constant ¢. We can normalize the Haar measure on B@B so that

the constant ¢ = 1. |

Consider the following extension of Figure 5.1.

C®(B@ B, Ind% xs)—= C2(G, Ind ys)

]ps | ]ps

C

Tw Ts
= l
J J
]\ﬁ,s Ie '3
pst2~——=— (To)Ne——=(ms)n
Proj

This diagram commutes. Note that Dg : Cgo(é,lndixs) — p_si2, Which is given
by /7&@75 o Proj o J o P, is the extension of Agg o Py, for which Lemma 5.2.9 gives
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the formula. By Remark 5.2.3, when Re(s) > 1, Dy is also given by the formula in

Lemma 5.2.9. Next, we state the following proposition without proof.

Proposition 5.2.10. For every h € C=(G, Ind%ps), the function Ds(h) is a holo-

morphic function of s € C.

The main idea of the proof is to construct a function %, for every function h €
C’fjo(é,lndgps), such that Supp(h) € BwB and Ag(h) = Ag(h). Because Ag(h) is
given by an integral, which by Lemma 5.1.9, has a compactly supported integrand,
it depends holomorphically on s, and hence the result follows. A similar statement is
proved in [CS80, Proposition 2.1].

In the next proposition, using the formula for D, we calculate 75(¢s). Let us

prove the following technical lemma first.

Lemma 5.2.11. Let Q,, = {((_%.5%).¢) € I|a,bc,d € O}. Then Q,, is a group
and [K : Q] = ¢™ + ¢ 1.

Proof: It is not difficult to see that €2, is a group. Let P be the canonical
projection from K onto SLy(O/p™). Define the set 2, = {((5,%),0)a,beO/pm}.
Then €, = P~'(Qy,) and hence [K : Q] = [SLa(O/p™) : Q). Let us calculate the
cardinality of éig(@/pm) = {( (29) ,C)] a,b,c,d € O/p™, ad — bec = 1}. Note that

the determinant condition ad — bc = 1 in O/p™ implies that a and b cannot both lie

in p/p™. Hence, we can write SLy(O/p™) as disjoint union AU B U C where

a b
1L A={ ; € SLy(O/p™) [a € p/p™, b p/p™, ad — bc = 1},

a
2. B={ € SLy(O/p™) [bep/p™ a ¢ p/p™, ad —bec = 1},

b
3. C=/{ € SLy(O/p™) | a,b ¢ p/p™, ad — be = 1}.
d
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Elementary counting shows that |A| = |B| = (¢™ — ¢ ')¢™ '¢™ and |C| = (¢™ —
¢™)?q™ elements. So, |§f42(0/pm)] = ¢"(¢™ — ¢ V) (¢™ + ¢ H)n. One can see
that Q| = (¢™ — ¢™ 1)¢™n and therefore, [é\ig(@/pm) C Q] =g+ g |

Proposition 5.2.12. Let T be as in Proposition 5.2.2 and ¢s and ¢_g. o be the

normalized spherical functions in %0 and 7_g o0 respectively. Then

7;<¢s) = C(S)¢—s+2a

where
—ns+n—1

1 1—q
C(S)_q+1( 1_q—ns+n )

Proof: First assume Re(s) > 1. By Lemma 5.2.8, ¢(s)f] = As(¢s), which,
by (5.2.4), is equal to Ds(g). By Lemma 5.2.9
Dy(h) = | ¥(x)h(x)dx, (5.2.7)
BwB
when h € C’fo(gﬁé,lndixs). We apply (5.2.7) to ¢o. Note that since ¢q is 0
outside of K, one can restrict the domain of the integral in (5.2.7) to BeBN K. The
decomposition K = I U Twl yields Dg(i) is equal to
[ v [ e (529
(BwB)n(Twl) (BwB)n(T)
Since for every x = ((25),¢) in (BwB) N K, we have ¢ # 0, it follows that

a

g Zgut(ac_l), 1)£dg(—c_1),Cl w EUt(dil)’ 12. (5.2.9)

Recall from Lemma 5.2.9, ¢)(x) = 65(b)ps(b™?) for x = bum’, o' € N, b € B.

We calculate the first integral in (5.2.8). Assume x = ((2%),¢) € (BwB)N(Iwl),
so that ¢ € O*. Therefore, x = (1,¢) ((¢4),1), where ((24),1) € Ko. It follows
from the definition of g in (5.1.4) that in this case

Y(x)po(x) = 05(dg(—c "), Ops((dg(—0).¢7") Je(Q)M ™ fo.
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Observe that ps((dg(—c),(7")) = ps (e(=¢)) ps (1,71) = e(C)ps (1(—¢)); also, be-
cause ¢ € 0%, §5(dg(—c1),¢) = 1, and by Lemma 5.1.5, ps (t(—c)) fo = fo. Hence,
W(x)po(x) = M~ fo. Tt follows from Lemma 3.3.8 that Iwl = (BN K)@W(N N K) C
BUB. Therefore, Lemma 3.3.9 implies that
[ weds = w(BO RN N )M o= M o (5:2.10)
(BwB)n(Twl) q+1

Next we calculate the second integral in (5.2.8). For m > 1, define the open set

~ a b
L=< ( ¢) la,b,de O,ce O
whe d
Note that (BwB) NI = (J*_, I,,. Let x € I, then x = ((%.5),¢) for c € O
and a,b,d € O. The determinant condition ad — bcew™ = 1 implies that a,d € O*.

Applying the decomposition (5.2.9) to x shows that ¢(x) is equal to

65 ( (dg(—= ¢ ™), €) )ps( (dg(—"c71),0) 7).

Observe that (dg(—w™c™),¢)”" = (dg(—=™c), (" (—m™e, —m™c™1),). It is not
difficult to see that (—@™c,—w "¢ ), = (-@™, —@ ™), = (@™, @), = 1, be-

cause n is odd. Therefore, ¥ (x) is equal to
| =@ e s (dg(=w™e), 1) = ¢*"ps (dg(—w™e), ) -

Note that (dg(—@™c),(™) = (I, @™, —¢),n) t(@™)ie(—c), and that

Hence, (x) = ¢?"e((C™)) (™, —¢)a) s ((@™) ps (1(—0)).
To calculate pg(x), observe that x = ((_%.5),¢) decomposes as

wc

a b
(@™, d) | (TIo, (@™c, d)n(),

wmc d
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where the first term is in K, and the second is in the central p,. So, @o(x) =

Me((@w™e,d),)e(C) fo
Consequently,
b(x)po(x) = M~ e((w™e, d)n)e(C)e(CH)e((@™, —C)a) ps (U(@™)) ps ( (L(=0)) fo.
By Lemma 5.1.5, «(—c¢) fo = fo. Set fum = p (t(@™)) fo. Moreover, because ¢,d € O,
(@™, d)p (@™, —¢)p = (@™, —cd)n(c, d)y = (@™, —cd),, = V5« (—cd). Hence,
Y(x)po(x) = M~ q"" (95 (—cd)) fn-
Recall that 97, = 1 if and only if njm. For x = ((2}),() € I, define g(x) =
€ (V5. (—cd)). If n { m, then g(x) : I, — C is a non-trivial character of I, and
hence, [; g(x)dx = 0. Therefore,

— S -1 _2m
/(Ewé)m(f)w(x)%(x)dx - mg_:l /me ¢ g(x) fndx (5.2.11)

= M Z anj:u(ij)fnj-
j=1

Observe that if n|m, then «(w™) € Z(T'), and thus

Jm = ps (L(@™)) fo = xs (W(@™)) fo = |@™ [ fo = ™ fo.

Moreover, observe that I, = 2, — Qns1, where Q,, = {((%.5).0) € 7| a,b,c,d €

O}. Hence, (1) = (Qm — Qi1 ), which by Lemma 5.2.11 equals

1 1 q-1
¢r gt gt g (gt 1)
Hence,
q—1 > C
W(E)po(x)dx = M1 2—=N " ¢Mig s f, (5.2.12)
/(éaé)m(f) q+1 ;

1q9—1 (1
—M 1Q+_12q3<1 s

j=1
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Note that since Re(s) > 1, we have

o0

D et = -t
= 1— q—ns+n qns—n —1
Hence, (5.2.12) is equal to

1 1
M—lq +1 <(qnsqn ~ 1)) fo. (5.2.13)

Therefore, it follows from (5.2.10) and (5.2.13) that

I B 1 g—1

3 1 1_q—ns+n—1
= 1|:q+1( 1_q—ns+n )f0‘|

Hence’ C(S) = ILL(E N K’)L ( 1_q*ns+n71

pre] W), whenever Re(s) > 1. Since Ds is a holomor-

phic function in s, it follows that the formula for ¢(s) is valid for all s € C, whenever

it is defined. |

Evidently, we also have ¢(—s + 2) = u(B N th%l(%) Now we can give a

reducibility criterion for mg with a regular central character.
Theorem 5.2.13. For a reqular character xs, s is reducible if and only if s = 1+ %

Proof:  Note that T (¢s) = T_st2 (Ts(0s)) = c(8)T_st2(P—s+2) = c(8)c(—s + 2)¢s.
Hence, T = 7(s)id = ¢(s)c(—s + 2)id. By Proposition 5.2.6, 7 is reducible if and
only if ¢(s)e(—s +2) = 0. If ¢(s) = 0, by Proposition 5.2.12, 1 — ¢~ = 0 which

implies s = 1 — 1 — 20 "L« 7 If ¢(—s + 2) = 0, then, by Proposition 5.2.12,

n nlogq’

1 — ¢! =0, which implies s = 1 + % + fggkq, k € Z. The result follows from

noting that Xs = Xy, 2mi_, k € Z. |
nlogq
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5.3 The Case of Non-Regular Characters

uxs
log q

Assume that ys is not regular. Therefore, s =1 ors =1+ . In this case, our
argument in Section 5.2 fails, because the sequence in Lemma 5.2.1 fails to split. On
the other hand, observe that, in this case, the principal series representation 7y is
unitary.

We will use the following subgroups in this section. Set fo =In [?0, and TO =
TN I?O. Observe that TN I?O 2 TNK, viewed as a subgroup of f, via Lemma 3.3.5.
Moreover, set N~ = {(It(wz),1) | z € O} and N* = N N K. Observe that for
2.y € O, (1t(wr), 1) (1t(wy), 1) = (e(w(z + ), (25,51, ) = (t( (@ +)), 1), by
part (vi) of Corollary 2.2.5. Hence, N~ is a subgroup of G. After a quick calculation,

it follows from Lemma 3.3.8 that
Ko = Iy U Iywly, and G = Bl, U Bwl,. (5.3.1)
We also make use of the Iwahori factorization
Ip = N"TyN*. (5.3.2)
Consider the subspace ((7s) N)TO of (ms)n. This subspace does not carry a rep-

resentation of T. However, since ¢(@") commutes with Tp, the subspace ((ms)y)™

carries a representation of the subgroup (.(@"), Ty) of T. Observe that

(@), Tp) = {e(a) | a € F*,n|val(a)}.

In order to study the action of +(zw™) on ((ms)x)"°, we prove a variant of a well-known

result due to Jacquet.

Proposition 5.3.1. Let [ € (’/TS)TON_. Then there exists a vector fy € (’/TS)TO such

that f and fo have the same image in the Jacquet module (ms)y .

Proof: In this proof we assume that the Haar measures are chosen such that I:E),

Ty N N~—, and N1 all have measure equal to one. Set fy = ffo ms(x) fdx. For g € I
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we have

g [ mpde = [ mi@msix— [ men) i

Iy Ip I

With the change of variable gx = x’, because Iy is unimodular, we have

[ mi)pdg % = [ i) pax = o

Iy Iy

So fo € (71'5)70. To show that f and fy have the same image in (75) v, we show that f—
fo € mg(N). We first show that fo = [, ms(x) fdx. By the Iwahori factorisation 5.3.2,

for all x € .70, x can be factored uniquely as nm, withn € N*, m € TON*. So,

fo= /N ., o)) = /N ) /f (o))

which, because f is T oN~-fixed, equals

/N ma(n) fdn /T - dm = /N ma(n) fn

Recall from Lemma 1.1.40 that a vector v is in 7g(N) if and only if fNOﬂS(n)vdn =0

for some compact subgroup Ny of N. We calculate

| ms=fdn = [ mw (f_ / js(n/)fdn/) i

_ /N mafa)fdn - /N ) /N (o) o' dn
_ /N ma(a)fdn / mo(n') fln’ = 0.

N+

So, f — fo € ms(N), whence the result. i

Proposition 5.3.2. Let J be the Jacquet functor. Then J : (WS)TO — ((ms)n)"™ is an

1somorphism.

Proof:  Let J be the canonical map from s to (7). Set U = ((ms)n)"° and choose

U to be a finite-dimensional subspace of 75 mapping onto U via J. We can assume
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that U C (’/TS)TO, and because 7y is smooth, there exists a compact open subgroup
N, ={(t(='z),1) | x € O} such that U C (WS)TON[. Moreover, choose a € F* such
that val(a) > 1 and n|val(a). Observe that for ¢(a) € T and (It(wz),1) € N-,

v(a)™" (t(wz), 1) o(a) = (It(wza®),1) (5.3.3)

lies in N, , by our choice of a. Now, we show that 7(¢(a))U C (ﬂs)’TvoN*. Letne N™,
beTyandue U C (WS)T‘)N[. Then, by (5.3.3), there exists some n; € N, such that

n = ((a)n;t(a)~t. Therefore,

Ts(n)7s (t(a)) u = s (1(a)) ms(n1)7s (L(a)_l) s (t(a)) u = 7s (t(a)) ms(n1)u = 75 (e(a)) u.

So, s (t(a)) w is fixed by N~. Moreover, observe that ¢(a) € A, so it commutes with
Tp. Therefore, ms(b)ms (¢c(a))u = ms (1(a)) 7s(b)u = 7 (1(a)) u. Hence, mg(1(a))U C
(WS)FTvoN*. Moreover, J(ms(t(a))U) = (ms)n(t(a))U = U, because t(a) commutes with
Ty and hence, U is invariant under (ms)y(c(a)). It follows that J : m(c(a))U — U is
surjective. Because mg(¢(a))U C (ﬂ's)ﬁ)N_, by Lemma 5.3.1 J : (WS)TO — ((WS)N)TO is
surjective.

To see that J : 7{0 — 7T57;? is injective, suppose v € 7{0 such that J(v) = 0. So
v E ﬂzoﬂker(J ). Because g is admissible, ﬂzoﬂker(J ) is finite-dimensional. Therefore,
there exists an open compact subgroup N, = {(ut(z),1) | val(z) > r} C N such that
[y, ms(n)vdn = 0 for all v € 7{0 Nker(J). Observe that for a € F*, with val(a) > —r/2
we have ¢(a)N,t(a)~! € N*. Moreover, if val(a) > 0 and n|val(a), it is not difficult to
see that m4(¢(a)) <7rsf0> C ﬂstN_. Choose a € F* such that both the above conditions
are satisfied. Note that if IV, is an open compact subgroup of N such that N, C N,,
[y, ms(n)vdn = 0, for all v € 7{0 N ker(.J), so we can choose such an open compact
subgroup so that t(a)N,i(a)™!' = NT.

Set Q = T()L(a)f(). Let chg be the Io-bi-invariant characteristic function of Q,
so chq(e(a)) = 1. It can be checked that Im(ms(chg)) = 7{0 and that the operator

ms(chg) on 7{0 is invertible [Cas95, Proposition 9.2.3]. Therefore, there exists v € 7rSI~0
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such that v = 7ms(chg)v’; that is, v = ffo 7s(k)ms(¢(a))v'dk. Observe that by our choice

ToN—

of a, ms(t(a))v” € m,°" . Therefore, by the argument in the proof of Proposition 5.3.1

v:[ws(k)ﬂs(b(a))v’dk:/ ms(n)ms(e(a))v'dn.

I N+

0= / m(nudn = /N | /N () () ms(o(a) el

- / / () my (1) s (1(a)) 0/,
t(a)"IN*i(a) JNT

which, after renormalizing the measure suitably throughout, is equal to

7TS(L<CL))/ / ﬂs(n)ws(n’)v/dnldn—/ 7s(n)v'dn.
t(a)=2N*t(a)? Ji(a)"I1N+i(a) t(a)"2N+*(a)?

In the last step, we use the fact that t(a) "' NTu(a) C t(a) 2N Ti(a)? are subgroups of

Hence,

the commutative group IV, and therefore, we can change the order of the integrals.

Hence, J(v') = 0, and because v’ € 7{0, it follows that fL SiNt(a) T Ts(n)v'dn = 0.
Therefore,
/ 7s(n a))v'dn = 0,
N+
which implies that v = [, 7s(n)7s((a))v'dn = 0. 1

For every g € G, write g = bk according to its Iwasawa decomposition. Define the

functions f; and fz in (Ws)fo as follows:

s(b)fo, k€ T; <(b) fo, k€ Tﬁjf,
fox) = 7 (b)fo ° and  fy(bk) =4 © (0)fo o
0, otherwise, 0, otherwise.

Lemma 5.3.3. The set {f1, fz} is a basis for (71'5)70

Proof: Evidently, f; and fg are independent elements of (7rs) It follows from
the decomposition G= BIOUB@[(] that functions in (7rg)” I are determined completely

by their values on 1 and w. i
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Because Tj acts trivially on ((rs) N)TO, to study the action of the subgroup (¢(w™), Tp)

on ((ms)n)"™, it is enough to study the action of the element +(z™). The isomorphism
((WS)N):FO = (WS)TO in Proposition 5.3.2 suggests considering the action of ¢(@™) on
the basis elements of (’/TS)TO. But (WS)TO is not invariant under the action of ¢((ww"); in
particular, +(")- f1 and «(@")- fz are not Io-fixed. However, we observe that «(@™)- f;
and t(@w") - fi are ToN~-fixed. Hence, by Lemma 5.3.1, there exists ¢(xw”) - f; and
@) - fz in (WS)TO, such that «(w") - f; and «(@") - fz have the same image under
the Jacquet functor as ¢(@™) - f; and «(@™) - fz respectively. In the next proposition,

we use this idea to calculate the action of (") on <<7TS>N)TO.

Proposition 5.3.4. The matriz of the action of (™) on ((ms)n)" with respect to
the basis {J(f1), J(fa)} is

q—ns (q _ 1)q—ns—1(1 + qns—n)

0 qns—2n

Proof: Let {fi, fa} be the basis for (WS)TO given in Lemma 5.3.3. Hence, by
Proposition 5.3.1, {J(f1), J(fz)} is a basis for ((FS)N)TO. Consider «(w") - fi and
W(@w") - fz in m. Note that (") normalizes N~ and commutes with Tp, so that
(@) - f and (") fz are TyN~-fixed. Therefore, by Proposition 5.3.1, t(@") - fa =
S+ Ts()7s (1(@w™)) fadn are Iy-fixed, and have the same image in () y as t(@") - fa,
o € {1, @} (up to ascalar). We deduce that, ¢(@”)-J(f.) = J(u(@") - fa). Identifying
((WS)N)TO and (71'5)70 via .J, we calculate o(w") - fo, a € {1,7}.

Since every function in ((7s) N)TO is completely determined by its values on (I3, 1)
and @, we calculate the values of (") - f, at (I,1) and @. Recall that the Haar
measure on F is normalized so that u(O) = 1.

First, we calculate (") - fo(Ip, 1) = Syt ms(n)7s (1(@w™)) fa(Iz, 1)dn. Note that,

for v € {1, w},

e(0)ms ((@")) fa(lz, 1) = fa ((ut(m), 1)e(@")), (5.3.4)
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where n = (ut(m), 1), for some m € O. Note that (ut(m), 1)u(=") € B € BI,. Hence,
by the definition of f,, (5.3.4) is zero if & = w, and is equal to ps ((ut(m), 1)e(w™)) fo

if @ = 1. Observe that, in the latter case, because (") € Z(T), and ps is trivial on

N, ps ((ut(m), Du(@")) fo = xs («(@")) fo = ¢ fo. Hence,
s 0, &= 1
(@) - falls, 1) / fa ((ut(m), 1)e(w™))dm = Ty (5.3.5)

Next, we calculate (") - fo (W) = [+ Ts(@)7s (e(w™)) fo(W)dn. Observe that,

()75 (e(@")) fu(@) = fa(@(ut(m), 1)e(w")) = fo ((@ )@ (ut(mz "), 1)),
(5.3.6)
where n = (ut(m), 1), for some m € O, and « € {1, w}. We are in one of the following
situations.
If val(m) > 2n, then mw 2" € O, so that (ut(mw2"),1) € N7, yielding

@(ut(mw=2"),1) € wly. Therefore, in this case
fo (@M w(ut(mw™>"),1)) = (5.3.7)
ol fo, 0=

Note that ps(¢(w™))fo = xs(t(@™))fo = 4" fo.
If 0 < val(m) < 2n then it is not difficult to see that we can write

—w?m! 1
w(ut(mw ), 1) = 1] (I(w™m ™), 1) .
0 —ww"m
Observe that <<7w2gm ' w12"m> ,1) € B, and because 0 < val(m) < 2n, (It(=**m~1),1) €

N~ C I,. Hence, in this case, f, (c(c™™)@(ut(mw2"),1)) equals

—w"m 1

ps | L(w™) 1 fa (lt(w%m’l), 1) ,
0 —w " m
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which, by the definition of f,, equals
(5.3.8)

Also, after a quick calculation, we can write,

Ps <( _WQZ’”_I _w}gnm) : 1) = ps ((ut(—==**m™),1) o(==*)e(m ™)) ,

which because pg is trivial on N and ((—w?®") € Z(T') equals ¢=*"ps(c(m™1)).
Let U ={m € O| 0 < val(m) < 2n}. It follows from (5.3.6) that ¢(w") - fo(w)

is equal to

/%O fo (U@ ™M w(ut(mw>"), 1)) dm+/Ufa (@ ™Mw(ut(mw>"),1)) dm.

Suppose a = w. Then, by (5.3.7) and (5.3.8), because u(w?"0) = ¢~2",

L(wn) . fﬁ({ﬁ) = /2n0 q" fodm = qnsf2nf0.

Suppose o = 1. Let U; = {x € O | val(m) = i}. Then by (5.3.7) and (5.3.8),

2n—1

TR = [ a7l D fodm =a7* Y [ pulelm ) o d
U i=0 Ui
For m € U;, write m = w'a for some a € O*. Hence,

ps(e(m™1) fo = ps(e(@ ™)) ps(dg(a™), ¥(m)) fo.

Recall from Lemma 5.1.5 that ps(dg(a™),9(m))fo = e(9(m)) fo, hence (") - f1(w)

simplifies to
2n—1

0 3 o) [ eom)fodm.

Observe that for a fixed i, J(m) = 9%, (a), where m = w'a. Also, note that this

latter integral is non-zero if and only if ¢ is trivial on U;; that is, 9%, is trivial; that
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is, n|i, i.e., for i = 0 or i = n. Observe that ps(¢(w™))fo is fo if i = 0, and is ¢" fy if
i = n. Observe that u(Uy) = (¢ — 1)g~ ! and p(U,) = (¢ — 1)¢ ¢~ ™. Therefore,

W) - fi(w) =q¢ "™ [(q—Dg " fo+ (g —Dg "¢ "¢ fo] = (¢=1) (g™ ") (14+¢"") fo.

Corollary 5.3.5. Let xs be a non-reqular character of Z(TV) The representation
((WS)N)ﬁ) of ((@™), Tp) is indecomposable for s =1 and completely decomposable for
s=1+mi/logq.

Proof: The result follows from specializing the matrix in Proposition 5.3.4 to the

non-regular cases, s = 1 and s = 1 + 7i/logg. The matrix of the action of ((w") on

((WS)N)TO with respect to the basis {fi, fz} for s =1 is

g™ 2(qg—1)g
0 qg"

which is a non-diagonalizable matrix, and for s = 1 + mi/log g, we get the diagonal

matrix

We summarize the result in the following Theorem.

Theorem 5.3.6. The principal series representation ms is irreducible for s =1 and

decomposes into two inequivalent sub-representations for s = 1+ wi/logq.

Proof: Suppose s = 1. Then x5 is a non-regular character, so that ps = p_gyo.

Hence the exact sequence in Lemma 5.2.1 modifies to

0— ps = (ms)n — ps — 0.
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If (7s) v were decomposable, it would decompose as ps@ps. Consequently, ((7s) N)TO =

pf“@ p;ﬁo. But, Corollary 5.3.5 implies that ((ms) )" is indecomposable. Hence, (ms)y
is indecomposable. Therefore, up to a scalar, there is only one intertwining map from

(ms)n to ps. By Lemma 1.1.41,
dim Homg(7s, 75) = dim Homaz((7s)n, ps) = 1.

Since 7 is unitary, dim Homg(7s, m5) = 1 if and only if 7y is irreducible.

Suppose s = 1+i/log q. We explicitly produce subspaces of (7g) ; isomorphic to
ps. Let us drop the J from the notation. Consider the spaces U, = Span{t(w@)- f,]0 <
i < n} for o€ {1,@}. Observe that T = (Tp, {Io} X pin, t(w)). Note that since the f,
are Ty-fixed, Ty acts trivially on elements of U,, and that {1} x u, acts on elements

of U, by the faithful character €. So, for every «(t) € To and 0 <1i < n,

(L(O)u(@) - fo = e((@', 1)n)e(@)i(t) - fa = (@, 1)n)1(@") - fa
Furthermore, because by Corollary 5.3.5 ¢(@") - fo = —q¢ " fa, a € {1, w0},

l. () far i< 1
vw)u(@') - fo = ,

_qinfom t=n-—1
Hence, the U, are T-invariant; also the action t(w) shows that the U, are irre-
ducible. Therefore, by the Stone-von Neumann theorem, U, = Indijxs, and hence

is n-dimensional. Also, note that U; N Ugz = {1}. Hence, by dimension comparison,

(T‘-S)N = Ul D U’[E = 0?2 807
dim Homz((7s)n, ps) = dim Homsz(ps @ ps, ps) = 2.

By Lemma 1.1.41, dim Homg(ms, mg) = dim Homg((7s)n, ps) = 2. Hence, because g

is unitary, it decomposes into a direct sum of two inequivalent subspaces. |



Chapter 6

On the K-Type Distribution of
Unitary Unramified Principal

Series Representations of SLy(F)

In this Chapter, we investigate the problem of the distribution of the K-irreducible
spaces in the K-type decomposition in Theorem 4.2.13, into the G-irreducible con-
stituents of mg in Theorem 5.3.6, when 7g is a reducible unramified unitary repre-
sentation. My approach, inspired by the argument in [GGPS90] for the linear group
SLo(TF), is to realize the principal series representation and its K-types as subspaces of
L3(F,C"). Then we realize the two irreducible components of g, in Theorem 5.3.6,
as kernels of intertwining operators from w4 to itself, and investigate when a function
in a certain K-type belongs to such kernels. In this chapter, following [GGPS90], it is
more convenient to use normalized induction, defined in Remark 1.1.30, to construct
the principal series representations of G. We give the correspondence between the
two types of induction in Remark 6.1.2.

Our main results, stated in Theorem 6.2.3 and Theorem 6.2.6, show that the
two irreducible components of <Ind1:{m f(XO)Kl belong to opposite subrepresentations

B
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of .

Throughout this Chapter, we assume that n > 2 is an odd integer which divides
q— 1. Recall that dg(t) = ({,% ), «(t) = (dg(t), 1) for all t € F*, and ut(m) = (§7),
lt(m) = (L9) for all m € F, and w = (w,1) = ((%¢),1). Note that in general
L(t1)e(ta) = e(tata)e((tr, t2)n), for t1,ty € F*. However, because n is odd, (w,w), = 1
so that «(ww)* = ("), for every integer k.

For every positive integer m, let rsd,,(k) be the least non-negative residue of k
mod m. As in Chapter 1, fix an additive character A : F — C* such that A|p =1
and Al,-1 # 1. Note that X is a unitary character. Recall that ¥ : F* — p, given via

a— (w,a), is a ramified character of degree one.

6.1 J)-Realization of the Principal Series Represen-

tations of G

As in Chapter 5, for each s € C, let x5 be the unitary unramified character of Z(T)
defined by

xs: Z(T) — C
(dg(t),0) = [tPe(C),

extended (trivially) to a maximal abelian subgroup A of T, and let (ps, Indixs) be
the corresponding unique (up to isomorphism) genuine irreducible representation of
T , obtained by applying the Stone-von Neumann theorem.

Let f;, for 0 < 7 < n, be a function in Indixs whose support is in the coset
Au(w?), so that f;(1(w’)) = 1. We fix the basis { fo, ..., fu_1} for Indixs. We identify

the space Indixs with C" via the following map:

o= (FQ) fu@), - @) ). (6.1.1)
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The basis {fo,..., fn_1} is mapped to the standard basis of C" under the above
identification. We write the action of T as matrices with respect to this basis. Since
T is generated by A and t(w), this action is completely determined by ps(a), a € A
and ps(t(w)). Recall that A = {(dg(a), () | a € F*,n|val(a),{ € u,}.

Lemma 6.1.1. Let a := (dg(a),() € A, and (@) € T. Then

0 1 00
0 0 10
ps(t(w)) = : S , (6.1.2)
0 ... 01 0
0 00 1
— 00 0
and
10 0
0 e((a)?) 0
pula) = lapeicy | 0 ) | C 61)
0 .. 0 c((@) )

Proof:  For any f € Indixs, the map (6.1.1) takes «(w) - f to
(@) @), u@) - f@ ) = (f@)),-.., f((@)" ), fe(@)")
= (f(@)),--, f(=)" ), [=" (1))

The last equality uses the fact that «(w)™ € A, and hence f(i(w)") = xs(¢(w)™) f(1).

Hence, for any (2g,...,2,_1) € C"
vw) (20, 2n-1) = (21,22, - -+, Zn1, |@" [°20),

which implies the matrix (6.1.2).
Now, suppose a = (dg(a),() € A. Then

Yw")a = (dg(a), ¥(a)7*¢) u(=").
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Hence, the map (6.1.1) sends a - f to

(@ f(1),...,a- fuU@" ) = (f(a),....f(uU=)" "))
= [ale(Q) (f(1),... e (D)2 1) Flu(@™ ).

So, the action of a on Indixs with respect to our choice of basis is

a-(20,...,2n-1) = |a|*€(C) (20, € (H(a)?) 21, ..., € (19((1)_2("_1)) Zno1)
which gives the matrix (6.1.3). i

Recall that for b = ((§,%),¢) € B, the modular character is dz(b) = [t[2. Let

(7s, indgps) denote the normalized principal series representation of G. That is,
indSp, = {f : G — Ind}yxs : f(bg) =07 (b)ps(b)f(g). b € B,g € G},

where b= ((§,M),¢) € B and g € G, and 7 acts by right translation.

Remark 6.1.2. Note that, by definition, indg,oS = Indgég st, where “Ind” denotes
the non-normalized induction we considered in Chapter 5 and Chapter 4. Also, similar
to the proof of Lemma 5.1.12, it is not difficult to see that (52/2ps, S(Indixs)) and

(ps+1, IndiX_SJrg) have the same central characters and therefore, by the Stone-von

~

Neumann theorem, are isomorphic. Hence, ind%ps Ind%psﬂ.

It follows from Theorem 5.3.6 and Remark 6.1.2 that Indg Pizis1 & indg p_xi de-

log q

composes into two irreducible factors. In this chapter, we investigate the distribution

of K-types of indg p zi into these two irreducible components.
ogq

v’

Remark 6.1.3. For the rest of this chapter, we set s = Tog and drop the subscript

s from the notation of y and p. Note that under this assumption

2> = (=1)"™@ for all 2 € F*,
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and from (6.1.2), it is not difficult to see that

1, i—75=k
pig (@ ™) =4 -1, j—i=n—k (6.1.4)
0, otherwise.

6.1.1 The A-Realization of ind%p
We continue identifying Indix with C" (6.1.1). Consider the map
n:indSp — L*(F,C") (6.1.5)
fo=

where
ne(x) = f(1t(z),1).
The next lemma gives the induced action of G on L2(F,C").

Lemma 6.1.4. Let § and v € F*, and ¢ € p,. The action ofé on n (ind%p) -

L3(F,C") is completely determined by the following formulas:

(dg(8),¢) me(x) = e(Q)Idlp(e(0))ns(8%), (6.1.6)
(16(y), 1) - mp(z) = ng(e +7), (6.1.7)
and
@enp(x) = o p(e(a™)) g (=), (6.1.8)
for every x € F*.
Proof: It follows from Bruhat decomposition in Lemma 3.3.8, and the fact that

ut(z) = wlt(—z)w ! for all # € F, that G is generated by matrices

(dg(9),¢), (t(7), 1), w,
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where 0 € F*, v € F and ¢ € p,. Therefore, the action of G on a function ny €

L*(F,C") is completely determined by the action of the above matrices. These actions

can be expressed explicitly as follows. Let §,~ and z be in F*.

e The action of (dg(d),(): Note that

(It(2), 1)(dg(0), ¢) = (dg(9), ¢)(1t(6%x), 1).

So,
(A(8),0) -my() = f(1t(x). 1)(dg(6).0))
= £ ((ds(8). O(1(8%). 1)
= QIlp(8)f (6(8%x). 1)
Hence,

(dg(8),¢) ns(x) = e(Q)Iolp(e(0))ns(d%).

e The action of (1t(y),1): Note that

- rT+y r+7y
1) ) i) 1) = (1o ), (2D, )
= (It(x+7),1), by Corollary 2.2.5.
Therefore,
(16(y), 1) - np(2) = f (At(2), 1) (t(y), 1)) = f (t(z +7),1).
Hence,

(t(y), 1) -np(z) = np(x+7).

e The action of w: Note that

(6.1.9)

(6.1.10)
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since (—z,z), = 1. So,

Hence,

@-np(e) = Ja7 p(e(a™))ns(=a™h). (6.1.11)

For every h € L*(F,C"), let H be the Fourier transform of §, defined in Defini-
tion 1.1.14 by

This defines the map
F:L*F,C") — L*F,C")
h — b
Proposition 6.1.5. Letd andy € F*, and ¢ € p,. The action oféY on Fom <ind§p>

1s completely determined by the following formulas:

(dg(9),Q) - b(u) = e(Q)I8] ™ p(u(8))h(ud ),
h(u b

(16(7), 1) - blu) = Aluy)h(w),
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@ Bu) - /F J.()5(y)dy,

where H e Fonm (ind%p) C L*(F,C") and u € F, and

dx

x|

Ty = [ Ao =y plula )
FX
Proof: = We compute the action of Gon Fo n (ind%p) induced by F.

e The action of (dg(9),():

—

(g0, 0) () = / A(—u)e(C)|610(:(8))b(5) dx (6.1.12)

F

— (Q)Ialp(e®)) [ A(-ua)p(sa)ds

= 6(<)|5IP(L(5))/FA(—u5‘2y)h(y)l5|_2dy, (y = 6%x)
= Q)10 p(e(9))h(ud ).

e The action of (1t(y), 1):

—

[(A6(), 1) - bl(u) = | AM—ux)h(z + v)dz (6.1.13)

e The action of w:

@ bl(u) = / A(—uz)p(e(z))h(—a )

F 2]
Applying the inverse Fourier transform, given in Definition 1.1.14, we have

— dzx

T = [Acunpe) ([ i) T 6L

F ||
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- / T )b (y)dy,

where

Remark 6.1.6. Notice the resemblance between J,(y) in Proposition 6.1.5 and the
Bessel function defined in Definition 1.1.20. In fact J,(y) is a matrix whose entries can
be explicitly expressed in terms of Bessel functions. We will calculate those entries

in Section 6.1.3.

Indeed, Proposition 6.1.5 defines an action of G on L*(F,C"), and ]—"on(ind%p) C
L3(FF,C") with this action is a é—space isomorphic to indg p via F on. We will refer
to the image of indg p under F on together with the above action as the \-realization

of indg p.

6.1.2 An Intertwining Operator

We say A is an intertwining operator on F on(indg p) if A is a bounded linear operator
on the space L?(F,C") such that it commutes with the action of é, given in 6.1.5;
that is,

(Alg-b) = (g-Ab)), (6.1.15)

for every g € G and b € L2(F,C"). Since }"on(indgp) is equal to the space of smooth
vectors in L*(F,C"), A maps F o n(ind%p) to itself.

It follows from Theorem 5.3.6 that ind%p, and equivalently its A-realization, de-
composes into two inequivalent subrepresentations. In order to study the distribution

of K-types among these subspaces, we will realize these CNJ—subspaces as the kernel of
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intertwining operators on F o n(indgp). So we would like to describe all the inter-

twining operators A € Ends(L*(F,C")).

Definition 6.1.7. Fiz k > 1. Let z : F — My(C) be a bounded, measurable function.
The multiplication operator T, € End (LQ(IF,Ck)) is defined by

for allh € L*(F,C*) and u € F.
For each v € F, define
Ay i F—= Mi(C), z— A(yx)l. (6.1.16)

It follows from Proposition 6.1.5 that (It(v),1), v € F, acts by the multiplication
operator T, . We state the following fact, the proof of which can be found in

Proposition [Rob83, 18.1].

Proposition 6.1.8. Let B be a bounded operator in L*(F,C) that commutes with all
multiplication operators by a bounded scalar-valued function. Then B itself is given

by multiplication by a bounded function. That is B =T, for some z € L*(F,C).

We use Proposition 6.1.8 to show that A is a multiplication operator, given point-

wise by n X n matrices.

Lemma 6.1.9. Let A be as in (6.1.15). Then there exists a function a : F — M, (C)
such that A = T,.

Proof: Note that L*(F,C") ~ L*(F,C) ® C" ~ L*(F,C)®". Since A is in
End (L*(F,C")) = End (L*(F, C)®"), we can write A = (A;;), where A;; € End(L?(F, C)).
It follows from (6.1.13) and (6.1.15) that A commutes with the multiplication oper-
ator Ty, , for all v € F. Therefore, each A;; commutes with T, , for all v € F.
Observe that the map

F — fF, V1A
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is an isomorphism. We deduce that the operator A;; commutes with T, for all z € F.

Hence, by Proposition 6.1.8, every A;; is given point-wise by a multiplication operator

T,,, for some function a;; € L>(IF,C). Let a = (a;;). It follows that A = T,.

Proposition 6.1.10. Suppose A is an intertwining operator, as in (6.1.15), and write

A =T,, as in the previous lemma. Then a : F — M, (C), is uniquely determined by

its values on F* /F** via

a(ud?) = p(u())a(u)p(e(d7)),

for all 6 € F* and u € F, and satisfies

for all u,y € F.
Proof:  Let § € F* and set g = «(6~'). By Proposition 6.1.5,
(Alg-B)) (w) = a(u)(g - B)(w) = a(uw)p(u(6~"))oH(ud?),

whereas
(8- A®)) () = p(u(67)) ola(ud*)h (o)

Since A commutes with the action of g, we conclude

a(ud?) = p(e(6))a(u)p(e(371)),

(6.1.17)

(6.1.18)

(6.1.19)

for all § € F* and u € F. Therefore, the intertwining operator A is determined

completely by the values of a on the square classes of F*.

Because A commutes with the action of w, it follows from (6.1.14) that

/ a(w) 1 (B (y)dy = / Ju()al)b(y)dy,

F F



6. On the K-Type Distribution 137

for all h € L*(F,C™). This implies that
a(u)Ju(y) = Ju(y)a(y), (6.1.20)
for all u,y € F. |

In order to realise the subrepresentations of F o n(indgp) as the kernel of an in-
tertwining operator A, we need to calculate a, which is completely determined by its
values on F* /F**. We start by calculating a(1). We will see that a(1) gives us enough

information to determine the distribution of some of the first level K-types.

6.1.3 Calculating the Matrix a(1)

The next lemma shows that, to calculate a(1), we first need to calculate J;(y).

Lemma 6.1.11. The matriz a(1) commutes with the matrices Jy(6%)p(c(8)) for any
b e 0.

Proof: Letuw=1and y=4%in (6.1.17) and (6.1.18) in Proposition 6.1.10. Note
that § € O* implies that p(¢(671)) = p(¢(§))~*. Then,

a(1)11(0%)p(u(8)) = Ji(6%)a(6%)p(4(0))

Recall that

Ju(y) = /]F)\(—ux—yx_l)p(L(x_l))—. (6.1.21)
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Set L := {x € F | n|val(z)}, so that w”L is the set of all elements of valuation k

mod n. Then .
F*=|J="L.
k=0
We will calculate the integral in (6.1.21) over each w”L, 0 < k < n. Let p;; denote

the (7, j)-th matrix coefficient of p.
Lemma 6.1.12. Let x € F*, then

B (—1)al@+i=ie (Y(2)=2++7) | if i — j = val(z) mod n
pii(L(z™)) = | (6.1.22)
0, otherwise.

Proof: Fix k. If x € @w’L, then w*z~! € L. So,

ple(a™)) = plule™))p (dg(ea™), (2, )7%)

It follows from (6.1.3) in Lemma 6.1.1 that

p (dg(@"a), (v, ), ")
e (9(2)") 0 N .
- (_1)Val(x*1)+k 0 € (g(x)k+2) 0

0 . 0 € (JI(x)kt2n=D)

The result follows from (6.1.4) and matrix multiplication. i

Let € be a fixed element of order n in O* /O*". Observe that (&, @), is a primitive n-th

2mi

root of unity. Without loss of generality, we can choose € such that € ((¢,@),) = e .

27

Set £ = €((e,w),) = e . Define,

n—1
1 - _ _
Ax(x) =~ D @R p(u (7). (6.1.23)
i=0
Since
nolo n, ifl=0 modn

i=0 0, otherwise,
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we have
-1 ~ _
p(t(x , ifval(x) =k modn
Aw(z) = ) @ (6.1.24)
0, otherwise.
Therefore,
-1 1 dx
July) = | M—uz —yz™)p(u(z ))Iﬂ (6.1.25)
F
n—1
D R )it
k=0 /"L kg

which by property (6.1.24) of Ay equals

n—1 » d.’I?
kZ:O/]F)\(—u:L’—yx )Ak(:z:)m

If follows from (6.1.25), (6.1.23) and Lemma 6.1.12 that the (i, j)-th entry of J,(y) is

%/Fnz_lfk(val(x)i+j)(_1)va1(x)+ij6 (,19(33)72+i+j) A(—ux — yxl)i:—x‘. (6.1.26)
k=0
For each 0 <4, 5,k < n, define
Ok (x) = fk"al(m)(—l)val(z)e (19(x)_2+i+j) ) (6.1.27)
Lemma 6.1.13. The character ©y; ; has the following properties.
1. Let py := (1 — 22)s. Then
Op,ij(x) = |z|Pke (I(z) 2T H) . (6.1.28)

2. For all x € F*, @k,z‘,j(—l’) = @ku(l')

3. If2—i—j=0 mod n, then O, ; is unramified; otherwise Oy ; is ramified of

ramification degree one.
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Proof:  Note that £"(®) = \x|%gq and (—1)"@) = ]:U|1°7r? Hence,
Ok,ij(x) = |x[Pre (9(z)2H"H7), (6.1.29)

where

—2m ux’

Pr i = +
nlogqg loggq
[(n — 2k 2k
miln = 2k) g _ 2k
nlogq n

Part (2) follows from observing that, because n is odd, (=1, @),, = 1; hence, (—z, @), =
(x, @), for all z € F. Finally, note that =247+ j =0 mod n implies that Oy, ; =
|z|P¥, and hence is unramified. Otherwise, using Definition 2.2.2, it is easy to see that

O,ijliy =1 and Oy, ;|0 # 1, and hence the character is ramified of degree one. 1

Using Lemma 6.1.13, the (7, j)-th entry of J,(y) in (6.1.26) can be written as

% [g gh(i) ( /F Oy ()N (—uz — yxl)%ﬂ . (6.1.30)

Note that the integral in (6.1.30) is a Bessel function Je, , ,(—u, —y) defined in Defini-
tion 1.1.20, and can be expressed in terms of the Gamma function, by Theorem 1.1.21.
Set @« = 2 —4—j. Then by Lemma 6.1.13, Oy, j(z) = |z[P*e (¥(z)~*). It follows from
Theorem 1.1.19 that if ©y;; is ramified, whence by Lemma 6.1.13 ramified of de-
gree one, then there exists a constant in C depending on € o 7%, which we denote
by C,, such that |C,| = 1 and C,C_, = 1, and that I'(6, ;) = C’aqpk‘_%, where
pr = (1— %)s The next proposition gives the values of Jgkﬂ.’j(—u, —v) in terms of

C, and C_,, when u,y € O*.

Proposition 6.1.14. Let u,y € O%, and let o =2 —i — j. Then Jo, , (—u,—v) =
f]F @k,i,j(x)k(—um — yx_l)d—x 1$ equal to

||

o —q 3 [e (W) " Cual + (W) Cat™], if a £ 0 mod n
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R 1
14+&F°

Proof: Set © := Oy, ;. It follows from Theorem 1.1.21 and Lemma 6.1.13 that

o 14+q ¢

if « =0 mod n.

for u,y € O*,

/F@(x))\(—ux - yx_1)|dx—$| =0(yrOe )+ (uro). (6.1.31)

By (6.1.29) in Lemma 6.1.13, ©(x) = |z|P*¢ (¥(z)~®), where pp = (1 — 2%)s. Then,

n

Theorem 1.1.19 implies that there exists a C, satisfying |C,| = 1 and C,C_, =1

such that
CogP* 2, a0
rey=4{ # (6.1.32)
1=gPk™” =
1—q Pk — Y.

The result is obtained by substituting (6.1.32) in (6.1.31), and observing that ¢~ =
—&*. i

Proposition 6.1.15. If u,y € O then the (i, j)-th entry of J,(y) is

.

(—1)i9tg 3 C0e (W(u)®), if —i+j=1 modn andi# "
(—1) g2 e (I(y) ™), if —i+j=—1 modn andi# "3

1— %7 ifi=j=1 (6.1.33)
0, otherwise,

\

where a =2 — 1 — j.

Proof: First assume o # 0 mod n. By (6.1.30) and Proposition 6.1.14, the
(1,7)-th entry of J,(y) is

1 i—j+1 . ~ n—1 L . - n—1 L
D e () 02 2 €9 4 e (. m);7) € Y €470
k=0 k=0
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The first summand of the sum above vanishes if n { —i + j + 1 and is equal to
ng~ze((y,@)*) C;* otherwise. The second summand vanishes if n{ —i +j — 1 and
is equal to ng~2e ((u,@);*) Cy otherwise.

Now suppose @« = 0 mod n. By (6.1.30) and Proposition 6.1.14, the (i, j)-th
entry of J,(y) is

i—i [n—1
(=)™ k(—i+j) < -1 —kg?’k + 1)
- ! 1+ 6.1.34
- ;g R (6.1.34)
Observe that 51:2,} = (1+§k)§1+5 ) g EF + €% Hence, (6.1.34) simplifies to

i—i [n—1 n—1 n—1 n—1
(—1) J lzgk(—i+j)+q—1 ng( i+j—1) —q -1 ék —i+j) ng(—i—o—j—l-l)]'
n
k=0

k=0 k=0 k=0
Because o = 0 mod n, eithert =j=1o0or2<i<nand j=2-—17+n. So, under

the hypothesis a = 0, we have

n—1 e
=0 0, otherwise,
n—1 - n+3 n+1
ka(—i+j+1) _ )T =
k—0 0, otherwise,
and
n—-1 S ntl n+3
é;k: —i+7) n, =" J=
k=0 0, otherwise.

If follows that the (7, j)-th entry of J,(y) is equal to 1 — é for i =j =1, and to —é

for ¢ = ”;3, ] = "—“ or i = ";1, ] = "— and zero otherwise. |

Example 6.1.16. Let us spell out the case for n = 3 explicitly. We will use the
formulas (6.1.30) and Proposition 6.1.14 directly to calculate the entries of J,(y) for
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u,y € O*. Note that, for n = 3, we have p;, = (1 — %)S We will frequently use the

following equalities, which are easy to verify,

=g ==1 ¢P=¢>==¢ F=qr=-E

e (1,1)-entry: Note that in this case « =2 —1—1=0. Hence the (1,1)-th entry

of Ju(y) is equal to

[/F 2P A (—uz — yxl)ﬁ

! k§3’“+1}
[ Rz

Wl =
[+

i
o

I
Lol =
kM

[}

|
=)

1+ - 1+¢9)]

Il
= W =
T

< |~ o

o (2,2)-entry: Note that « =1 mod 3, Hence the (2,2)-th entry is

l\.’)

%Z =47 [e (5, @)s) o + ¢ (w,2)3) Cu ]|

=0
_1
2

= —q2(1+E6+E) (e((y,@)3) C2) — (1 +E +€) (e ((u, )3

Similarly, the (3,3)-entry is zero.

o (1,2)-entry: Here, « =2 mod 3 and i — j = —1. Hence, the (1,2)-the entry is

22; =07 [ (v @)3) O3 + e (u,@)s) Cag ™|
[

— & — e ((y,@)5°) Cy'q 72 + (=1 — 1 — 1)e ((u, @)
w@)3) Caq™ 2.

:5(
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e (1,3)-entry: Here « =1 mod 3 and i — j = —2. Hence, the (1,3)-th entry is

i [ —3 Yy, w@)s) Col™ 4 ¢ ((u, w)g) C{lg_kﬂ
<

3) Coq™ %(—1—53—56)—1—6((%@)%)0 ! _5( 1-¢&— 55)]
= —(y,@)3Caq 7.

Wl = W~

1)-entry: Here « =2 mod 3 and i — j = 1. Hence, the (2,1)-th entry is

—%Z [ e (9, @)) Ot + e () o]
_% e(w E (1= 1= 1) + e (1, @)s) Cog 3 (—1 — € — €71)
= (( @)3 )02 q %'

e (2,3)-entry: Here « =0 mod 3 and i — j = —1. Hence, the (2,3)-th entry is

e (3,

1 k RPETSUED.
_gkzzog {1+ 3 e
2
k=0
_ !
= q'

1)-entry: Here « =1 mod 3 and i — j = 2. Hence, the (2,1)-th entry is

to

if’“ [ ey )s) Ot + € (w,@)3) G €7 |

=0

Wl = Wl

[ (1)) Cog H(—1 =€ = &) + e (u,@)}) G g H(~1 - €* = &)

1

2)-entry: Here « =0 mod 3 and i — j = 1. Hence, the (3,2)-th entry is
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1 _ P
= (e g )
k=0
- 1
"
Hence, for u,y € O,
12 €(V(u)?) Cog™2  —e(V(y)?) Caq 2
Juy) = | e(@(y) g7 0 i
-1 1 1
—e(9(u)) Gy g2 ‘ 0
Example 6.1.17. Similarly one can see that for n =5, J,(y) is equal to
1— é € (19(11,)4) C4q7% 0 0 —€ (ﬁ(y)4) C’flqi%
€ (9(y)) C[lq_% 0 e (v(w?) Cog™ 3 0 0
0 € (19(1/)3) C§1q7% 0 —q~ 1 0
0 0 —q! 0 e (v(w)?) Csq~ 3
e (9(u)) Crq— 3 0 0 e (v)?) oylg 2 0

Next, we calculate a(l). Recall that by Lemma 6.1.11, a(1l) commutes with
the matrices J;(6%)p(¢(d)) for any § € O*. In particular, it commutes with linear

combinations of the matrices M (k) := J;(e%*)p(1(¢*)), 1 < k < n. Define
Qm) = > ¢mEIM(k), (6.1.35)
k=1

for 0 < m < n. In the next lemma, we will calculate the €2(m), which will be used in

the calculation of a(1). Let €2; ;(m) denote the (7, j)-th entry of Q(m).

Lemma 6.1.18. Let Q(m) be as defined in (6.1.35). Then

( 1 1

n(gz —q2), i=j=1

Q;,(0) = —Ci'n, t=Ly=n (6.1.36)
_Cln7 'L - n,j = 1

| 0, otherwise,
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nCy_n&~', 0= nT_IJ - nTl
0;(1) =q —ng2g7t, =18 5 =nil (6.1.37)
0, otherwise,
71502__1”, i = n-2Haj = Tl
Qj(n—1)=4 —nEqgz, i="ntlj=nid (6.1.38)
0, otherwise,
andforlSZS”T_?’,
nCyly (&7 i=1+1,j=1
Qij(20) =4 nCoyoy 1%, i=n—1lj=n—1+1 (6.1.39)
0, otherwise,
and
nCo_gy &%, i=1j=1+1
Qi j(n—20) =< nCyly &% i=n—1+1,j=n—1I (6.1.40)
0, otherwise,
and the above matrices exhaust {Q(m) | 0 < m < n}.
Proof:  Using Proposition 6.1.15 and (6.1.3), it is not difficult to see that
( 1 1
q> —q 2, i=7=1
(1) G, —i+j=1 modn,i# "=
)i Ok i =1 mod n,i £ 853
M; (k) = ( )1 ¢ . ‘71 . #% (6.1.41)
_q7§€k> = n—2i- ] = %3
_qféé—k’ i — nJ2r3’j _ %1
0, otherwise,

\

where « =2 —1—j. If 1 = j = 1 then

Qa(m) = (¢ —q )™y &m
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(g2 —q 2)ng™, m=0

otherwise.

Assume that —i +j =1 mod n, and ¢ # L. It follows from (6.1.41) that

Qij(m) = Y &mF DM, (k)
k=1

= (FD)THCT Y gl

(=1 nCof™™, nf2i+m

otherwise.

Now assume that —i + j = —1 mod n and 7 # "TJF?’ Similarly, if follows that

Quglm) = (~1) 410 g 3o gk
k=1

Foriz%“andjz%”,weget
Qij(m) =

- n43 - ntl

and for i = "7 and j = "=
Qij(m) =

(=)= nCte™, n| =25+ m

otherwise.

—Lle—m m
—gzgm )y gt
k=1

—q_%né_m, nlm+1

otherwise,

1. _m & m—
—gragmy g
k=1

—q g™, nlm —1

otherwise.

The final result is a direct implication of the above calculations. |
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Let B be an n X n matrix with entries given below.

(

gz, i=jandi<n-—j+1
qz, i=jandi>n—j+1
Bij=q Cyly, di=n—j+landi<j (6.1.42)

Cg(n,i)Jrl, Z:n—j—l—l andi>j

0, otherwise.
\

Theorem 6.1.19. Write A =T, as in Lemma 6.1.9. Then there exist a, B € C such

that
a(l) = al, + 5B,

where B is defined in (6.1.42).

Proof: We start by showing that all, except for the diagonal and anti-diagonal,
entries of a(l) are zero. Lemma 6.1.11 implies that a(l) commutes with M (k) for
1 < k < n, and therefore it commutes with the algebra generated by these matrices,
including Q(m) for 0 < m < n, which are calculated in Lemma 6.1.18.

The conditions a(1)2(m) = Q2(m)a(1l) gives a system of linear equations for the
entries of a(1). Let a;; be the (i, j)-th entry of a(1). First, assume that i # j and

1#n —j+ 1. We are in one of the following situations:

1.i =1,1 < j < n: Consider the (n,j)-th entry of a(1)2(0). We see that
(©2(0)a(1)),; = Qu1(0)ar; whereas, since the j-th column of €(0) is zero,

(a(1)$2(0)),,; = 0. So, since these matrices commute, a;; = 0.

2. j=1,1 < i < n: By a similar argument, computing the (i,n)-th entry of

a(1)Q(0) = Q(0)a(1) yields a;; = 0.

3. j=mn,1<i<mn: Then the (i,1)-th entry of 2(0)a(1) is zero. So, the (i, 1)-th
entry of a(1)Q2(0) is

n

Z a; 1k %1(0) = a;19211(0) + @; n2,1(0) = 0,
k=1
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which implies a;,, = 0.

4. i =n, 1 < j < n: By a similar argument, computing the (1, j)-th entry of
a(1)$2(0) yields a,, ; = 0.

5.2<j<™l 2<i<n-1,i#jandi+#n—j+1: Then the (i,j — 1)-entry of
Q(2(j —1))a(l) is zero. Computing the (i,j — 1)-th entry of a(1)Q2 (2(j — 1))
yields a; ; = 0.

6. ”T“ <j<n—-land2<i<n-—1,7%# jandi # n—j+ 1. By a similar
argument, computing the (¢, j + 1)-entry of Q (2(n — j))a(1) = a(1)Q2 (2(n — j))
yields Qi = 0.

7. j="Hand2 <i<n-—1landi# ™ Then the (i, 5*)-th entry of Q(n—1)a(1)

is zero. Computing the (i, 251)-th entry of a(1)Q(n — 1) gives a;np1 = 0.

Hence, the only non-zero entries are those a; ;’s satisfying ¢ = j or i =n — j + 1.

Commuting with Q(2[) for 1 <[ < ”T_?’ implies

arp = Q411+41,  Opn—i4+1n—I+1 = An—in—1,

and

1 1
U141 = 1410241051, @iyt = apn-111Co1C5 - (6.1.43)

The equation (6.1.43) implies that for 2 <7 < 251
Ain—iv1 = a12C1C5 1,

andfor”T”Sign—l,

-1
Qi n—i+1 = an,lcl CQ(nfi)+1-
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Moreover, commuting with €(0) implies
ain = an,lcl_27
and commuting with Q(n — 1) implies
—1 -1 1 1
1,1 = Ant1 np1 +Clq 2an1, Qpp = ant1 ni1r +C7q2ay;.
Let oo = Ant1 ni1 and 8 = a,1C;". The result follows from the above relations. 11
Let {e1,--- ,e,} denote the standard basis for C".
Lemma 6.1.20. The eigenspaces of the matriz B defined in (6.1.42) are
-1 1 . n+1
Ey =Span [ —e;Cy 12 +epip1 |1 <i < — U {enTH}

and

. o n+1
FE5 = Span {eiCQil_lqé +tenit|1<i< 5 } ,
with eigenvalues 0 and q_% + q% respectively.

Proof: It is easy to see that the eigenvalues of B are 0 and q_% —i—q% of multiplicities
”TH and ”T_l respectively, and after a simple calculation, one can see that F; is the

eigenspace for the eigenvalue 0 and E» is the eigenspace for the eigenvalue q’% + q%.

Recall from Theorem 5.3.6 that indgp = V1 & V5, where the V; are two inequivalent
subrepresentations of indg p. Let Vi and Vs be the corresponding irreducible subspaces
in the A-realization of indgp. The next proposition shows that each ‘A/i, i€ {1,2}

corresponds to either E; or Ej.

Proposition 6.1.21. Let i € {1,2}; there exists j € {1,2} such that for all b € V;,
h(1) € E;.
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Proof:  Let i € {1,2}; since F o n(indgp) — Vi @ Vh, there exists an intertwining
operator A € Endg(F o n(ind%p)) such that ker(A) = V;. We write A = T,, as in
Lemma 6.1.9. Then by Theorem 6.1.19, a = «al,, + 8B, for some o, € C. Let
b € Vi. Then A(h)(u) = a(u)h(u) = 0, Yu € F. In particular, a(1)h(1) = 0, whence
by Theorem 6.1.19, with 8 # 0, h(1) = —a/Bh(1). Therefore, h(1) is an eigenvector
for B and by Theorem 6.1.19, there exists j € {1, 2}, such that h(1) is in E;. i

Remark 6.1.22. We choose to denote the irreducible component corresponding to

the eigenspace F; by Vi and the one to the eigenspace Fy by V.

Because the eigenvalues of B are 0 and q_% + q%, it follows that the two possible
forms of A = T, satisfy a(1) = B or a(l) = B — (q’% + q%)In for some 5 € C.

These matrices are illustrated in the following examples.

Example 6.1.23. Forn = 3,

¢ 0 O —q2 0 c;t!
a(l) =4 0O 0 O , or a(l)y=p 0 —(q_%%—q%) 0 ’
Gi 0 g ¢, 0 g

where € C. Let i € {1,2}; then for every b € Vi, we have

0 —/3C> NG
h(1) € Span 1 |, 0 , or h(1) € Span 0
0 1 1

Example 6.1.24. For n =5, we obtain

g: 0 0 0 C

0 ¢2 0Cy O
al)=81 o o0 o0 0 o0 [,

0 C;' 0 ¢z 0

C;h0 0 0 gz
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or
—q: 0 0 0 Cy
0 —q° 0 Cy 0
a)=pf1 0 0 —(¢z+gq7) O 0 ’
0 C;t 0 —¢2 0
crlooo 0 0 —q:
and ) .
—q2Cy 0 0
0 —q2C 0
El = Span O ) O ) ]- )
0 1 0
1 0 0
\ J
( 1 3\
Cuq™2 0
0 Coq ™2
E2 - Span 0 ) O
0 1
1 0
\ Vs

6.2 Distribution of K-Types

In this section, our goal is to investigate the distribution of K-types of indgp. Note

that the unramified character x = x5, s = kfgiq is primitive mod one. Recall from
Section 5.1.1 that xo is a fixed extension of x to A, and that xo|z7(dg(t), () = €(),
for all t € O* and ¢ € u,. Moreover, recall from Lemma 4.2.1 that the x;, 0 < i < n,

are characters of TN K defined by

xi(dg(t),¢) = € (CO(1)*) ,
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for t € O* and ¢ € p,. It follows from Theorem 4.4.19 that

~ n—1 _ N N on
ResgInd%p = @ (ndf v ) o @ (W0 Wy,) (6.2.1)
=0

I>1
using the notation in Section 4.2. Because xo|rnk)2 is trivial, by Theorem 4.4.19,
(Indgm RXO)KI appears in (6.2.1) with multiplicity one, and decomposes into two ir-
reducible constituents. B
Evidently, one of the irreducible constituents of (Indg A I?XO) “ is (Indg A I?XO) KO,
a }N(O—invariant one-dimensional subspace, which we call the spherical K-type. We

K

BN}XO)KO in (IndgnkXO)Kl the Steinberg representation,

call the complement of (Ind
because of the close relationship to the Steinberg representation of finite groups, and
denote it by St. Next, we pick a function in each of these K -spaces, and calculate their
images under F o 7, evaluated at 1; then we determine to which of the eigenspaces

Ey or Ey, given in Lemma 6.1.20, they belong. This allows us to determine the

irreducible subrepresentation of indg p to which the K -spaces belong.

6.2.1 The Spherical K-Type

In this section, we will determine the subrepresentation of ind% p to which (Indg A I?XO)KO
belongs. Recall that f;, 0 < ¢ < n, is a function in Indgx whose support is in the
coset Au(w'), and f;(«(w’)) = 1. Observe that we can identify f; with e¢;;; € C",
0 <4 < n, via the map in (6.1.1). Recall from Section 5.1.2 that

a0 = (Ind zx0)"* = Span{¢},
where the normalized spherical function ¢ is given by

gzﬁ:é — Indix

ntk = t[p(t) o,

forn€ N, t €T and k € K.
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Note that ¢, and hence 7?]?0, lies in one of the two irreducible components of
indg; p. By Proposition 6.1.21, we can determine which of the é—subspaees Vi and V,
the function ¢ belongs to, by determining which of the eigenspaces F, and FE, the

(F ong)(1) belongs to. Over the course of the next few lemmas, we will calculate
(F omg)(1).

Lemma 6.2.1. Let  be the map defined in (6.1.5) and ¢ be the normalized spherical
function. Then,

Jo, if val(z) > 0
(—1)LMJqVM(I)e (V@)™ ) frsanval(ay), if val(z) < 0.

Proof: Recall from the definition of i (6.1.5) in Section 6.1.1 that n,(z) =

Ne(T) =

¢ (1t(x),1). Let x = zow™ for zp € O* and m € Z. We have two possibilities:

e If z € O, then (It(z), 1) € Ko, and because ¢ is fixed by K
¢ (t(z),1) = o(1) = fo.

o If 2 ¢ O, then 27! € O and hence, (ut(z™),1) € K,. Recall from the decom-
position in (5.1.5) that for all z € T,

(t(z),1) = (ut(z™"),1) e(—z~"w (ut(z™"),1) . (6.2.2)

Therefore, ¢ (1t(z),1) = | — 27 |p ((—=271)) fo. Observe that | — 7| = ¢™ with

m < 0, and

p(e(=2h) fo = p((dgl@™),0(x0)™) (~=25")) fo
= e(0(xz0)™) p (lw™)) p ((—20")) fo-

Recall from Lemma 5.1.5 that p («(—z5")) fo = fo. Note that p(1(w™™)) =
p (¢«(w))”™ is the matrix calculated in (6.1.4). Observe that p (c(w™™)) fo is the
first column of p (¢(zw™)). It follows directly from (6.1.4) that the first column
of p((w™™)) is (=1)!

rsdo,, (m)
2n J

frsdn (m)-
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Because n is odd, ¥(zg) = ¥(z), where z = xow™ for xy € O*. Hence,

rsdap (m) ]

s = o(lt(x), 1) = (=D 5 g™ (9(2)™) fusdo(m)-

As in Section 6.1.3, set L = {z € F* | n|val(z)}.

Lemma 6.2.2. Let p = F ony be the A-realization of ¢. Then
~ _1
90<1) = fo—Ciq 2 fn_1.

Proof: Recall that A\|o = 1. Therefore, using Lemma 6.2.1,

201) = [ Mahmg(ayde = [ foda

n—1
+ / (-t
; {zewiL|val(z)<0}

Observe that

sy (@) val(z val(
e J)\(_;p)q I(z) ¢ (19(:6) I )> fidx.

/ A=) (=) e (9(a)*) do = (<" [ Naum™)e (9()") o
{z€F|val(z)=m} ox

(6.2.3)
It follows from Lemma 1.1.18 that for @ € {1,--- ,n — 1}, the integral (6.2.3) is only

non-zero when m = —1. Therefore, the above sum can be simplified to

) =fo + / (—1)!
{z€L|val(z)<0}

_ / A—2)(B)e (9(2)") ford.
{z€F|val(z)=—1} q

rsdo,, (val(x)) J
n

A(=2)(q)"™® foda

Let us calculate the second and third summand of the above expression separately.

For the second term, observe that

rsdo,, (val(x)) val(z . - n
/ (D) N (=) ()M W de = lim > (—q) k/ A(—z)dz.
{z€L|val(z)<0} T k=—1 {

z€L | val(z)=nk}
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For each k < 0, by Lemma 1.1.12 we have

/ AM—z)dx = / A—x)dx — / A(—zx)dz = 0.
{z€L | val(z)=nk} prk prk+1

Now, let us calculate the third term.
1 n—1
AN=z)(=)e (I(z)" ") dx
{z€F|val(z)=—1} q
= / A(—z)e (
{z€F|val(z)=—1}
= / Az)e (9(z)7") |#]'dz  change of variable
{z€F|val(z)=—1}
_1
q 2

/ Ax)e (19(x)_1) |:13|%|:v|_1dx
{z€F|val(z)=—1}

s 1
= ¢ T, (5) by Definition 1.1.17

= ¢ 20, by Theorem 1.1.19.

W x)™") |z da

Therefore,

(1) = fo— Ciq % fur.

~ ~ Ko -
Theorem 6.2.3. The K -irreducible representation (Indgm}X0> 15 a K -subrepresentation

of V1.

- K
Proof: The space (Indgmf()(o> * s generated by the spherical vector ¢. By
Lemma 6.2.2, the A-realization of ¢ evaluated at 1 is a scalar multiple of —e;C] 1q% +
ey, that is, by Lemma 6.1.20, a vector in the basis of ;. Hence, by Lemma 6.1.21,

I Ko
Ind3_ ~Xo is a subspace of V. i
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6.2.2 The Steinberg K-Type

Recall that

a b
I= €GqG, |abde O, cep
d

C

is the Iwahori subgroup of G, and I is its inverse image in G. Note that since
for all g € é, we can write g = ntk for some n € N,t € T and k € IN(O, and
f(g) = |t|p(t)f(k), for every f € indgp, the value of f over K, determines the

function completely. Define the function ¢ € indgp by

fo, kelINnK,
vE) ={ —fy, ke (ai) N Ko (6.2.4)

0, otherwise,

where k € Ko. It is not difficult to see that ¢ is in St. Next, by calculating F o My,

we will determine to which irreducible component of indgp the function v belongs.

Lemma 6.2.4. Let i be the map defined in (6.1.5) and 1) be as in (6.2.4). Then,

o, val(z) > 0
ny(T) =< 0, val(z) =0 (6.2.5)
sy (val(@)) | o val(z
—(=1)L el gral(@)e (19(:5) I( )) Jrsdn(val(z)),  Val(z) < 0.

Proof: Let x = xqgw™ for xg € O* and m € Z. We have two possibilities:

o If z € O, then by (6.2.4)

0, if val(z
sl ) = St

0, if val(x)

o If z ¢ O then x7! € O and hence, (ut(z7'),1) € K;. Therefore, by decomposi-
tion (5.1.5)

¢ (It(z),1) = o ((ut(z™),1) (=2~ "))
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= =27 p(u(=27 )Y ()
= —lz " p((=2z"))fo.

Observe that |z7! = ¢™, with m < 0 and

Pl fo = @)™ p (=) p (1(~23") fo
= (o)) p (=™) o

Hence, because by (6.1.4) we have p (¢(w™™)) fo = (_1>LwarSdn(m), we
obtain
— —(—1 LirSdZ"(val(x))J val(x) 9 val(z)
771#(@ — ( ) " q € ( ("L‘) ) frsdn(val(:c))'

Lemma 6.2.5. Let 12 be the A\ realization of 1. Then

~

O(1) =q " fo+ q_%olfn—l-

Proof: It follows from Lemma 6.2.4 that

<)
=
I

[ Aoy

F

= [ Meamteyis

n

1
/{ Lival(z) }<—1)Lmd%(“val(z)”A(—x)qv"“(z)e (9(2);") fidz.
0 rxew® L|val(x)<0

7=l

Observe that

/O A—2)ny(z)ds = /O Ode + /,, fodz
= u(p)fo

= qilf()’
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and it follows from Lemma 1.1.18 that for a € {1,--- ,n — 1},
/ <_1)LrSdQn(r\:al(z»J)\(—gj)qval(x)e ((19(;13)0) fzdgj
{z€F|val(z)=m}

is only nonzero when m = —1. Therefore, 12)\(1) can be simplified to

. _ rsdyp (val() valls
s) =g fo — / (1)) ) () foda

{zeL|val(x)<0}

1
B e 19 o n—1 .
i /{zeFval(;c)_l} Al x)(q) (9(x)" ) fuada

Lemma 1.1.12 implies that

rsdoy, (val(z)) val(z
/{ Llval(z) 0}(—1)L A (=2)(@)™ ) fo de = 0.
xelL|val(x)<

Plus,
/ AN—z)g e ()" ") forda
{z€F | val(z)=—1}
_1 1 1l dz _1 1
=4q 2 )\(—(L’)QQG (?9(1’) ) fn—l_ =4q QF(x,w)n(_>fn—1
{¢€F | val(z)=—1} || 2
= q_%clfn—l-
Hence,

/ A—anu(@)de = g~ fo + ¢ 5Cufor.

F

Theorem 6.2.6. The K -irreducible representation St is a [?—subrepresentatz’on of Vs.

Proof: By Lemma 6.2.5, the A-realization of ¢ € St evaluated at 1 is a scalar
multiple of e;C] 1q’% + ey, and therefore, by Lemma 6.1.20, a vector in the basis of

Es. Hence, by Lemma 6.1.21, St is a subspace of V5. |
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We have determined the distribution of the two irreducible constituents of the
first level representations in the K-type decomposition in (6.2.1). With a similar
technique, we can determine the irreducible constituent to which the rest of the first
level representations in the K-type belong. Further, we hope to determine the K-type
distribution completely in the interests of describing the irreducible constituent of

NgTe.
1nd§.
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Chapter 7

Minimal Degree Problem

In this chapter, in addition to basic knowledge of local fields, we assume knowledge
of Lie algebra and Chevalley groups, as can be found in [Hum78] and [Ste68].

Given a finite group G, the minimal degree problem is to find (a lower bound
for) the smallest possible dimension of a representation of G. This chapter presents a
joint paper with Mohammad Bardestani, Keivan Mallahi-Karai and Hadi Salmasian,
in which we consider the minimal degree problem for a family of Chevalley groups,

as described in the abstract:

Let F' be a non-Archimedean local field with the ring of integers O and
the prime ideal p and let G = G4 (O/p") be the adjoint Chevalley group.
Let m¢(G) denote the smallest possible dimension of a faithful represen-
tation of G. Using the Stone-von Neumann theorem, we determine a
lower bound for m¢(G) which is asymptotically the same as the results
of Landazuri, Seitz and Zalesskii for split Chevalley groups over F,. Our
result yields a conceptual explanation of the exponents that appear in the

aforementioned results.( [BKMKS15, Abstract])

The history and applications of the problem can be found in Section 7.1. Instead,

here I mention the link between the ideas in this paper and Part I of the thesis. First
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of all, the groups considered in this chapter are finite and hence, their representation
theory follows that reviewed in Chapter 1. The main idea of this paper is to use the
Stone-von Neumann theorem to calculate the dimension of certain subrepresentations
of a given faithful representation. Namely, given a faithful representation (p,V’) of
(an adjoint) Chevalley group G over O/p", we construct a Heisenberg subgroup U of
G and show that the decomposition of p|y into irreducible representations contains
at least one constituent (oq,V7), to which the Stone-von Neumann theorem applies.
Hence, the unique (up to isomorphism) construction of V; allows us to compute the
dimension of V;. The lower bound is then obtained by calculating the size of the orbit
of the action of the normalizer of U on (o, V7).

As it is with the nature of a joint work, most of the sections were written jointly.
My role in this paper was mainly centred on the construction of the Heisenberg sub-
group of Chevalley groups, and applying the Stone-von Neumann theorem, that is
Sections 7.3, 7.4, 7.5, and 7.6, which led to calculating the dimension of the subrep-
resentation V.

The rest of the chapter is a verbatim copy of the paper titled “Faithful represen-

tations of Chevalley groups over quotient rings of non-Archimedean local fields”.
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7.1 Introduction

For a finite group G, let Reps(G) denote the set of all finite-dimensional faithful

representations of G over complex vector spaces, and set
mg(G) == min{d, : p € Rep(G)},

where d, denotes the dimension (also called the degree) of p. Lower bounds on m¢(G)
can be found in group theory literature as old as the work of Frobenius [Fro]. Indeed,

by constructing the character table of PSLy(F,), Frobenius showed that

-1

mg (PSLy(F,)) > b for every prime p > 5.

Apart from its intrinsic interest, the Frobenius bound has applications in many ques-
tions in number theory and additive combinatorics. To name a few, Sarnak and
Xue [SX91] were the first to use this bound to obtain a lower bound for the small-
est non-trivial eigenvalue of the Laplace-Beltrami operator on the hyperbolic space.
This idea was subsequently used by Bourgain and Gamburd [BGO8b| to answer the
1-2-3 question of Lubotzky on the uniform expansion bounds for the Cayley graphs
of SLs (F)).

The Frobenius bound has been generalized by Landazuri, Seitz and Zalesskii [LL.S74,
S793] to other families of finite simple groups of Lie type. These bounds play an essen-
tial role in the theory of expander graphs and approximate groups [BGT11, Lub12].
The finite simple groups of Lie type are canonically obtained by reduction mod p of
the group G(QO) of O-points of a Chevalley group, where O is the ring of integers of a

local field. However, despite interesting applications (see below), little work has been

Keywords: Chevalley groups; faithful representation; Heisenberg subgroups; Local fields; Stone-
von Neumann theorem.

2010 Mathematics Subject Classification: Primary 20C33; Secondary 20G35.
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done to extend the aforementioned bounds to reduction mod p” of G(O). Bourgain
and Gamburd [BG08a] considered this problem for SLy (Z/p"Z) in order to show that,
for any sufficiently large prime p and any symmetric set S generating a Zariski-dense
subgroup of SLy(Z), the family of Cayley graphs {Cay (SLy (Z/p"Z) , mpm(S))}

1 18

an expander family (here my» is the reduction map modulo p™). Indeed, they proved

"t 1)

e (SLs (2/p2)) > T8

for n > 2.

Motivated by the works of Bourgain and Gamburd mentioned above, the first and
third authors of this paper studied ms (SLy, (Z/p"Z)) and my¢ (Spyy, (Z/p"7Z)) [BMK15].
The same problem for m¢ (SLg (Z/p"Z)) has been considered by de Saxcé [dS13].
Let F' be a non-Archimedean local field with the ring of integers O and the prime
ideal p. The order of residue field O /p is denoted by ¢ = p! where p is a prime number.
Our aim in this paper is to obtain a bound for the minimal dimension of all faithful
complex representations of adjoint Chevalley groups over the ring O/p"™ where n is
a positive integer. Indeed for the Chevalley group G,4(O/p™) associated to a simple

Lie algebra g we will obtain the following bound

mi(Gaa(O/p") > Cq"7, (7.1.1)
where r is the dimension of the nilpotent radical of the Heisenberg parabolic subal-
gebra of g, and C' > 0 is an absolute constant (independent of ¢ and r).

We remark that all adjoint Chevalley groups over O/p (except for a few cases) are
simple groups, and so all of their non-trivial representations are faithful. Therefore,
our Theorem 7.1.1 below for n = 1 yields lower bounds for non-trivial representations
of Guq(F,), which are asymptotically the same as the results of [LS74, SZ93] for
split Chevalley groups over [F,. By being asymptotically the same we mean that the
exponents that appear in (7.1.1) are the same as those in the work of Landazuri, Seitz
and Zalesskii. For a corrigendum to [LS74] the cases F4(q), ¢ odd, and ?Eg(q), we
refer the reader to [SZ93].
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Let us briefly sketch the idea of this paper. For a given simple Lie algebra g,
following Gross and Wallach’s idea [GW96], we consider its Heisenberg parabolic
subalgebra whose nilpotent radical is a two step nilpotent subalgebra. This nilpotent
subalgebra gives rise to a two step nilpotent subgroup of the adjoint Chevalley group
associated to g (this is the general 2n + 1-dimensional Heisenberg group for some n).
The irreducible representations of a Heisenberg group are classified by their central
characters via the Stone-von Neumann theorem. Given a faithful representation p
of Goa(O/p™), we consider its restriction to the aforementioned Heisenberg subgroup
and we find the polarizing subgroup of the generic character of the center. Our bound
is then obtained by orbit counting of the action of a certain subgroup on an irreducible

component of the representation p. Our main theorem is the following:

Theorem 7.1.1. Let F' be a non-Archimedean local field with the ring of integers O,
prime ideal p, and residue field O/p = F,, where ¢ = p' for a prime number p. Let g

be a finite-dimensional complex simple Lie algebra with root system ®. Let
Gad (O/pn) = Gad (O/pn7 @)

be the adjoint Chevalley group associated to g. Then mg(Gaq (O/p™)) > he(P,q,n),
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where he(®, q,n) is given in the following table:

¢ he(®, ¢, n)

Ar p=3 L =g

A, m>2,p>3 (" — g*~ 1) gtm=Dn
B, m=>3p>3 (g" — g"1) g@m—9n
Co m=2p23 L - g
D,. m>4,p>3 (¢" — q"‘l) g2m—Hn
Gy p>5 (" — g"1) g

Fu p>3 (¢" — ¢ 1) g™

Ee p>3 (¢" — q" 1) ¢tOr

E- p>3 (¢" — qn—1> q'on

Es p>3 (¢" — q"1) ¢2n

Remark 7.1.2. Ree [Reeb7] (see also [Car89], Theorem 11.3.2) proved that the
groups G,q(F,) are indeed what one would expect to obtain, namely, PSL,,(F,) if
g is of type A,,_1; PSp,,,(F,) if g is of type C,,; PQoy(F,) if g is of type D,, and
PQopi1(F,) if g is of type B, and ¢ > 3.

Remark 7.1.3. For simplicity of presentation we just consider the adjoint Chevalley
groups. However, the result can also be extended to the simply connected Chevalley
groups. Chevalley proved that the group Ggq(IF,) is simple except for A;(2), Ai(3),
B.2(2) and Gg(2) (see [Car89], Theorem 11.1.2).

Remark 7.1.4. Let us point out that the idea of restriction to nilpotent subgroups
was also used in [LS74]. Nevertheless, the arguments in [LS74] are long and case by
case. One of our main goals in writing this paper is to give a uniform argument based
on the idea of Heisenberg parabolic subalgebras to obtain lower bounds which, in

the special case of O/p, are asymptotically the same as those given in [LS74]. (See
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the discussion after (7.1.1) for a precise meaning.) Such bounds are enough for the
existing applications. Another important technical detail that has been worked out
in our paper is to verify that many facts about Chevalley groups over fields remain

valid for Chevalley groups over rings of our interest (see Section 7.4).

7.2 Notations and preliminaries

In this section we set some notation which will be used throughout this paper. We
also recall some basic facts about local fields that can be found in [Neu99, Ser79a].

If X is any set, f any function on X, and Y C X any subset, then f|, is
the restriction of f to Y. |X| is the cardinality of a finite set X. We will use the
shorthand e(x) := exp(2miz). For a given group G, its identity element is denoted
by 1. Moreover char(F) is the characteristic of a given field.

By the well-known classification of local fields, any non-Archimedean local field
is isomorphic to a finite extension of Q, (p is a prime number) or is isomorphic to the
field of formal Laurent series F,((T)) over a finite field with ¢ = p’ elements. For a
non-Archimedean local field F' with the discrete valuation v, we will denote its ring
of integers and its unique prime ideal by O and p, respectively. We will also fix a

uniformizer w € p. For any integer m € Z, we write
p" ={x € F:v(z) > m}.

Then p™/p™*™ =2 O/p™ as additive groups, for every m,n € Z with n > 0.
Let n be a positive integer. Our goal in this section is to describe all additive
characters of the finite local rings O/p™ using the ring structure.
From now on, if char(F) = 0 we set £ = Q, and if char(F) = p > 0 we set
E = F. Now we define
Tr:=Trpg: FF — E,
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the trace map of F' over E. The Dedekind’s complementary module, (or inverse

different) is defined by
O :={z e F:v(Tr(sx)) >0 for all s € O}.

One can show that O* is a fractional ideal of F' and hence for some ¢ > 0 we have

O* = w;g(’) = p~*. Throughout this paper ¢ designates this exponent. Note that
= 0 when char(F) > 0.

We now fix an additive character ¢ : F' — C* as follows. First assume char(F') =

0. For every x € Q,, let n, be the smallest non-negative integer such that p"*x € Z,.

Let r, € Z be such that r, = p"™x (mod p"). It is easy to see that the following

map (known as a Tate character)
Y:Q,—C xe(ry/p™), (7.2.1)

is a non-trivial additive character of @, with the kernel Z,.

Now assume F' = F,((7T")), so that O = F,[[T]] and w = T. We now set

Y F(T) =€ Y aT = e (Trp,m,(as1)/p) - (7.2.2)
i>N
Notice that the trace map from F, to F, is surjective. Hence, 9|, = 1 but w|p_1 # 1
(sometimes we say that the conductor of ¢ is O = F,[[T7])).

Lemma 7.2.1. Let F' be a local field with the ring of integers O and prime ideal p.
All additive characters of the ring O/p™ are given by

U Ofp" = C " = (Te(be)),
where b =b+p~t € p~ "+ /p=t,

Proof:  First assume that char(F) = 0, that is, F' is a p-adic field. Let by = b;+p~*
and by = by + p~¢ be distinct elements and assume that Yy, = v5,- Then for all
z € O we have (Tr((by — b2)z)) = 1, which implies that Tr((by — by)x) € Z,.
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Thus b; — by € p~*, which is a contradiction. This construction provides exactly
lp~(+0 /p=| distinct additive characters. Since |O/p"| = |p~™*+9) /p~¢|, we are done.

Next assume that char(F) > 0. It is clear that the map 3 is well-defined.
Now suppose for some b € p~™ we have ¢(bz) = 1 for all z € O. Hence the frac-
tional ideal bO is a subset of ker(y). Therefore b € O since the conductor of 1) is
O. This construction provides exactly |p~"/O)| distinct additive characters. Since

|O/p"| = |p~™/O|, we are done. i

7.3 The Stone-von Neumann theorem

In this section, we state a version of Stone-von Neumann theorem that suits our
purposes in this paper. The Stone-von Neumann theorem holds in a broader set-
ting [How08, McN12, MVW8T7]. However, we only present it in the finite group case,
which is needed in this paper.

Let U be a finite two step nilpotent group. If A is any subgroup of U containing
Z(U), we will denote A := A/Z(U). Let x : Z(U) — C* be a one-dimensional
representation of Z(U). We define a pairing

UjZ(U) xU/Z2(U) = C*, {xZ(U),yZ(U)), = x([z,y]) -

We call x a generic character of Z(U) if the above pairing is non-degenerate, in the
sense that for every x € U, if (zZ(U),yZ(U)), = 1 for every y € U, then x € Z(U).
Assuming x is generic character of Z(U), we say that a subgroup Z(U) < A < U is

isotropic if A C AL, where
At = {xZ(U) : (@Z(U),yZ(U)), = 1forally € A} :

We say that A is polarizing if A = A*.

For the next theorem we refer the reader to [Bum97], §4.1.
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Theorem 7.3.1 (Stone-von Neumann theorem). Let U be a finite two step nilpo-
tent group, and let x be a generic character of Z(U). Then there exists a unique
isomorphism class of irreducible representations of U with central character x. Such
a representation may be constructed as follows: Let A be any polarizing subgroup of
U, and let x be any extension of x to A. Then the representation Ind%(f() 15 of this

class.

7.4 The Heisenberg parabolic subalgebra

This section is devoted to a rapid review of some basic facts in the theory of simple
Lie algebras. We closely follow Gross and Wallach’s paper [GW96], Sections 1 and 2
(see also [Sal07], §3).

Let g be a complex finite-dimensional simple Lie algebra. Fix a Cartan subalge-
bra h of g. Let ® C bh* be the root system of g with respect to h. Then, we have the

Cartan decomposition

0=55 P (7.4.1)

acd
where g, = {x € g: [H,z] = a(H)z, VH € h}. Let £ = Spang{a |a € ®}. Note
that E is equipped with a symmetric positive definite inner product (, ) obtained
from the Killing form of g via the isomorphism between b and h*. For o, € P,
set (o, B) = 2(a, B)/(B,5). Let B # fa be two independent roots. Assume that
|8]] > |lcr]|. Then the values of («, 5) and (5, &) are given by Table 7.1 (see [Hum78],
Table 1, §9.4).
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Table 7.1: Root structure

{0, 8) (B, IBI/lal)?

0 0 undetermined
1 1 1
-1 -1 1
1 2 2
-1 -2 2
1 3 3
-1 -3 3

Let A be a base of ®. Let @ C ® the set of positive roots with respect to A,
and let 3 be the highest root. It is known that Bisa long root and m, > n,, where
B = Yoaer Moo and v = Y-\ nqa is any v € ®. Given the above notation, we
define the Heisenberg parabolic subalgebra q = [ & u. The Levi subalgebra and the

nilpotent radical of q are:

[=hd @ as and u= @ Oa-

acd acd
(e, 8)=0 (a,8)>0

Lemma 7.4.1. The inequality (o, B) > 0 implies that o € ®F, and either o = 5 or
(a,B) = 1. Moreover, if (o, ) = 1, then 3 —a € & and (3 — a, §) = 1.

Proof: If (a,3) > 0 then § —a € ® (see [Hum78], Lemma of §9.4). This
implication, along with the fact that ﬂN is the highest root, implies o € ®+.

Note that for any a € &+, |(a, B)| < |(3, @)|. Assume a # 3. Then by applying
Table 7.1 and a simple calculation we deduce that (o, 3)(5, ) € {1,2,3}. Hence,
(o, B) > 0 implies (o, f) = 1. The last claim in the statement follows from the

linearity of (, ) in the first component. i

Let X7 :={a € & : (o, 8) = 1}. Lemma 7.4.1 allows us to define a fixed-point free

involution of X% defined by o B — a. We pick one element from each equivalence
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class. Therefore, we have the following disjoint decomposition:
Yt={a;:1<i<d}U{f—o;:1<i<d}. (7.4.2)

Hence, |X7| = 2d, where the value of the integer d is explicitly calculated in Propo-

sition 1.3 of [GW96]. In particular, Table 7.2 is given in [GW96]:

Table 7.2: Values of d

g d
A, m>1 m-1
B, m>2 2m-—-3
C, m>2 m-—1

D, m>3 2m—4

Go 2
F4 7
Es 10
= 16
Es 28

Lemma 7.4.2. The subalgebra u is a two-step nilpotent Lie algebra with center gz.

Proof: It follows from Lemma 7.4.1 that [u,u] C gz C Z(u), which implies u is
a two-step nilpotent Lie algebra. For v;,72 € X%, notice that [g,,,g,,] = 0 unless
Yo = f§ — v, and in this case we have [g%,ggﬂl] = g5 Using these equalities, one

can see that gz = Z(u). i

Notice that u = g; © P g is of dimension 2d + 1. Let us choose a (d + 1)-

aext

dimensional maximal abelian subalgebra a of u, defined to be

d
azgg@@gai. (7.4.3)
i=1
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The maximality can be seen with the help of Lemma 7.4.1, specifically the fact that
95 = [ggfai, 0a;)- In Section 7.5, we show that this subalgebra produces a polarizing

subgroup of a Heisenberg subgroup.

Lemma 7.4.3. Let a € ® be an arbitrary root. There exists a simple root v € A

such that {(a,v) = £1 or + 2.

Proof:  The statement is clear if & € £A (since we can set 7 = +«) and so we can
assume that o € &\ £A. In this case there exists a root v € A such that {a, ) # 0.
For root systems other than G, the lemma follows from Table 7.1. For Gy, the lemma

can be verified by a direct examination of the roots. |

Set
F(®) := min {</§’, a)>0:ac @} . (7.4.4)

Obviously F(®) < 2. For the root systems A,,, D,,, Eg, Ez and Eg have only one root
length and so a similar argument as above shows that F'(®) = 1 unless ® = A; which
in this case we have F(A;) = 2. For B,,,F,, and Gy, we observe that these root
systems have non-perpendicular long roots and so for these root systems we also have
F(®)=1.

We show that F(C,) = 2. If (§,a) = 1 then a is a long root, but in C,, all
non-proportional distinct long roots are perpendicular. Hence F'(C,,) = 2. Therefore

we have

]-7 o 7é Ala Cm, m Z 2
F(®) = (7.4.5)
2, CD:Al;Cm, mZZ

7.5 Heisenberg subgroups of Chevalley groups

In this section we review the construction of elementary adjoint Chevalley groups and
we define Heisenberg subgroups of Chevalley groups which are obtained by exponen-

tiating the nilpotent radical of the Heisenberg parabolic subalgebra ¢ defined in the
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previous section. Moreover, we verify that the construction of Chevalley groups over
fields given in [Car89, Ste68] can be extended to elementary Chevalley groups defined
over O/p™. One way to approach this is to use the language of group schemes [Bor70].
However, in this paper we consider the explicit construction of Chevalley groups using
Chevalley bases. The theory of elementary Chevalley groups over rings has also been
presented in detail in [VP96].

As before F' is a non-Archimedean local field with the ring of integers O, the
prime ideal p and the residue field F,, ¢ = p'. Here we assume that p > 3 and
we set R = O/p™, n > 1. We will use the standard notation, which can be found
in [Car89, Ser01, Ste68|. Let

{Hy,: a€ A} U{e,: a€ d}

be a Chevalley basis, with respect to our choice of base A. Let gz C g be the free
Z-module generated by the Chevalley basis. One can show that gz is indeed a Lie
algebra over Z. For any o € ® and § € C, ade., = {ad,, is a nilpotent derivation of

g. Hence, the exponential map

zo(§) := exp(&ad,,)

is a Lie algebra automorphism of g. Moreover, the entries of the matrix of z,(¢),
with respect to the Chevalley basis, are of the form a&’, where a € Z and i is a non-
negative integer. Let us denote this matrix by A,(¢). Consider the R-Lie algebra
Or = gz ®z R with the Chevalley basis

{Ho=H,®1: acAlU{es=e,®1: a€ d}.

For every t € R, we obtain a new matrix A, (t) from A,(£), by replacing the entries a¢’
by at', where a is a reduced modulo p™. The linear transformation Z,(t) associated
with the matrix A,(t) is a Lie algebra automorphism of gg. The subgroup of the

automorphism group of gg, generated by transformations Z,(t) for each a € ® and
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t € R, is called the elementary adjoint Chevalley group. We denote it by Guq (R) :=
Gui (R, ®). Let @ € ® be an arbitrary root. The one-parameter subgroup X, of
Ga (R) is defined by

Xo = (Ta(t) : t € R).

Lemma 7.5.1. The subgroup X, is isomorphic to the additive group of R.

Proof: The map t — Z,(t) gives the desired group isomorphism. Note that the
injectivity can be seen through the action of z,(t) on the Chevalley basis for the Lie
algebra gr. More precisely, we have (see [Car89], §4.4) Z,(t)H, = H, — («, y)teq. By
Lemma 7.4.3, if Z,(t) = 1, then ¢t = 0 since p > 3. |

Let us define the Heisenberg subgroup U of G4 (R)
U= <gj~a(t) o, B> 1, te R> . (7.5.1)

Here the right hand side of (7.5.1) is the subgroup of G.4(R) generated by the given
elements Z,(t). This subgroup is an analogue of the nilpotent radical of the Heisenberg
parabolic subalgebra. This analogy will be apparent in Proposition 7.5.4. From now
on, we fix a total ordering < of ® which is compatible with the height function ht,
i.e. a < ( implies ht(a) < ht(8). We recall a theorem due to Chevalley (the proof
over R is similar to [Car89], Theorem 5.2.2) that expresses the commutator of two
generators of G,4(R) as a product of generators. Let «, 8 € ® such that o # 0,
and let t;,t2 be elements of R. Let us define the commutator [Z,(t2),Z5(t1)] =
To(ta) ' @s(t1) ' To(t2)Zs(t1). The Chevalley commutator formula states that
Za(t), 25(t)] = || Zipria (Cigpal—11)'t) . (7.5.2)
i,j>0
where the product is taken over all pairs of positive integers ¢, j for which 5 + jo is
a root, and the terms of the product are in increasing order of ¢ + j. The constants

Cijpa are in the set {£1, £2, £3}.
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Next, we point out that every element of U can be expressed uniquely in the

form

[T za(to), (7.5.3)

(a,8)>1

where the product is taken over positive roots «, increasing in the chosen total or-
dering. Indeed, given an element of U in the form of a product of Z,(t)’s, the desired
order can be achieved by performing a rearrangement as follows: if there is a pair of
consecutive terms T, (t,)Zg(tg) with f < a, we swap them by use of (7.5.2):
Ta(ta)Ts(ts) = Zo(t9)Zalte) [ Zisrsa (Cijpal—ts)th). (7.5.4)
i,j>0
In this fashion, Zs(t3)ZTa(ta) is in increasing order, and all the extra terms introduced
by the use of the commutator formula are in the desired order because the total
ordering < is compatible with the height function. This rearrangement terminates
after finitely many iterations. The uniqueness of such an expression of elements in
U is proved by an argument similar to the proof of [Car89], Theorem 5.3.3(ii). The

following lemma can be proved easily.

Lemma 7.5.2. Let ® be a root system different from Gg. Then for any «;, chosen

from the decomposition (7.4.2) and t € R, we have

To,(1)T5_4,(t) = T5_,, (1)Ta,(1)75(C1),
where C' € {£1, £2}.

Proof:  From (7.5.4) we have

Tai(DT5_0,(1) = T5_0, ()70, (1)T5(=C1 1 50, 0,1)-

But (see [Car89], Theorem 5.2.2) C, = +(r + 1), where

,LB—ag,0

(ﬁ_ai)_raiv"' 7(B_ai)7"' a(B_ai)—{_Saia
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is the a;-chain through (3 — ;). Since 3 is the highest root, (5 — ;) + sa is not a
root for s > 1, and therefore s = 1. Also, it is known that (5 — ) =r—s. It
follows that

r+1= <B,Oéz>

Notice that (3, ;) € {1,2}, since otherwise 3] /||es|| = 3, which is impossible when

the root system is different from Gs. i

Lemma 7.5.3. Let G be a finitely generated group generated by g;, 1 <1 < n. Let
A <G and assume that [g;, g;] € A for any 1 <i,j <n. Then [G,G] C A.

Proposition 7.5.4. Let p > 3 if G 1s not of type Gy and p > 5 otheruise. Then the

group U is two-step nilpotent and [U,U] = X;.

Proof: With the help of (7.5.2) and Lemma 7.4.1, one can see that the commu-
tators of the generators of U are in X ;. Hence by applying Lemma 7.5.3 we conclude
that the commutator subgroup of U is contained in X 5. Conversely, by Lemma 7.5.2,

any element in X3 can be obtained from commuting suitable elements of X,, and

X5 4, for 1 <i <d. Hence, [U,U] = Xz. On the other hand, the fact that f is the
highest root implies that for every « satisfying (o, ) > 0, we have i + jo & ® for
all i,j > 0. Hence, by (7.5.2) we have [X,, X3] = 1 which implies that X; C Z(U)

and hence U is a two step nilpotent subgroup. i

We now recall that by a theorem of Chevalley (whose proof over R is similar

to [Car89], Theorem 6.3.1), for any root « there exists a surjective homomorphism

o : SLy (R) — (Xa, X_a), (7.5.5)
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such that

ha(X) = ¢a . (7.5.6)

Let a, f € ® be any roots, then one can show that (see [Car89], Chapter 7)

ha(NZa(t)ha(N) ™ = Zg (AP2E) . (7.5.7)

7.6 Faithful representations and generic charac-

ters

Let (p,V) be a faithful representation of Guq (R). Let o := p|,, be the restriction
of p to the Heisenberg subgroup U, defined in (7.5.1), and let (04, V), 1 < i < k, be
the irreducible factors in the decomposition of the U-representation (o, V). Then by
Schur’s lemma, for any z € Z(U) and v € V;, we have 0;(2)v = x;(2)v, where x; is a
one-dimensional representation of Z(U). By Lemma 7.2.1 for each 1 < i < k there

exists b; = b; + p~f € p~ 9 /p~* such that for any s € O,

vi (255 + ™) = (Tr(bis). (7.6.1)

With this observation we prove the following proposition. As before the characteristic

of the residue field O/p is p.

Proposition 7.6.1. Let p > 3 when ® # Gy and p > 5 when ® = Gy. Let y;,
1 <i <k be defined as above, and let b; € p~ "0 correspond to x; by Lemma 7.2.1.

Then v(b;) = —(n+{) for some 1 <i < k. In particular, x; is a generic character of
Z(U).
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Proof:  Suppose that for each 1 < i < k we have @™~ 'b; € p~*. Then xi(iﬁ(wn_l—l—
p")) = 1. This in particular implies that p(Z ("~ '+p™)) = 1 which is a contradiction
since p is assumed to be a faithful representation. This proves the existence of 1 <
i < k such that v(b;)) = —(n + ).

Next we prove that if v(b;) = —(n + ¢) then x; is a generic character of Z(U).
For uw € U let x;([u,y]) =1 for all y € U. By (7.5.3),

u = H To(Sa +9") Sq € O, (7.6.2)
(

a,f)>1

where the product is taken over positive roots «, increasing in the chosen total or-
dering. We will show that the only term that contributes to (7.6.2) is the term that
belongs to X . It follows that u € Z(U). Note that, for any z € U, the map y > [z, ]
is a group homomorphism, since U is a two-step nilpotent group.

We remark that for a, f € £* we have [X,, X3] = 1 unless 5 = 3 — . For any
o # (in (7.6.2) and arbitrary s € @, from the Chevalley commutator formula (7.5.2)
we have

[u, 25, (s +p")] = 25(Csas +p"),

where by Lemma 7.5.2, C' € {£1, £2} if ® is different from Gy and C' € {£1, £2, +3}

when ® = G,. Since for any s € O we have

1=y ([u, T o(s+ p")}) =\ (97:3(03&5 + p”)) = p(Tr(Ch;sa9)), (7.6.3)
then
Chisa €7,
which implies that v(s,) > n since v(b;) = —(n + ¢) (when ® = G, we must assume

p > 5 since C' can be +3). Hence s, € p”. This shows that u = Z5(s5 + p") for some
s5 € O andsoue€ Xz C Z(U) which shows that y; is a generic character of Z(U). I

In order to apply the Stone-von Neumann theorem, we then need to find the polarizing
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subgroup of U. Define
A= (z5(t), To,(t): 1 <i<d, t€R), (7.6.4)

where the a; are chosen with respect to the decomposition (7.4.2). We will show that
A is a polarizing subgroup of U with respect to the generic character y; defined above.
Notice that for any «; and «;, 1 <14, j < d, chosen from the first disjoint component
of the decomposition (7.4.2), neither a; + a; nor «; + f is a root. Hence, the right
hand side of (7.5.2) is always zero for elements in A, and therefore A is an abelian

subgroup of U containing Xj.

Proposition 7.6.2. Let p > 3 when ® # Gy and p > 5 when ® = Gy. Let x; be
a one-dimensional representation of Z(U) corresponding to by € p~ "9 wvia Lemma
7.2.1. Assume that v(by) = —(n+ (). Then A is a polarizing subgroup with respect

to X1-

Proof: We have shown that A is an abelian subgroup and so A is an isotropic
subgroup of U. Assume A is not a polarizing subgroup. Each u € U has a unique
presentation (7.6.2). By the length of u € U we mean the number of terms in (7.6.2).
Let u € U \ A be an element with the shortest length such that

xi([u,a]) =1,  Vae A (7.6.5)
Let us denote the unique presentation of u as follows

U= H To(Sa + ") 54 € O. (7.6.6)
(@,8)>1

We claim that the leftmost term in the product in (7.6.6) cannot belong to either of
X F and X,,, 1 <7 < d. That is because otherwise, one can eliminate this term and
obtain another element in U \ A with shorter length that satisfies (7.6.5). We again
remark that for a, f € £t we have [X,, X3] = 1 unless § = B — . Without loss of

generality we can write

U =75 o (Say +p")U Sa; € O\ p",
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where oy is taken from the decomposition (7.4.2). Notice that none of the elements

of X5 ,, appear in the factorization of u’. Hence for an arbitrary s € O we have

[, Za, (s +9")] = [T5_0, (501 +P"), Tay (s + 9", Tay (5 + P7)]
= [:i‘ﬁfal(sal + "), Tay (s +p")] = fﬁ(csms +p")

where C' € {£1,+2,+3}. Hence from (7.6.5) we deduce that for any s € O

1= x1 ([, Toy (s +9™)]) = (Tr(Ch184,8))- (7.6.7)

Therefore we should have Cbys,, € p~*. By Lemma 7.5.2, for all root systems other
than Gy, the contradiction s,, € p™ is obtained when p > 3. However, for the root

system Gy the further assumption p > 5 is required in order to obtain a contradiction.

We now compute the index of A in U.
Lemma 7.6.3. Let d be as in Table 7.2. Then [U : A] = ¢"*.

Proof:  Recall that |X*| = 2d. From (7.5.1) and the uniqueness of the product
in (7.5.3) we deduce that |U| = ¢?¢*1)" and |A| = ¢!¥1". Therefore, [U : A] = ¢". 1

7.7 Proof of Theorem 7.1.1

In what follows the group of units of a given ring R is denoted by R*. Let (p,V)
be a faithful representation of Guq(R). Let o := p|, be the restriction of p to
the Heisenberg subgroup U, and let (o;,V;), 1 < i < k, be the irreducible factors
in the decomposition of the U-representation (o, V') with central characters y;. By
Proposition 7.6.1, we can assume that x; is a generic character of Z(U), such that

the element by € p~("*) associated to x; in Lemma 7.2.1 satisfies v(b;) = —(n + ¢).
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Then, by Proposition 7.6.2, A is a polarizing subgroup with respect to the generic
character y;. Therefore, by the Stone-von Neumann theorem and Lemma 7.6.3, we
have

dim(Vy) = [U : A] = ¢™.

For any A = A\+p™ € R*, and any root a € ®, consider the element k() introduced

in (7.5.6). It follows from (7.5.7) that h,(\) normalizes any one-parameter subgroup.

Therefore, hq(\) normalizes U. Define the U-representation o™ to be the conjugation

of o by ha(A):
oM U — GL(V), u o (ho(Nuha(X)7).

Notice that the U-intertwining operator p(h,())) gives a U-isomorphism between
(6,V) and (6>, V). Therefore, (alx * V1) is also an irreducible subrepresentation of

o,V). Hence for any z € X; C and v € V; we have
V). H f Xz € Z(U d \% h
X1 (ha(N)2ha(A) ™o = 01(ha(V)2ha(N) v = 07 (2)v = X1 (2)v,

where Xi"a is the one-dimensional representation of Z(U) which is the central char-

acter of ai\’o‘. Then for s 4+ p" € R = X, from (7.5.7), we obtain
(@5 + M) = (2500790 +97)) = v (Tr (5A55) ).
Next, we count the number of mutually distinct one-dimensional representations of

b :
X1 . We consider two cases:

1. The root system @ is not A; or C,, for m > 2: Equation (7.4.5) implies that
there exists a root a € ® such that (B, a) = 1. Hence, for this particular root

o we have
X (@5(s + 7)) = xa(Azg(s + ") =¥ (Tr (b As), Vs € O.

Since x; corresponds to by € p~" 9 with v(b;) = —(n+/) then we can conclude

that Xil’o‘ + X’;\Q’a when \; # Ay € R*, since otherwise by (\; — Ag) € p~¢ which
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implies \; — Ay € p"”. Hence, there are ¢" — ¢"~! distinct one-dimensional
representations Xi’a and therefore, there are at least ¢" — ¢"~! non-isomorphic

irreducible subrepresentations of V, each of dimension ¢%. Hence,
dim(V) > (¢" —¢""")g™,
where d is given in Table 7.2.

2. The root system @ is either C,, or A;: Equation (7.4.5) implies that for no root
in ®, <ﬁ~,a) = 1; but a root a can be chosen such that <ﬁ~,a> = 2. Then for

s+p" € R= X; we have
X (@ +9") = xa (20 +p") = (Tr (b1N7s)).

Hence, we can construct |R*|/2 = (¢" — ¢"~')/2 distinct one-dimensional repre-
sentations Xi’o‘, which leads to obtaining (¢ — ¢"~!)/2 non-isomorphic factors

in the decomposition of (o, V), each of dimension ¢™~Y". Hence

dim(V) > = (¢" — ¢")g"mm.

N | —
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