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Abstract

In Part I, we investigate the principal series representations of the n-fold covering

groups of the special linear group over a p-adic field. Such representations are con-

structed via the Stone-von Neumann theorem. We have three interrelated results.

We first compute the K-types of these representations. We then give a complete

set of reducibility points for the unramified principal series representations. Among

these are the unitary unramified principal series representations, for which we further

investigate the distribution of the K-types among its irreducible components.

In Part II, we demonstrate another application of the Stone-von Neumann the-

orem. Namely, we present a lower bound for the minimal degree of a faithful repre-

sentation of an adjoint Chevalley group over a quotient ring of a non-Archimedean

local field.
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Introduction

For us, covering groups, also known in the literature as metaplectic groups, are central

extensions of a simply-connected simple and split algebraic group over a local field F

by the group of the n-th roots of unity, µn. Such groups fall into the category of locally

profinite groups. In the case n = 2, such covering groups were first presented explicitly

in Weil’s memoir [Wei64] for the symplectic group. The problem of determining

this class of groups, in the more general case, was studied by Steinberg [Ste68] and

Moore [Moo68] in 1968, and further completed by Matsumoto [Mat69] in 1969 for

simply-connected Chevalley groups. In these works, one considers Steinberg’s explicit

construction, by generators and relations, of the covering groups. Around the same

time, Kubota independently constructed n-fold covering groups of SL2 [Kub67] and

GL2 [Kub69] over a p-adic field by means of presenting an explicit 2-cocycle. Kubota’s

cocycle is expressed in terms of the n-th Hilbert symbol.

Since then, there have been a number of studies of representations of this class of

groups from different perspectives, among them being the work of H. Aritürk [Ari80],

D. A. Kazhdan and S. J. Patterson [KP84], C. Moen [Moe88], D. Joyner [Joy98,

Joy01], G. Savin [Sav04], M. Weissman and T. Howard [HW09], and P. J. McNa-

mara [McN12].

In the first part of this thesis, my objective is to study principal series repre-

sentations of the n-fold covering groups S̃L2 of SL2 over a p-adic field F for n > 2,

introduced by McNamara [McN12]. Since this thesis is intended to be expository and

xiii
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self-contained, we draw on some of the work listed above (with specific citations). Our

approach is to work with the explicit construction of S̃L2 given by Kubota [Kub67].

We assume n|q − 1, where q is the size of the residue field of the p-adic field. This

implies the splitting of the central extension over a maximal compact subgroup K of

SL2(F).

The principal series representations of S̃L2(F) are those representations that are

induced from the inverse image B̃ of a Borel subgroup B of SL2(F). The construction

of those representations of B̃ that are trivial on the unipotent radical of B̃ brings us

to the study of the irreducible representations of the metaplectic torus T̃ , i.e., the

inverse image of the split torus T of SL2(F) in S̃L2(F).

An important feature of T̃ , which differentiates the nature of its representations

from those of a linear torus, is that it is not abelian. However, it is a Heisenberg

group and its irreducible representations are governed by the Stone-von Neumann

theorem. The Stone-von Neumann theorem characterizes irreducible representations

of two-step nilpotent groups, also known as Heisenberg groups, according to their

central characters. Indeed, given a character of the centre of a Heisenberg group that

satisfies some mild conditions, the Stone-von Neumann theorem provides a recipe to

construct the corresponding, unique up to isomorphism, irreducible representation of

the Heisenberg group. The construction involves induction from a maximal abelian

subgroup of the Heisenberg group.

Once an irreducible representation ρχ, with central character χ, of T̃ is obtained,

the principal series representation π of S̃L2(F) is Ind
S̃L2(F)

B̃
ρχ, where ρχ is trivially

extended on the unipotent radical subgroup of B̃. These representations of S̃L2(F)

were introduced in [McN12], and they admit several open questions. We take the

following two approaches in order to study πχ. On the one hand, we investigate the

K-types of πχ. On the other hand, we determine the unramified characters χ for

which πχ is reducible. Finally, the two trajectories meet when we investigate the

distribution of the K-types among the irreducible constituents of πχ. Let us now
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elaborate on each of these three streams.

A common technique in representation theory is to study the decomposition of

the restriction of representations to a particular subgroup. In the theory of real Lie

groups, restriction to maximal compact subgroups retains a lot of information from

the representation; in fact, such a restriction is a key step towards classifying irre-

ducible unitary representations. In the case of reductive groups over p-adic fields,

investigating the decomposition upon restriction to maximal compact subgroups re-

veals a finer structure of the representation, in the interests of recovering essential

information about the original representation.

The problem of decomposing a representation of a reductive p-adic group upon re-

striction to a maximal compact, which we refer to as the K-type problem, is visited and

solved in certain cases, including the principal series representations of GL(3) [CN09,

CN10, OS14], and SL(2) [Nev05, Nev11], representations of GL(2) [Cas73], and su-

percuspidal representations of SL(2) [Nev13].

Our result is as follows. Let O be the ring of integers of F and let K̃ be the in-

verse image of the maximal compact subgroup SL2(O) in S̃L2(F). The representation

Ind
S̃L2(F)

B̃
ρχ is smooth; it can be viewed as the union of its Ki-fixed points, where the

Ki’s are the natural filtration of K̃. This allows us to reduce the problem to calculat-

ing the dimensions of certain finite-dimensional Hecke algebras. The key calculation

for determining the decomposition is the determination of certain double cosets that

support intertwining operators for the restricted principal series representation. Our

main result, which is stated in Theorem 4.4.19, can be summarized as follows:

Theorem 1. Let χ be a character of Z(T̃ ) of depth m − 1 and let n = n if n is

odd, and n = n/2 if n is even. Then Ind
S̃L2(F)

B̃
ρχ decomposes into a direct sum of

K̃-representations as:

ResK̃Ind
S̃L2(F)

B̃
ρχ '

n−1⊕
i=0

(
(IndK̃

B̃∩K̃χi)
Km
)
⊕
⊕
l>m

(
W̃+

0,l ⊕ W̃
−
0,l

)⊕n
,
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where the χi’s are all possible extensions of χ to a maximal abelian subgroup A of T̃ ,

and W̃+
0,l and W̃−

0,l are two irreducible inequivalent spaces of the same degree such that

W̃+
0,l ⊕ W̃

−
0,l
∼= (IndK̃

B̃∩K̃χ0)Kl/(IndK̃
B̃∩K̃χ0)Kl−1. Moreover, under the condition m > 1

all the summands are irreducible.

A key step in understanding the degrees of W̃−
0,l and W̃+

0,l in the decomposition is

to investigate the K-type problem for the n-fold cover of GL2(F) defined in [Kub69].

The final result is obtained by comparing the restriction to K̃ of the principal series

representation of G̃L2(F) with ResK̃Ind
S̃L2(F)

B̃
ρχ. In my work, I follow the argument

in [Nev05] for the linear group SL2(F); however, the technicalities in the covering case

are much more involved than the linear case, and the results are fairly different. For

instance, the decomposition is no longer multiplicity-free (see Corollary 4.2.15).

Having established the K-types, we explore πχ from a different angle; namely,

we study the problem of determining the unramified characters χ for which πχ is

reducible. This problem is solved for unitary unramified principal series of S̃L2(F) by

Moen in [Moe88]. For non-unitary unramified principal series, the case of n = 2 is

solved by Gelbart and Sally [GS75], and n = 3 is solved by Aritürk [Ari80]. Along the

same line, the decomposition of the unramified regular principal series of the n-fold

covering groups of certain Chevalley groups is also of interest in [Sav04]. However, he

excludes the case of SL2(F) from his computation (and explicit statement of results).

In Chapter 5 of this thesis, we undertake the determination of those unramified

characters χ for which πχ is irreducible. As suggested by the study of K-types of πχ,

the behaviour of πχ depends on the parity of n. We chose to restrict ourselves to odd

n and leave the even case for future work. In particular, the result in [Ari80] is a

special case of ours. Unramified characters, and hence their corresponding principal

series representations, are parameterized by a complex power s of the norm character

| · | : F× → C×. Our result, which is stated in Theorems 5.2.13 and 5.3.6, can be

summarized as follows:
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Theorem 2. Given an unramified character χs of Z(T̃ ), the principal series repre-

sentation πs is reducible if and only if s = 1 ± 1
n

or s = 1 + πi
log q

. For s = 1 + πi
log q

,

the principal series representation πs decomposes as a direct sum of two inequivalent

subrepresentations.

The proof is adapted from the classical method of finding reducibility points of

the principal series representations of the linear group SL2(F) [Cas95]. The splitting of

the central extension over K implies the existence of an open compact section K̃0 ⊂ K̃

isomorphic to K. We deal with regular and non-regular characters χs separately. Let

φs be a fixed spherical function in πs. In the case of regular characters, the idea is

to construct a special intertwining operator T in HomS̃L2(F)(πs, πs) and pin down the

image of the spherical function under this map. The crucial tool is an adaptation of

[Cas95, Theorem 6.6.2] to the covering group in Proposition 5.2.6. This theorem links

the question of the irreducibility of πs to that of the vanishing of T . For a non-regular

character χs, we prove a variant of Jacquet’s first lemma, adapted for the non-linear

group S̃L2(F), which allows us to reduce the problem to the Jacquet module level.

We finish Part I by weaving Theorem 1 and Theorem 2 together in Chap-

ter 6. This is accomplished by investigating the problem of the distribution of the

K̃-irreducible spaces in the K-type decomposition in Theorem 1, into the S̃L2(F)-

irreducible constituents πs in Theorem 2, when πs is the reducible unramified unitary

representation. My approach, inspired by the argument in [GGPS90] for the linear

group SL2(F), is to calculate a non-invertible intertwining operator A from the L2-

realization of πs to itself. This involves a careful study of vector valued Bessel and

Gamma functions. In fact, calculating the effect of the intertwining operator A on the

value of functions at a single point provides a substantial amount of information. In

particular, one can identify the irreducible component that a specific K-type belongs

to. Hence, to understand the K-type distribution, one should first concretely realize

the K̃-spaces in Theorem 1 as spaces of matrix-valued square integrable functions.
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Using the method explained above, I succeeded in verifying that the spherical

K-types and its complement, appearing in the first piece of the decomposition in

Theorem 1 for πs for s = 1 + πi
log q

, belong to opposite components. This result is

stated and proved in Theorem 6.2.3 and Theorem 6.2.6.

The second part of my thesis is on the minimal degree problem. Let G be a finite

group and let mf(G) be the smallest possible dimension of a faithful representation

of G. The minimal degree problem is to find a “good” lower bound for mf(G).

This problem was considered for PSL2 over a finite field of size p, with p prime,

by Frobenius [Fro]. The lower bound given by Frobenius was shown to be serviceable

in a number of combinatoric and number theoretic applications [SX91, BG08b]. This

bound has been generalized by V. Landazuri and G. M. Seitz and A. E. Zelesski to

finite simple groups of Lie type [LS74, SZ93]. Bourgain and Gamburd considered the

problem for SL2(Z/pnZ) as a step towards showing that a certain family of graphs

is an expander family. Inspired by combinatorial applications of such bounds, M.

Bardestani and K. Mallahi-Karai studied the minimal degree problem for SLk(Z/pnZ)

and Sp2k(Z/pnZ) [BMK15].

In Chapter 7, in a joint work with M. Bardestani, K. Mallahi-Karai and H.

Salmasian, we study the minimal degree problem for the adjoint Chevalley groups

G over O/p, where O is the ring of integers, and p is the maximal prime ideal of a

non-Archimedean local field F .

The key step in our approach is that we construct a Heisenberg subgroup H of G.

To give a lower bound to mf(G), given a faithful representation (ρ, V ) of G, we show

that there exists at least one irreducible constituent (σ1, V1) in the decomposition of

ρ|H into irreducible subrepresentations, to which the Stone-von Neumann theorem

applies. Hence, the unique construction of V1, given by the Stone-von Neumann

theorem, allows us to compute the dimension of V1. The lower bound is obtained by

calculating the size of the orbit of the action of the normalizer of H on (σ1, V1).
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In future, in order to understand the representations of the n-fold covering groups

of S̃L2(F) completely, one needs to complete the classification of the decomposition of

the reducible principal series representations, as well as construct the supercuspidal

representations. There are also many questions to answer about their K-type decom-

position, including investigating the behaviour of the representations of S̃L2(F) when

the condition n|q − 1, which implies the splitting of S̃L2(F) over SL2(O), is relaxed.

Along the same vein, on the one hand, one can calculate the problem of finding

reducibility points of πs when n is even. Moreover, one can investigate this problem

when χ is a ramified character. On the other hand, It is possible to extend my results

on the distribution of K-types, explained above, to the entire K-type decomposition

given in Theorem 1.

This thesis is organized as follows. In Chapter 1, we present the basic background

of representation theory and the Stone-von Neumann theorem needed in both parts

of the thesis. In Chapter 2, we cover the basics on central extensions, and the n-th

Hilbert symbol, needed for Part I. Chapter 3 is devoted to a detailed construction

of the n-fold covering groups of SL2(F) and GL2(F) by means of Kubota’s cocycle,

and the description of some of their subgroups. In Chapter 4, we study and solve

the K-type problem for principal series representations of S̃L2(F). In Chapter 5, we

calculate the reducibility points for the unramified principal series representations

of S̃L2(F), and Chapter 6 is on the K-type distribution within the reducible unitary

unramified principal series representation of the covering group. In Chapter 7, we

present a verbatim copy of a joint paper on the minimal degree problem for the

adjoint Chevalley groups G over O/p, which has been submitted for publication.



Chapter 1

Background

We assume that the reader is familiar with basic theory of non-Archimedean local

fields, and basic Lie algebra. For full exposition on these subjects see [Ser79a], [Cas86],

and [Hum78]. In this section, we cover two main topics that are background to both

parts of the thesis. In Section 1.1 we recall, without proof, some of the main concepts

and results in harmonic analysis and representation theory of certain category of

groups, which we need as tools to prove our results. Our main references for this part

are [Tai75], [Sal98] and [BH06]. Section 1.2 is devoted to a detailed proof of one of the

main ingredients of this thesis, a version of the Stone-von Neumann Theorem 1.2.2.

1.1 Representations of Locally Profinite Groups

1.1.1 Locally Profinite Groups

The class of groups we are interested in are locally profinite groups. Throughout this

section we assume G is a locally profinite group.

Definition 1.1.1. A locally profinite group is a topological group G such that every

open neighbourhood of the identity in G contains a compact open subgroup.

1
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For example, any finite group is locally profinite. We can generate a more inter-

esting set of examples as follows. Let F be a non-Archimedean local field with ring of

integers O and maximal ideal p of O. Let κ := O/p be the residue field and q = |κ|

be its cardinality. Let O× denote the group of units in O. Let $ be a uniformizing

element of p. Every element in F× can be written uniquely as x = a$m for a unit

element a ∈ O× and an integer m, called the valuation of x and denoted by val(x).

The field F carries an absolute value defined by |x| = q−m = q−val(x), for x 6= 0,

and |0| = 0. Then O = {a ∈ F | val(a) ≥ 0}, O× = {a ∈ O | val(a) = 0} and

p = {a ∈ O | val(a) > 0}.

The field of p-adic numbers Qp for a prime p, and the field of formal Laurent

series R((x)), where R is a field, are non-Archimedean local fields.

Example 1.1.2. The additive group of F is a locally profinite group. Set pm = $mO,

for m ∈ Z. Then the pm are open compact subgroups of F and give a fundamental

system of open neighbourhoods of 0. The additive group F is the union of its compact

open subgroups.

Example 1.1.3. The multiplicative group F× is a locally profinite group. Namely,

the groups 1 + pn, n ≥ 1, are compact open and give a fundamental system of open

neighbourhoods of 1. Note that, unlike the additive group F, the multiplicative group

F× is not the union of its compact open subgroups. It is not difficult to see that

F× ∼= Z×O×.

Example 1.1.4. The group SL2(F) of matrices with determinant one and matrix

entries in F is a locally profinite group. The subgroups K := SL2(O), matrices with

determinant one and matrix entries in O, and Kj := {g ∈ K |g ≡ I2 mod pj}, j ≥ 1,

are compact open and give a fundamental system of open neighbourhoods of I2. Note

that K is a maximal compact subgroup of SL2(F).

Remark 1.1.5. There exists a (unique up to a positive scalar) right-invariant Haar

measure µG on G, which amounts to the property that for every locally constant
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compactly supported function f on G, and g ∈ G,
∫
G
f(xg)dµGx =

∫
G
f(x)dµGx.

That is, dµG(xg) = dµG(x) for all x ∈ G and g ∈ G. Moreover, there exists a

unique homomorphism δG : G→ R+ such that dµG(gx) = δG(g)dµG(x). The function

δG is called the modular character of G. We say G is unimodular if δG is trivial.

Abelian groups and compact groups are unimodular. Throughout this thesis, we set

dx = dµGx.

1.1.2 Some Harmonic Analysis on Locally Profinite Groups

Definition 1.1.6. A character of the group G is a continuous group homomorphism

χ : G → C×. It is customary to write 1 for the trivial character of G. Moreover, χ

is unitary if its image is contained in the unit circle.

Note that characters of compact groups are unitary. If G is abelian, we denote

the set of unitary characters of G by Ĝ. It is well-known that Ĝ is itself an abelian

group under point-wise multiplication and
ˆ̂
G ∼= G (Pontryagin duality).

Definition 1.1.7. A character of the additive group F is called an additive character

of F. A character of the multiplicative group F× is called a multiplicative character

of F×.

Because F is a union of compact groups, all its additive characters are unitary.

However, a multiplicative character of F is not necessarily unitary. For example the

character x 7→ |x| assumes arbitrarily large values and hence is not unitary. The

proof of the following proposition can be found in [BH06, Proposition 1.7].

Proposition 1.1.8. Let ψ be a non-trivial additive character of F. The map

F→ F̂ a 7→ ψa

where ψa(x) = ψ(ax) is a group isomorphism.
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Definition 1.1.9. The level of an additive character ψ is the least integer d such

that pd ⊂ ker(ψ).

Note that the continuity assumption on characters guaranties the existence of

the level. For the rest of this document, we fix a choice λ of an additive character of

level zero. That is, λ is trivial on O and not trivial on p−1.

Remark 1.1.10. Since F× ∼= Z×O×, for every x ∈ F×, x = x0$
val(x), x0 ∈ O× and

val(x) ∈ Z. Hence, any multiplicative character χ can be factored as χ(x) = χ∗(x0)|x|s

for all x ∈ F×, where s ∈ C and χ∗ is a character of O×. In fact, χ∗ = χ|O× . Moreover,

we can assume that −π
log q

< Im(s) ≤ π
log q

.

Definition 1.1.11. A multiplicative character χ is called unramified if χ|O× = 1. Let

m be the least positive integer such that 1 + pm ⊂ ker(χ); then we say χ is primitive

mod m, or ramified of degree m, or of depth m− 1.

We normalize the unimodular additive Haar measure µF on F so that
∫
O dx = 1.

The following lemma is useful later in this document.

Lemma 1.1.12. Let ψ : F → C× be an additive character of level d and let m < d.

Then ∫
pm
ψ(x)dx = 0.

Proof: Choose y ∈ pm such that ψ(y) 6= 1. Since dx is an additive Haar measure,

we may make the change of variable x→ y + x.∫
pm
ψ(x)dx =

∫
pm
ψ(y + x)dx = ψ(y)

∫
pm
ψ(x)dx,

whence

∫
pm
ψ(x)dx = 0.

Definition 1.1.13. Let C∞c (F) denote the space of complex-valued, compactly sup-

ported locally constant functions on F.
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Definition 1.1.14. Let λ be the (fixed) character of F of level zero. For f ∈ L1(F),

define the Fourier transform of f to be the function f̂ : F→ C given by

f̂(u) =

∫
F
λ(−ux)f(x)dx u ∈ F.

The Fourier transform is bijective on C∞c (F) [Sal98] and its inverse is given by

f(u) =

∫
F
λ(ux)f̂(x)dx.

Note that for any y ∈ F×, d(yx) = |y|dx. Hence, d×x := dx|x|−1 is a multiplicative

Haar measure on O×. Our choice of normalization implies that
∫
O× d

×x = 1 − q−1.

Let λ be the (fixed) additive character of F and let χ be a multiplicative character of

F×.

Definition 1.1.15. A function f : F → C is locally integrable if it is integrable on

each set {x ∈ F, q−m ≤ |x| ≤ qm} for m ≥ 0.

Let f be a locally integrable function on F. Define

fm(x) =

 f(x), if q−m ≤ |x| ≤ qm

0, otherwise.

Definition 1.1.16. The principal value integral of a locally integrable function f is

defined by

PV

∫
F
f(x) = lim

m→∞

∫
fm(x)dx. (1.1.1)

A locally integrable function may not be integrable; however, if a locally in-

tegrable function f is indeed integrable, its integral is equal to the principal value

integral of f [Tai75, Chapter 4]. Next, we will follow [Sal98] closely, to state the defi-

nition and values of Gamma and Bessel functions that are defined using the principal

value integrals. These functions appear in the study of the intertwining operators

of certain representations in Chapter 6. Recall that, for all x = x0$
val(x) in F×,

x0 ∈ O×, χ(x) = χ∗(x0)|x|s, where χ∗ is a character of O× and s ∈ C.
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Definition 1.1.17. For a (non-trivial) character χ = χ∗| · |s, s ∈ C of F×, the

Gamma function Γ(χ) = Γχ∗(s) is defined as follows:

1. If χ is ramified, let

Γ(χ) = Γχ∗(s) = PV

∫
F
λ(x)χ(x)

dx

|x|
.

2. If χ is unramified and Re(s) > 0 let

Γ(χ) = Γ1(s) = PV

∫
F
λ(x)|x|s−1dx.

3. If χ is unramified and Re(s) ≤ 0, −π
log q

< Im(s) ≤ π
log q

, and s 6= 0, let Γ1(s) be

the extension of Γ1 by analytic continuation.

Next, we state a lemma from [Sal98, Lemma 10.2], and a theorem [Sal98, The-

orem 10.3] that gives the values for the Gamma function. In particular, it is shown

in [Sal98] that the principal value integrals in Definition 1.1.1 converge.

Lemma 1.1.18. Let χ be a ramified character with ramification degree h ≥ 1. If

|u| 6= qh then ∫
O×

λ(ux)χ(x)dx = 0.

Theorem 1.1.19. Let χ = χ∗| · |s be a character of F×.

1. If χ is ramified of degree h ≥ 1, then there exists Cχ∗ ∈ C such that Γχ∗(s) =

Cχ∗q
h(s− 1

2
), where |Cχ∗| = 1 and Cχ−1

∗
Cχ∗ = χ∗(−1).

2. If χ is unramified (χ∗ = 1), and s 6= 0, then

Γ1(s) =
1− qs−1

1− q−s
.

3. For all nontrivial characters χ except for χ(x) = |x|, Γχ∗(s) = χ∗(−1)Γχ−1
∗

(s̄),

and Γχ∗(s)Γχ−1
∗

(1− s) = χ∗(−1), and so Γχ∗(s)Γχ∗(1− s̄) = 1.
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Another closely related function that will appear later in this thesis is the p-adic

Bessel function. Next, we define this function, and state a theorem taken from [Sal98,

Theorem 10.12 and 10.13], which gives us the values for the Bessel function.

Definition 1.1.20. For a unitary character χ : F× → C× and u, v ∈ F×, the Bessel

function Jχ(u, v) is defined as follows:

Jχ(u, v) = PV

∫
F
λ(ux+ vx−1)χ(x)

dx

|x|
.

Theorem 1.1.21. Let χ be a non-trivial unitary character of F× and u, v ∈ F×. If

χ is unramified and |uv| ≤ q, or if χ is ramified of degree h and |uv| ≤ qh, then

Jχ(u, v) = χ(v)Γ(χ−1) + χ−1(u)Γ(χ).

Note that we only include the cases that will be used in this thesis. The original

theorem gives the values of the Bessel function completely.

1.1.3 Smooth Representations

A complex representation (π, V ) of a locally profinite group G is a group homomor-

phism π : G→ Aut(V ), where V is a complex vector space. Throughout this thesis,

all representations of locally profinite groups are over complex vector spaces.

Definition 1.1.22. A representation (π, V ) of G is smooth if, for every v ∈ V , there

exists a compact open subgroup K of G (depending on v) such that π(g)v = v, for all

g ∈ K.

Example 1.1.23. A character of G is a smooth one-dimensional representation of

G.

For every subgroup H of G, let V H denote the subspace of H-fixed vectors. That

is, V H is the space of all v ∈ V such that π(g)v = v, for all g ∈ H. Therefore, (π, V )

is smooth if and only if V is the union of its K-fixed spaces, where K ranges over the

compact open subgroups of G.
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Definition 1.1.24. A smooth representation (π, V ) is admissible if V K is finite-

dimensional, for each compact open subgroup K of G.

Definition 1.1.25. Given two smooth representations (π1, V1) and (π2, V2) of G, an

intertwining operator f : V1 → V2 is a linear map that commutes with the action of

G, that is,

f ◦ π1(g) = π2(g) ◦ f ∀g ∈ G.

The space of all intertwining operators from π1 to π2 is denoted by HomG(π1, π2). We

say π1 and π2 are equivalent or isomorphic if there exists a bijective linear map in

HomG(π1, π2).

Definition 1.1.26. A representation (π, V ) of G is called irreducible if V admits no

non-trivial G-stable subspaces.

The next lemma, shows that all of the intertwining operators from an irreducible

representation to itself are multiples of the identity operator.

Lemma 1.1.27 (Schur’s Lemma). If (π, V ) is an irreducible smooth representation

of G, then EndG(V ) := HomG(π, π) ∼= C.

It follows directly from Schur’s lemma that if (π, V ) is an irreducible representa-

tion of G, then the center of G acts by a character. We call this character the central

character of π.

A smooth representation of a locally profinite group G is not necessarily G-

semisimple; that is, it might not be completely decomposable into a direct sum of

its irreducible constituents. However, (π, V ) is K-semisimple for any compact open

subgroup K of G. More precisely, we have the following proposition, proven in [BH06].

Proposition 1.1.28. Let G and K be a locally profinite group and an open compact

locally profinite group respectively. Then the following statements hold.

1. Every irreducible representation of K is finite-dimensional.
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2. If K ⊂ G, and (π, V ) is a smooth representation of G, then V is a direct sum

of its irreducible K-subspaces.

3. If G is abelian, any irreducible smooth representation of G is one-dimensional.

Let (σ,W ) be a smooth representation of a closed subgroup H of G. Define

IndGHσ to be the vector space of functions f : G→ W satisfying

• f(hg) = σ(h)f(g) for all h ∈ H and g ∈ G,

• there exists a compact open subgroup K of G, depending on f , such that

f(gx) = f(g) for all x ∈ K and g ∈ G.

We construct a representation of G over the vector space IndGHσ by letting G act

by right translation. That is, (g · f) (x) = f(xg) for all x, g ∈ G, f ∈ IndGHσ. By

definition, the G-representation IndGHσ is a smooth representation of G.

Definition 1.1.29. Define the induced representation of G by σ to be the space

IndGHσ together with the right translation action of G.

Remark 1.1.30. When G is unimodular, sometimes it is beneficial to consider the

normalized induction IndGHδ
1/2
H σ instead, where δH is the modular character of H. Set

indGHσ := IndGHδ
1/2
H σ.

Remark 1.1.31. It is customary to use IndGHσ to indicate the induction space to-

gether with the right translation action. There are instances in this document where

we consider the vector space IndGHσ (or indGHσ) together with a different action. To

avoid confusion, only in those instances, we will denote the vector space by E(IndGHσ)

(or E(indGHσ)).

Lemma 1.1.32. Let G be a locally profinite group and let H be a closed subgroup of

G such that H\G is compact. Let (σ, V ) be an admissible representation of H. Then

IndGHσ is admissible.
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Proof: Let K0 be an open compact subgroup of G. We want to show that

(IndGHσ)K0 is finite-dimensional. Since H\G is compact, the double coset space

H\G/K0 is finite. Let {g1, . . . , gr} be a set of double coset representatives ofH\G/K0.

Every g ∈ G can be written as g = hgik for some 1 ≤ i ≤ r, h ∈ H and k ∈ K0.

Hence, for all f ∈ (IndGHσ)K0 ,

f(g) = f(hgik) = f(hgi) = σ(h)f(gi),

so f is uniquely determined by its values on {g1, . . . , gr}, which are vectors in V .

Consider the compact open subgroup H ∩ giK0g
−1
i of G. Observe that for h ∈

H ∩ giK0g
−1
i , we have h = gikg

−1
i for some k ∈ K0 and hence hgi = gik. Therefore

σ(h)f(gi) = f(hgi) = f(gik) = f(gi).

Therefore, f(gi) ∈ V H∩giK0g
−1
i . Note that since σ is admissible, for 1 ≤ i ≤ r,

V H∩giK0g
−1
i is finite-dimensional. Hence the image of gi under f is in a finite-dimensional

subspace of V . Therefore,
(
IndGHσ

)K0
is spanned by finitely many functions.

For a representation π of G and a subgroup H of G, we denote the restriction of π to

H by ResHπ. The next proposition [BH06, Proposition 2.4], which relates induction

and restriction, gives a fundamental property of the induced representations.

Proposition 1.1.33 (Frobenius Reciprocity). Let H be a closed subgroup of G. For

a smooth representation (σ,W ) of H and a smooth representation (π, V ) of G, we

have the following isomorphism:

HomG(π, IndGHσ) ∼= HomH(ResHπ, σ).

For a subgroup H of a group G and x ∈ G, set Hx = {x−1hx | h ∈ H}. If

(σ,W ) is a representation of H, the conjugate representation σx : Hx−1 → Aut(W )

defined by σx(g) = σ(x−1gx) is a representation of Hx−1
. The following proposition

is a version of a well-known result originally due to Mackey [Mac52].
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Theorem 1.1.34 (Mackey’s Theorem). Let G be a locally profinite group and let

H and L be closed subgroups of G such that L\G/H is finite. Let (σ,W ) be an

admissible representation of H and let S be a finite set of double coset representatives

for L\G/H. Then

ResLIndGHσ =
⊕
s∈S

IndL
Hs−1∩Lσ

s.

Next, we state a result that relates the intertwining maps between induced repre-

sentations of finite groups, with functions in the corresponding Hecke algebras. Hecke

algebras can be defined in the more general setting of locally profinite groups [BH06].

However, we only state the finite group version, which suffices for our purposes.

Definition 1.1.35. Let G be a finite group. Let H(G) be the vector space of all

functions φ : G→ C. For φ1, φ2 ∈ H(G), the convolution φ1 ∗ φ2, given by

(φ1 ∗ φ2)(g) =
1

|G|
∑
x∈G

φ1(x)φ2(x−1g), ∀g ∈ G,

equips H(G) with the structure of an associative C-algebra.

The algebra H(G) is isomorphic to the group algebra C[G].

Definition 1.1.36. Let L and H be subgroups of a finite group G and let ρ : L→ C

and χ : H → C be characters of L and H respectively. Define the vector space

H(L\G/H, ρ, χ) = {f : G→ C | f(lgh) = ρ(l)f(g)χ(h), l ∈ L, h ∈ H}.

Definition 1.1.37. For a subgroup L of a finite group G the Hecke algebra HL is

the pair (H(L\G/L, 1, 1), ∗).

The proof of the next proposition can be found in [Nev05, Proposition 3.2]

Proposition 1.1.38. Let L and H be subgroups of a finite group G and let ρ : L→ C

and χ : H → C be characters of L and H respectively. The intertwining operators

from IndGHχ to IndGLρ are given by convolution with functions in H(L\G/H, ρ, χ).
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Suppose the locally profinite group G is the group of F-rational points of a

reductive linear algebraic group defined over F (or more generally, a finite topological

covering of such a group, as for example the group described in Chapter 3). Let P

be a parabolic subgroup of G with unipotent radical N , Levi subgroup M and Levi

decomposition P = MN .

Definition 1.1.39. Let (π, V ) be a smooth representation of G. Define V (N) to be the

subspace of V generated by {π(n)v − v | n ∈ N, v ∈ V }. The space VN := V/V (N)

inherits a smooth representation πN of P/N = M . We call (πN , VN) the Jacquet

module of (π, V ) at N .

Later in this thesis, we generalize the notion of Jacquet module to non-linear

covers of a locally profinite group. The following lemma in taken from [BH06, Chapter

3.8].

Lemma 1.1.40. Let (π, V ) be a representation of G. Then a vector v ∈ V lies in

V (N) if and only if there exists a compact open subgroup N0 of N such that∫
N0

π(n)vdn = 0.

The next lemma is a direct implication of Proposition 1.1.33.

Lemma 1.1.41. Let (σ,W ) be a smooth representation of M . Extend σ trivially on

N to obtain a representation of P , and let (π, V ) be a smooth representation of G.

Then

HomG(π, IndGPσ) ∼= HomM(πN , σ). (1.1.2)

Next we prove some general representation theory facts that we will use later in

the thesis.

Lemma 1.1.42. Let A and B be locally profinite groups such that A ⊂ B. Moreover,

let χA and χB be characters of A and B respectively. The character χB occurs as a

constituent of IndBAχA if and only if ResAχB = χA.
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Proof: The character χB occurs in IndBAχA if and only if there exists an inter-

twining operator from χB to IndBAχA. By Frobenius reciprocity

HomB(χB, IndBAχA) ∼= HomA(ResAχB, χA).

Since ResAχB and χA are irreducible, it follows from Schur’s lemma that ResAχB =

χA.

Lemma 1.1.43. Let A and B be abelian groups such that A ⊂ B and [B : A] = l <

∞. Moreover, let χ be a character of A. Then IndBAχ decomposes as a direct sum of

l distinct characters.

Proof: Since B is abelian, the l-dimensional representation IndBAχ decomposes

into a direct sum of l characters. To see that the characters are distinct, note that

by Frobenius reciprocity,

HomB(IndBAχ, IndBAχ) ∼= HomA(ResAIndBAχ, χ).

By Mackey’s theorem

ResAIndBAχ =
⊕
s∈S

IndAA∩sAχ
s, (1.1.3)

where S is a set of coset representatives for B/A. Hence, |S| = l. Since B is abelian,

sA = A and χs = χ for all s ∈ S. Hence, (1.1.3) simplifies to χ⊕l. Therefore,

dim HomB(IndBAχ, IndBAχ) = dim HomA(χ⊕l, χ) = l.

So, IndBAχ decomposes as a direct sum of l distinct characters.



1. Background 14

1.2 Stone-von Neumann Theorem

The Stone-von Neumann theorem characterizes the irreducible representations of

Heisenberg groups in terms of their central characters. Here we state a version of

the Stone-von Neumann theorem based on [McN12]. Then we elaborate on the proof

given in the same paper. Note that one can see a variety of analogues of the Stone-von

Neumann theorem in the literature. The origins and development of the theorem as

well as its variants are discussed in [Ros04].

1.2.1 Definitions

Recall that for any group G, we define the lower central series of G inductively as

follows. Set

Z0(G) = {1}, Z1(G) = Z(G),

and for each i > 0, set Zi+1(G) to be the preimage in G of the centre of G/Zi(G)

under the natural projection. A group is called nilpotent if Zc(G) = G for some

integer c ≥ 0. The smallest such c is called the nilpotence class of G.

Definition 1.2.1. A Heisenberg group is defined to be any group with nilpotence class

two.

Let H be a Heisenberg group and let A be a maximal abelian subgroup of H.

Moreover, let χ′ be a character of A and let IndHAχ
′ = {f : H → C | f(ah) =

χ′(a)f(h) for all a ∈ A, h ∈ H} be the induced representation, where H acts by right

translation.

Theorem 1.2.2 (Stone-von Neumann). Let H be a Heisenberg group with center

Z(H) such that H/Z(H) is finite, and let χ be a character of Z(H). Suppose that

ker(χ) ∩ [H,H] = {1}. Then there is a unique (up to isomorphism) irreducible rep-

resentation π of H with central character χ. Let A be any maximal abelian subgroup

of H and let χ′ be any extension of χ to A. Then π ∼= IndHAχ
′.
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1.2.2 Some Lemmas

Lemma 1.2.3. A non-abelian group H is a Heisenberg group if and only if Z(H)

contains the commutator subgroup of H.

Proof: Observe that

Z(H/Z(H)) = {a ∈ H/Z(H) | [a, g] = 1 ∀g ∈ H/Z(H)}

= {a ∈ H/Z(H) | [a, g]Z(H) = Z(H) ∀g ∈ H and ∀a ∈ a}.

So, Z2(H) = {a ∈ H | [a, g] ∈ Z(H) ∀g ∈ H}. Suppose H is a Heisenberg group.

By definition, Z2(H) = H, which implies [a, g] ∈ Z(H) for all a, g ∈ H. That is,

[H,H] ⊆ Z(H). Conversely, [H,H] ⊆ Z(H) implies Z2(H) = H, which means H is

Heisenberg.

Lemma 1.2.4. Let A be a maximal abelian subgroup of a Heisenberg group H. Then

A is normal in H.

Proof: Note that [H,H] ⊆ Z(H) ⊆ A. Hence, for every h ∈ H and a ∈ A,

[h, a−1] = h−1aha−1 ∈ [H,H] ⊂ A, and therefore, h−1ah ∈ A.

Lemma 1.2.5. Let H, A and χ′ be as in the statement of Theorem 1.2.2. Suppose

M is an invariant subspace of IndHAχ
′, and let f be in M such that A ( Supp(f).

Then, there exists a function f ′ ∈M such that A ⊆ Supp(f ′) ( Supp(f).

Proof: Choose an element h ∈ Supp(f) \ A. If h commutes with all the elements

in A, then the subgroup generated by {h−1}∪A is abelian, which contradicts the max-

imality of A. Therefore, there exists a ∈ A such that [a, h−1] 6= 1. By Lemma 1.2.3,

[a, h−1] ∈ Z(H). Consider the function

f ′ = a · f − χ([a, h−1])χ′(a)f.
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Since M is H-invariant, f ′ is in M . Note that since A is a normal subgroup in H, for

all x ∈ H we have

a · f(x) = f(xa) = f(xax−1x) = χ′(xax−1)f(x).

Therefore, Supp(a · f) ⊆ Supp(f). Moreover, χ([a, h−1])χ′(a)f is a scalar multiple of

f and hence Supp(f ′) ⊆ Supp(f). Thus, proving that f ′(h) = 0 implies that Supp(f ′)

is strictly contained in Supp(f). Because hah−1 ∈ A, and χ′ is an extension of χ to

A, we have

χ([a, h−1])χ′(a) = χ′(a−1)χ′(hah−1)χ′(a) = χ′(hah−1).

and hence,(
a · f − χ([a, h−1])χ′(a)f

)
(h) = χ′(hah−1)f(h)− χ′(hah−1)f(h) = 0.

So, f ′ vanishes on h which shows its support is strictly smaller than that of f . More-

over, for any a′ ∈ A, we have

f ′(a′) = f(a′a)− χ([a, h−1])f(aa′) =
(
1− χ([a, h−1])

)
f(aa′)

is nonzero, because A ⊆ Supp(f) and [a, h−1] /∈ ker(χ) as ker(χ) ∩ [H,H] = {1}.

Therefore, A ⊆ Supp(f ′).

Lemma 1.2.6. Let H be as in the statement of Theorem 1.2.2, and let (π, V ) be an

irreducible representation of H. Then π is finite-dimensional.

Proof: Let B = {h1, . . . , hm} be a complete set of representatives of H/Z and let

v ∈ V be a non-zero vector. Set B = {π(hi)v | hi ∈ B}, and let W be the subspace of

V spanned by B. Let χ be the central character of π. Every element v0 of W can be

expressed as
∑m

i=1 λiπ(hi)v where λi ∈ C. For all h ∈ H and v0 ∈ W we have

π(h)v0 = π(h)
m∑
i=1

λiπ(hi)v =
m∑
i=1

λiπ(hhi)v =
m∑
j=1

λiπ(hjizj)v,
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for hji ∈ B and some zj ∈ Z(H). So,

π(h)v0 =
m∑
j=1

λ′jπ(hj)v,

where λ′j = λjχ(zj). So, W is a non-trivial H-invariant subspace of V . Since π is

irreducible, it implies that W = V . Hence, V is at most m-dimensional.

1.2.3 Proof of the Stone-von Neumann Theorem

Proof: Let π be an irreducible representation of H with central character χ.

By Lemma 1.2.6, π is finite-dimensional. The restriction ResHAπ has an irreducible

constituent χ′, that is one-dimensional, because A is abelian, and χ′|Z(H) = χ. Let φ

be the projection homomorphism from ResHAπ to χ′. Then φ is a non-trivial element

in HomA(ResHAπ, χ
′). By Frobenius reciprocity,

HomA(ResHAπ, χ
′) ∼= HomH(π, IndHAχ

′).

Therefore, there exists a non-trivial φ′ ∈ HomH(π, IndHAχ
′). Note that ker(φ′) is a

proper invariant subspace of the irreducible π and hence trivial. Therefore, Im(φ′)

is a non-trivial H-invariant subspace of IndHAχ
′. We want to show that φ′ is an

isomorphism, and all we need to show is that IndHAχ
′ is irreducible. Define a function

fA : H → C by

fA(x) =

χ
′(x) if x ∈ A,

0 otherwise.

Evidently, fA ∈ IndHAχ
′ and the one-dimensional vector space F = CfA is a subspace

of IndHAχ
′. Moreover, it is not difficult to see that H · fA generates IndHAχ

′. Let

M be a non-trivial H-invariant subspace of IndHAχ
′. We show that M intersects F

non-trivially and thus contains it. Choose a non-zero f ∈ M . After replacing f by
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h ·f for some h ∈ H, we can assume that f(1) 6= 0, so A ⊆ Supp(f). If A 6= Supp(f),

by Lemma 1.2.5, there exists a f ′ ∈ M such that A ⊆ Supp(f ′) ( Supp(f). By

continuing this process, in each step one coset of A in H is eliminated from the

support of the resulting function. Since |H/A| is finite, we can find a function in M

whose support is equal to A and hence is in F . Because F is one-dimensional, this

implies F ⊆M . Hence, since M is H-invariant, H ·fA ⊆M . Therefore, M = IndHAχ
′.

Hence, IndHAχ
′ ∼= π.

Next, we show that π is the unique representation of H, up to isomorphism, with

central character χ. Precisely, for any extension χ′′ of χ to A, we have IndHAχ
′′ ∼= π.

Let χ1 and χ2 be two distinct extensions of χ to A. Consider the function

χ1χ
−1
2 (a) =

χ1(a)

χ2(a)
.

This is a character of A. Note that ResZ(H)χ1 = ResZ(H)χ2 = χ. So χ1χ
−1
2 |Z(H) =

1, and hence, we can consider χ1χ
−1
2 as a character of A/Z(H). Because H is a

Heisenberg group, H/Z(H) is abelian and hence, its irreducible representations are

given by characters. So, χ1χ
−1
2 can be extended to a character of H/Z(H). By

Lemma 1.2.3, [H,H] ⊂ Z(H) so that the map

H/Z(H)×H/Z(H) → C

(h1Z(H), h2Z(H)) = χ([h1, h2])

is well-defined. Note that χ([h1, h2]) = 1 implies that [h1, h2] ∈ ker(χ) ∩ [H,H] = {1}.

For each x ∈ H/Z(H), define

χx : H/Z(H) → C

hZ(H) → χ([h, x]).

This gives all the characters ofH/Z(H). Therefore, the extension of χ1χ
−1
2 toH/Z(H)

should be equal to χx for some x. So χ1χ
−1
2 (a) = χx(a) = χ([a, x]), which implies
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that

χ1(a) = χ2(a)χ(a−1x−1ax)

= χ2(a)χ2(a−1)χ2(x−1ax) = χ2(x−1ax).

Hence, χ1 and χ2 are conjugate. Thus, the map T : IndHAχ1 → IndHAχ2 defined by

T (f)(h) = f(x−1h) is an H-intertwining operator, which implies IndHAχ1
∼= IndHAχ2.
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Chapter 2

Preliminaries

2.1 Central Extensions

Throughout this chapter, G and A denote groups such that A is abelian. Later on,

in the thesis, we will specialize to the case G = SL2(F), where F is a p-adic filed, and

A = µn, n ≥ 2 is the group of n-th roots of unity.

Definition 2.1.1. A central extension of G by A is a group G̃ that fits in the short

exact sequence

1→ A→ G̃→ G→ 1, (2.1.1)

where A, seen as a subgroup of G̃, maps into the centre of G̃.

Such a central extension need not be unique. In order to describe the structure of

the group G̃, we need to specify more data. To do so, there are two approaches. One

approach is to specify a “section” of G in G̃, and the other is to give a “2-cocycle” in

the second cohomology group of G with coefficients in A. We will describe the above

approaches and the link between them. First, let us give a few definitions.

Definition 2.1.2. A 2-cocycle, or a factor set, is a function β : G×G→ A satisfying

β(g2, g3)β(g1, g2g3) = β(g1, g2)β(g1g2, g3),

21
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for all g1, g2 and g3 in G. If a 2-cocycle β : G×G→ A is of the form

β(g1, g2) = s(g1)s(g2)s(g1g2)−1, for all g1, g2 ∈ G,

for a function s : G→ A, we say β is a 2-coboundary.

The set of 2-cocycles form a group under pointwise addition. The second coho-

mology group of G with coefficients in A, denoted by H2(G,A), is the quotient group

of 2-cocycles modulo the subgroup of 2-coboundaries.

Given the central extension

1→ A
i→ G̃

p→ G→ 1, (2.1.2)

a section is a map s : G → G̃, such that p ◦ s(g) = g for all g ∈ G. In fact, for any

g ∈ G, s chooses a class representative for As(g). Note that the section map s is not

required to send the identity element of G to the identity element of G̃. However, if

it does, it is called a normalized section. One can see that s(g1)s(g2) ∈ As(g1g2) for

all g1, g2 ∈ G and hence, there exists an element βs(g1, g2) in A such that s(g1)s(g2) =

βs(g1, g2)s(g1g2). It is straightforward to show that βs is, in fact, a 2-cocycle. If

s is normalized, its corresponding 2-cocycle satisfies βs(1, g) = βs(g, 1) = 1 for all

g ∈ G, and is called a normalized 2-cocycle. Moreover, β is independent from the

choice of section up to a 2-coboundary. That is, if s′ is another choice of section,

βs′(g1, g2) = βs(g1, g2)α(g1, g2), for all g1, g2 ∈ G, where α : G→ A is a 2-coboundary.

Therefore, to any central extension G̃ of G by A, we can associate a class in H2(G,A).

Remark 2.1.3. If the short exact sequence (2.1.2) is split, i.e., G̃ = G × A, then

there exists a section s : G → G̃, which is a group homomorphism. Moreover, the

corresponding cocycle βs is trivial.

Definition 2.1.4. We say two central extensions 1 → A
i1→ G̃

p1→ G → 1 and

1→ A
i2→ G̃′

p2→ G→ 1 are equivalent if there exists a group isomorphism φ : G̃→ G̃′
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such that the following diagram commutes.

1 // A
i1 //

id
��

G̃
p1 //

φ

G //

id
��

1

1 // A
i1 // G̃′

p1 // G // 1

As is expected, equivalent central extensions correspond to the same class in

H2(G,A).

Conversely, given a class in H2(G,A), we can construct the corresponding central

extension. It is not difficult to see that every 2-cocycle is equivalent to a normalized

2-cocycle. We assume that the given class is represented by a normalized 2-cocycle

β.

Definition 2.1.5. Let β be a normalized 2-cocycle, and define G̃ to be G × A =

{(g, ζ)| g ∈ G, ζ ∈ A} as a set, and define the multiplication on G̃ by

(g1, ζ1)(g2, ζ2) = (g1g2, β(g1, g2)ζ1ζ2). (2.1.3)

Lemma 2.1.6. The set G̃ together with the multiplication given in (2.1.3) is a central

extension of G by A.

Proof: First, let us show that G̃ is a group. Since the 2-cocycle β is normalized,

the element (1, 1) ∈ G×A is the identity element of G̃. Also, it is easy to check that

for all (g, a) ∈ G̃, (g, a)−1 = (g−1, β(g, g−1)−1a−1). Let (gi, ai), i = 1, 2, 3 be three

elements of G̃. We compute

((g1, a1)(g2, a2)) (g3, a3) = (g1g2, β(g1, g2)a1a2)(g3, a3)

= (g1g2g3, β(g1, g2)β(g1g2, g3)a1a2a3)

= (g1g2g3, β(g2, g3)β(g1, g2g3)a1a2a3) by 2-cocycle property

= (g1, a1)(g2g3, β(g2, g3)a2a3)

= (g1, a1) ((g2, a2)(g3, a3)) .
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Thus, G̃ is a group. The maps

i : A→ G̃, a 7→ (1, a), (2.1.4)

and

p : G̃→ G, (g, a) 7→ g. (2.1.5)

are group homomorphisms, and so

1→ A
i→ G̃

p→ G→ 1 (2.1.6)

is a short exact sequence. To see i(A) is central in G̃, let g̃ = (g, a′) be an arbitrary

element of G̃. Then by (2.1.3), since β is normalized and A is abelian, we have

(1, a)(g, a′) = (g, β(1, g)aa′) = (g, β(g, 1)a′a) = (g, a′)(1, a).

Hence, i(A) is central in G̃. By Definition 2.1.1, G̃ is a central extension of G by A.

Remark 2.1.7. Suppose G and A are topological groups. In order to obtain a

topological covering, it suffices for the 2-cocycle β to be continuous in a neighbourhood

of the identity.

Note that if β : G×G→ A is the trivial map, the construction in Definition 2.1.5

gives us the group G × A. In fact, every function in the identity class of H2(G,A)

results in a central extension equivalent to G× A, which we call a trivial extension.

For any subgroup H of G, H̃ := p−1(H) is a subgroup of G̃, and in fact a central

extension of H by A:

1→ A
i→ H̃

p→ H → 1. (2.1.7)

Definition 2.1.8. The central extension splits over H if H̃ ∼= A×H; that is β|H×H
is a 2-coboundary. The map s : H → A satisfying β(g1, g2) = s(g1)s(g2)s(g1g2)−1 is

called a splitting map.
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If β|H×H = 1, we say the central extension splits trivially over H.

Lemma 2.1.9. Let H be a subgroup of G such that the central extension splits over

H via the splitting map s. Then H̃ ∼= H × A via the isomorphism given by

φ : H̃ → H × A

(h, a) 7→ (h, s(h)a).

Proof: First we show that φ is a group homomorphism. Let (h1, a1), (h2, a2) ∈ H̃;

then

φ ((h1, a1), (h2, a2)) = φ ((h1h2, β(h1, h2)a1a2))

= φ
(
(h1h2, s(h1)s(h2)s(h1h2)−1a1a2)

)
= (h1h2, s(h1)s(h2)a1a2)

= (h1, s(h1)a1)(h2, s(h2)a2)

= φ ((h1, a1))φ ((h2, a2)) .

It is easy to see that φ is surjective. If (h, a) ∈ ker(φ) then h = 1 and s(1)a = 1.

The identity 1 = β(1, 1) = s(1)s(1)s(1)−1 implies that s(1) = 1, and hence a = 1.

Therefore, φ is an isomorphism.

2.2 The n-th Hilbert Symbol

Let F be a p-adic field. Let n ≥ 2 be an integer. Recall that q = |O/p|. Throughout

the rest of the document, we assume that n|q − 1.

The n-th Hilbert symbol is a map ( , )n : F× × F× → µn. The following proposi-

tions list the fundamental properties of the n-th Hilbert symbol as well as a formula

to calculate the symbol. For more detail on the n-Hilbert symbol, including the

definition and the proof of the following propositions, see [Ser79b, Ch XIV].
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Proposition 2.2.1. For every α, β, γ in F×, the following properties hold:

(i) (α, βγ)n = (α, β)n(α, γ)n.

(ii) (αβ, γ)n = (α, γ)n(β, γ)n.

(iii) (α,−α)n = 1.

(iv) (α, 1− α)n = 1 whenever α 6= 1.

(v) (α, β)n = 1⇔ β is the norm of an element in the extension F(α1/n)/F.

(vi) (α, β)n(β, α)n = 1.

(vii) (α, β)n = 1 for every α ∈ F× if and only if β ∈ F×n.

Since n|q − 1, µn ⊆ κ× and we have the following easy formula for the n-th

Hilbert symbol, proven in [Ser79b].

Proposition 2.2.2. Let a and b be in F×. Then,

(a, b)n = (c̄)
q−1
n ,

where

c = (−1)val(a)val(b)a
val(b)

bval(a)

and c̄ denotes the image of c in κ×.

Remark 2.2.3. Note that val(c) = 0, and therefore ( , )n is well-defined.

Remark 2.2.4. Note that n|q − 1 if and only if µn ⊂ F and (p, n) = 1. The n-th

Hilbert symbol is defined, and the properties in Proposition 2.2.1 hold, if F contains

µn. However, the formula given in Proposition 2.2.2 holds only if n|q − 1.

Next, we calculate some useful identities, which are easy to see via Proposi-

tions 2.2.1 and 2.2.2, and that we use frequently in the computations involving the

n-th Hilbert symbol.
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Corollary 2.2.5. Let α and β be in F×. Then the following identities hold:

(i) (α, 1)n = (1, α)n = 1.

(ii) (α, β)−1
n = (α, β−1)n = (α−1, β)n.

(iii) (β, α−1)n = (α, β)n.

(iv) (α−1, β−1)n = (α, β)n.

(v) (α, α)2 = 1.

(vi) (α+β
α
, α+β

β
)n = 1.

Proof: Part (i) follows from parts (i) and (ii) in Proposition 2.2.1. Part (ii)

follows from applying part (i) of Proposition 2.2.1: (α, β)n(α, β−1)n = (α, 1)n which

is equal to one by (i). To see (iii), note that (β, α−1)n = (β, α)−1
n by (ii), and that

(β, α)−1
n = (α, β)n by (vi) of Proposition 2.2.1. Part (iv) is a direct implication of (iii),

and (v) is a consequence of (vi) in Proposition 2.2.1. Finally, to see part (vi), set

γ = 1 + β
α

. Then,
(
α+β
α
, α+β

β

)
n

=
(
γ, γ

γ−1

)
n

= (γ,−γ)n(γ, 1− γ)n, which equals one

by Proposition 2.2.1.

Lemma 2.2.6. Let α, β ∈ F× be such that α + β ∈ F×. Then

(α, β)(−βα−1, α + β) = 1.

Proof: By (iv) and (i) in Proposition 2.2.1 we have

1 =

(
−β
α
, 1 +

β

α

)
n

=

(
−β
α
,
α + β

α

)
n

=

(
−β
α
, α + β

)
n

(
−β
α
,

1

α

)
n

.

Note that (
−β
α
,

1

α

)
n

=

(
β,

1

α

)
n

(
− 1

α
,

1

α

)
n

= (β, α)n
−1 = (α, β)n.
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And hence the result.

Lemma 2.2.7. The following equalities hold.

(i) (α, β)n = 1 whenever α, β ∈ O×.

(ii) (α, β)n = 1 whenever α ≡ 1 mod p, and β ∈ F×.

Proof: If α, β ∈ O×, then val(α) = val(β) = 0, so the value of c in Propo-

sition 2.2.2 is 1 and hence (α, β)n = 1. Note that for α ∈ 1 + p and β ∈ F×,

c = (−1)0(1 +$x)val(β) for some x ∈ O, and hence c̄ = (1 +$x)val(β) = 1 mod p.

When n is odd, the Hilbert symbol has additional nice properties as follows.

Lemma 2.2.8. Let n > 2 be an odd integer. For each α, β ∈ F×, write α = $val(α)α0

and β = $val(β)β0, where α0, β0 ∈ O× and $ is the uniformizing element. Then the

following identities hold:

(i) ($,$)n = 1,

(ii) (α,$)n = (α0, $)n = α0
q−1
n ,

(iii) (α, β)n = ($, β0)
val(α)
n ($,α0)

−val(β),
n

(iv) (α, α)n = 1.

Proof: Since n is odd, it follows that q−1
n

is even. This implies ($,$)n = 1. To

see part (ii), note that by Proposition 2.2.1, (α,$)n = ($,$)
val(α)
n (α0, $)n, which is

(α0, $)n by part (i), and applying the formula in Proposition 2.2.2 gives (α0, $)n =

α0
q−1
n . Similarly, (α, β)n decomposes as

(α0, β0)n($val(α), β0)n(α0, $
val(β))n($val(α), $val(β))n. (2.2.1)
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Observe that, because α0, β0 ∈ O×, (α0, β0)n = 1, and by part (i) ($val(α), $val(β))n =

1. So, by Proposition 2.2.1, (2.2.1) simplified to ($, β0)
val(α)
n ($,α0)

−val(β)
n , and hence

part (iii). Finally, observe that by part (iii), (α, α)n = ($,α0)
val(α)
n ($,α0)

−val(α)
n = 1.

Remark 2.2.9. If n is even, then ($,$)n = ±1 depending on the parity of q−1
n

, and

hence the analogous identities given in Lemma 2.2.8 are

(i) ($,$)n = (−1)
q−1
n

(ii) (α,$)n = (−1)
q−1
n

val(α)(α0, $)n

(iii) (α, β)n = (−1)
q−1
n

val(α)val(β)($, β0)
val(α)
n ($,α0)

−val(β)
n

(iv) (α, α)n = (−1)
q−1
n

val(α).

Finally, let us state the Hensel’s lemma [Kna07, Corollary 6.29], and demonstrate

some applications of it that will be useful later in this thesis. Recall that a is a simple

root of a polynomial f(X) if f(a) = 0 and f ′(a) 6= 0.

Lemma 2.2.10. Let f(X) be a polynomial in O[X]. If f̄(X) is the reduced polynomial

with coefficients in O/p and ā is a simple root of f̄(X), then f(X) has a simple root

a in O whose image in O/p is ā.

Lemma 2.2.11. The group 1 + p is a subgroup of F×n.

Proof: Let α ∈ 1 + p. Consider the polynomial f(X) = Xn − α ∈ O[X]. Note

that f(1) = 0 mod p and, since (n, p) = 1, f ′(1) 6= 0 mod p. Hence, by Hensel’s

lemma, f(X) has a root in O and hence α is an n-th power.

Lemma 2.2.12. The index [O× : O×n] is n.
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Proof: Consider the homomorphism φ : O× → O×n. Note that ker(φ) = {x ∈

O×| xn = 1}. The equation f(X) := Xn − 1 = 0 has (n, q − 1) solutions in the cyclic

group κ×, which is equal to n under our assumption of n|q − 1. Let x̄ ∈ κ× be any

root of f(X). Note that f ′(x̄) = nx̄n−1 6= 0, since (n, p) = 1. Hence, by Hensel’s

lemma, there exists a unique x ∈ O×, such that f(x) = 0. Hence, | ker(φ)| = n.

Therefore, [O× : O×n] = | ker(φ)| = n.

Remark 2.2.13. If n is even, then one can similarly see that [O× : O×
n
2 ] = n

2
.



Chapter 3

Construction of Covering Groups

of SL2(F) and GL2(F)

From now until the end of part I of this thesis, we assume that F is a p-adic field,

and n > 2 is an integer such that n|q − 1. Set n = n if n is odd and n = n
2

if n is

even. Set G = SL2(F) and G′ = GL2(F). Let I2 denote the 2 × 2 identity matrix,

set dg(t) :=
(
t 0
0 t−1

)
, dg(s, t) := ( s 0

0 t ), ut(m) := ( 1 m
0 1 ), and lt(m) = ( 1 0

m 1 ) for all

s, t ∈ F×, and m ∈ F and set w = ( 0 1
−1 0 ). Moreover, for matrices X and Y , with Y

invertible, let XY := Y −1XY and YX := Y XY −1 denote the conjugations of X by

Y .

In Section 3.1, we present Kubota’s 2-cocycle for G [Kub67] and G′ [Kub69],

which leads to the construction of their n-fold covering groups G̃ and G̃′ respectively.

In Section 3.2 and 3.3, we describe the structure of certain subgroups of G̃ and G̃′.

31
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3.1 Construction

3.1.1 Covering Groups of SL2(F)

Define the map β : G×G→ µn by

β(g1,g2) =

(
X(g1g2)

X(g1)
,
X(g1g2)

X(g2)

)
n

, (3.1.1)

where ( , )n denotes the n-th Hilbert symbol, and

X

 a b

c d

 =

c if c 6= 0

d otherwise.

Note that X(g) 6= 0 for every g ∈ G, so β is well-defined. The following propo-

sition is the main result in Kubota’s 1967 paper [Kub67].

Proposition 3.1.1. The map β is a 2-cocycle that is not a 2-coboundary, and it

determines an n-fold topological covering group of G.

It is known that there exists a unique non-trivial n-fold cover of G [Moo68]. We

denote the n-fold topological covering of G constructed via the 2-cocycle β by G̃.

Recall from Definition 2.1.5 that G̃ = G× µn = {(g, ζ)| g ∈ G and ζ ∈ µn} as a set,

and the multiplication in G̃ is given by by

(g1, ζ1)(g2, ζ2) = (g1g2, β(g1,g2)ζ1ζ2),

for all g1,g2 ∈ G and ζ1, ζ2 ∈ µn. Moreover, recall that the n-fold covering group G̃

fits into the exact sequence

0→ µn
i→ G̃

p→ G→ 0, (3.1.2)

where the group homomorphisms i and p are defined to be i(ζ) = (1, ζ) and p (g, ζ) =

g for all ζ ∈ µn and g ∈ G.
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Lemma 3.1.2. The identity element in G̃ is (I2, 1). Moreover, for g = ( a bc d ) ∈ G

and ζ ∈ µn, the inverse of (g, ζ) ∈ G̃ given by

(g, ζ)−1 =

(g−1, ζ−1), if c 6= 0

(g−1, (a, d)nζ
−1), otherwise.

Proof: The first statement follows from observing that for all g ∈ G, β(I2,g) =

β(g, I2) = 1. Note that g−1 =
(
d −b
−c a

)
. If c 6= 0 then we compute the 2-cocycle

β(g,g−1) =
(
c−1,−c−1

)
n

= (c,−c)n = 1.

So (g, ζ)−1 = (g−1, ζ−1). If c = 0, then

β(g,g−1) = (d−1, a−1)n = (d, a)n.

Hence, (g, ζ)(g−1, (a, d)nζ
−1) = (I2, (a, d)n(d, a)nζζ

−1) = (I2, 1).

3.1.2 Covering Groups of GL2(F)

In 1969, Kubota extended the map β to a 2-cocycle β′ for G′ in [Kub69]. Here, we

describe the construction of β′. For each x ∈ F× and g = ( a bc d ) ∈ G, define

v(x,g) :=

1, if c 6= 0;

(x, d)n, otherwise.

Note that v(1,g) = 1. Let us identify F× as a subgroup of G′ by {ȳ :=
(

1 0
0 y

)
| y ∈

F×}. Then F× nG ∼= G′ via (y,g) 7→ ȳg. For each y ∈ F×, define the map

φy : G̃ → G̃

(g, ζ) 7→ (gȳ, v(y,g)ζ).
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It is proved in [Kub69], using a case-by-case argument, that the map

F× → Aut(G̃)

y 7→ φy

is well-defined and, indeed, a group homomorphism. Hence, it defines a semi-direct

product F× nφ G̃, with multiplication given by

(y1, (g1, ζ1))(y2, (g2, ζ2)) = (y1y2, (g1, ζ1)(gȳ12 , v(y1,g2)ζ2)), (3.1.3)

for y1, y2 ∈ F×,g1,g2 ∈ G and ζ1, ζ2 ∈ µn. The group F×nφ G̃ is an n-fold topological

covering of G′ via the map (y, (g, ζ)) 7→ ȳg. The 2-cocycle β′ associated to this

covering arises in transforming the group structure of F×nφ G̃ to the set G′× µn via

the bijections

(y, (g, ζ)) 7→ (ȳg, ζ) (3.1.4)

(det(g′), (a(g′)g′, ζ)) ←[ (g′, ζ),

where a(g′) :=
( 1 0

0 det−1(g′)

)
, so a(g′)g′ ∈ G.

A straightforward calculation yields the map β′ : G′ ×G′ → µn given by

β′ (g1,g2) = β
(
a(g2) (a(g1)g1) , a(g2)g2

)
v (det(g2), a(g1)g1) , (3.1.5)

where β is the Kubota 2-cocycle for G defined in (3.1.1). Note that β′ restricted to

G×G coincides with β. Denote this n-fold covering group of G′ associated β′ by G̃′;

so, G̃′ = G′ × µn as a set, and the multiplication is given by twisting with β′.

Kubota proved the following proposition directly in [Kub69].

Proposition 3.1.3. The map β′ is a 2-cocycle that is not a 2-coboundary, and it

determines an n-fold covering group of G′.

The covering group G̃′ fits into the exact sequence

0→ µn
i′→ G̃′

p′→ G′ → 0, (3.1.6)
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where i′ and p′ are group homomorphisms defined by i′(ζ) = (1, ζ) and ρ′ (g, ζ) = g

for all ζ ∈ µn and g ∈ G′.

Lemma 3.1.4. The identity element in G̃′ is (I2, 1). Moreover, for g = ( a bc d ) ∈ G′

and ζ ∈ µn, the inverse of (g, ζ) ∈ G̃′ is

(g, ζ)−1 =

(g−1, ζ−1) if c 6= 0(
g−1,

(
a det(g), d det(g)−1)

n
ζ−1
)

otherwise.

Proof: It is not difficult to see that β′(I2,g) = β′(g, I2) = 1, which implies that

(I2, 1) is the identity element in G̃′. Note g−1 = det(g)−1( d −b
−c a

)
. Let us calculate

β′(g,g−1) using the definition of β′ in (3.1.5). Observe that

a(g−1) (a(g)g) = ga(g) =

 a b det(g)−1

c d det(g)−1

 ,

and

a(g−1)g−1 =

 d det(g)−1 −b det(g)−1

−c a

 .

Hence, by (3.1.1),

β
(
a(g−1) (a(g)g) , a(g−1)g−1

)
=

(c,−c)n = 1, if c 6= 0

(d det(g)−1, a)n, otherwise.

Moreover, observe that

a(g)g =

 a b

c det(g)−1 d det(g)−1

 .

Therefore, v (det(g−1), a(g)g) is 1 if c 6= 1, and is (det(g−1), d det(g−1))n otherwise.

The result follows, as in the proof of Lemma 3.1.2, by noting that(
d det(g)−1, a

)
n

(
det(g−1), d det(g−1)

)
n

=
(
d det(g)−1, a det(g)

)
n
.
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Remark 3.1.5. Note that because β′ extends β, certain properties of β can be

deduced from those of β′. For instance, Lemma 3.1.2 is a special case of Lemma 3.1.4.

3.2 Maximal Toral Subgroups

3.2.1 Tori of S̃L2(F)

Definition 3.2.1. Let T = {dg(t) | t ∈ F×} be the standard maximal torus in G.

Define the metaplectic torus T̃ of G̃ to be the inverse image of T under the projection

map p in (3.1.2).

We will see shortly that T̃ is not abelian, however, with an abuse of notation, we

call it a torus for the covering group G̃. The group multiplication of the metaplectic

torus T̃ can be simplified as follows.

Lemma 3.2.2. Let (dg(t1), ζ1) and (dg(t2), ζ2) be in T̃ . Then

(dg(t1), ζ1) (dg(t2), ζ2) = (dg(t1t2), (t2, t1)nζ1ζ2) ,

and

(dg(t), ζ)−1 = (dg(t−1), (t, t)nζ
−1).

Proof: The key is to calculate the cocycle β (3.1.1) on toral elements:

β (dg(t1), dg(t2)) =

(
(t1t2)−1

t−1
1

,
(t1t2)−1

t−1
2

)
n

=
(
t−1
2 , t−1

1

)
n

= (t2, t1)n,

for all t1, t2 ∈ T . The inverse formula follows directly from that for G̃ given in

Lemma 3.1.2, and Proposition 2.2.1, which states that (t, t−1)n = (t, t)n.

Lemma 3.2.3. The group T̃ is commutative if and only if n = 2.
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Proof: Lemma 3.2.2 implies that T̃ is commutative if and only if (t2, t1)n = (t1, t2)n

for all t1, t2 ∈ F×, which, by Proposition 2.2.1, is equivalent to (t2, t1)2
n = 1, for all

t1, t2 ∈ F×. Let ζ denote the primitive n-th root of unity, and choose t1 and t2 such

that (t2, t1)n = ζ. Hence, ζ2 = 1, which implies n = 2.

Corollary 3.2.4. The central extension G̃ does not split over T , for n > 2.

Proof: If the central extension were to split over T then we would have T̃ = T×µn,

which is an abelian group.

Proposition 3.2.5. The group T̃ is a Heisenberg group.

In order to prove Proposition 3.2.5, first we need to calculate the commutator

subgroup [T̃ , T̃ ] of T̃ . For elements (dg(t1), ζ1) and (dg(t2), ζ2) in T̃ , their commutator

is

[(dg(t1), ζ1), (dg(t2), ζ2)] = (dg(t1), ζ1)−1(dg(t2), ζ2)−1(dg(t1), ζ1)(dg(t2), ζ2).

Note that by Lemma 3.2.2,

(dg(t1), ζ1)−1(dg(t2), ζ2)−1 = (dg(t−1
1 t−1

2 ), (t2, t1)n(t1, t1)n(t2, t2)nζ1ζ2).

So, [(dg(t1), ζ1), (dg(t2), ζ2)] is equal to

(
I2, (t1t2, t

−1
1 t−1

2 )n(t2, t1)n(t1, t1)n(t2, t2)n(t2, t1)n
)
,

which, using the properties of Hilbert symbol in Propositions 2.2.1 and 2.2.5, simplifies

to (I2, (t2, t1)2
n) .

Lemma 3.2.6. The commutator subgroup [T̃ , T̃ ] is isomorphic to µn.
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Proof: It follows from the formula for the Hilbert symbol in Proposition 2.2.2

that, as t2 and t1 range over F×, (t2, t1)n exhaust µn. Therefore,

[T̃ , T̃ ] = 〈(1, ζ2) | ζ ∈ µn〉,

which is isomorphic to µn when n is odd and to µn
2

when n is even.

Proof: (of Proposition 3.2.5)

By Lemma 3.2.6, the commutator subgroup of T̃ is central in T̃ . Hence, Lemma 1.2.3

implies that T̃ is a Heisenberg group.

We know that µn in central in T̃ . Next we calculate the centre of T̃ precisely.

Lemma 3.2.7. The centre of T̃ is

Z(T̃ ) = {(dg(t), ζ)| t ∈ F×n, ζ ∈ µn}.

Proof: If t ∈ F×n, then t2 ∈ F×n and hence by Proposition 2.2.1, (t2, t′)n = 1

for all t′ ∈ F×. On the other hand, the same proposition implies that (t2, t′)n =

(t, t′)n(t′, t)−1
n . Hence, (t, t′)n = (t′, t)n for all t′ ∈ F×, which by Lemma 3.2.2 implies

(dg(t), ζ) ∈ Z(T̃ ) for any ζ ∈ µn.

Conversely, let (dg(t), ζ) ∈ Z(T̃ ). Then, by Lemma 3.2.2, (t, t′)n = (t′, t)n for

all t′ ∈ F×, as above we conclude that (t, t′)2 = (t2, t′) = 1 for all t′ ∈ F×. Proposi-

tion 2.2.1 then implies that t2 ∈ F×n, so, there exists an x ∈ F× such that t2 = xn.

If n is even, then t2−xn = t2−x2n = (t−xn)(t+xn) = 0. This implies t = ±xn.

Let ξ be a primitive n-th root of unity in µn ⊂ F. Then, −1 = ξn is an n-th power

and hence, in either case, t ∈ F×n.

Now suppose that n = 2m+1, for some integer m. Without loss of generality, we

can assume that x and t are in O (since one can multiply both sides of the equation

t2 = xn by $2nk for a suitable choice of k). We will show that the polynomial

f(X) = Xn − t has a root in O and hence, t ∈ On. Let t̄ and x̄ denote the images of
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t and x in the residue field. Thus we have

1 = t̄(q−1) = t̄ 2( q−1
2

) = x̄ n( q−1
2

) = x̄( q−1
2

)2mx̄( q−1
2

) = x̄
q−1
2 .

So, because κ× is a cyclic group, there exists ȳ ∈ κ× such that x̄ = ȳ2. So we have,

t̄2 − x̄n = t̄2 − ȳ2n = (t̄− ȳn)(t̄+ ȳn) = 0.

Hence, t̄ = ȳn or t̄ = −ȳn = (−ȳ)n. That means the polynomial f(X) has a root

α = −ȳ or α = ȳ in κ. Note that f ′(α) = nα 6= 0 in κ, since (n, p) = 1. By Hensel’s

Lemma 2.2.10, f(X) admits a solution in O. Hence, t is an n-th power in O.

Lemma 3.2.8. The index of Z(T̃ ) in T̃ is n2.

Proof: It is clear from Lemma 3.2.7 that [T̃ : Z(T̃ )] = [F× : F×n]. Because

F× ∼= O× × Z, [F× : F×n] = [O× × Z : O×n × nZ] = n[O× : O×n], which is equal to

n2 by Lemma 2.2.12.

Remark 3.2.9. Set T n := {dg(t) | t ∈ F×n}, and let T̃ n = {(dg(t), ζ) |t ∈ F×n, ζ ∈

µn} ⊂ T̃ . This is equal to Z(T̃ ) if n is odd, but is of index 4 in Z(T̃ ) if n is even. It

follows directly from Lemma 3.2.2 and Proposition 2.2.1 that the central extension G̃

splits trivially over T n. That is, T̃ n ∼= T n × µn.

3.2.2 Tori of G̃L2(F)

Definition 3.2.10. Let T ′ = {dg(s, t) | s, t ∈ F×} be the standard maximal torus

in G′. Define the metaplectic torus T̃ ′ of G̃′ to be the inverse image of T ′ under p′

in (3.1.6).

The following lemma gives the simplified formulas for calculation in T̃ ′.
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Lemma 3.2.11. Let g1 = dg(s1, t1) and g2 = dg(s2, t2) be in T ′. Then

(g1, ζ1)(g2, ζ2) = (g1g2, (s1, t2)nζ1ζ2)

and

(g1, ζ1)−1 = (g−1
1 , (s1, t1)nζ

−1).

Proof: We calculate β′ by applying (3.1.5) to g1 and g2. Note that a(g2) (a(g1)g1) =

dg(s1, s
−1
1 ), a(g2)g2 = dg(s2, s

−1
2 ), and v (det(g2), a(g1)g1) = (s2t2, s

−1
1 )n. Hence,

β′(g1, g2) = (s2, s1)n(s2t2, s
−1
1 ) = (s2, s1)n(s2, s

−1
1 )n(t2, s

−1
1 )n = (s1, t2)n. The second

statement is a direct result of Lemma 3.1.4.

Remark 3.2.12. Note that it follows that T̃ ′ is not abelian, and hence the central

extension G̃′ does not split over T ′.

Proposition 3.2.13. The commutator subgroup [ T̃ ′, T̃ ′] is the central subgroup µn,

and so T̃ ′ is a Heisenberg group.

Proof: Let g1 = dg(s1, t1) and g2 = dg(s2, t2). Then

[(g1, ζ1), (g2, ζ2)] = (g1
−1, (s1, t1)nζ1

−1)(g2
−1, (s2, t2)nζ2

−1)(g1, ζ1)(g2, ζ2)

= (I2, (s1, t2)2
n(s1, t1)n(s2, t2)n).

Suppose s1 = 1. Then (s1, t2)2
n(s1, t1)n(s2, t2)n = (s2, t2)n and (s2, t2)n exhaust µn

as s2 and t2 range over F×. Hence, [ T̃ ′, T̃ ′] = {(I2, ζ) | ζ ∈ µn} = i(µn). Hence,

[ T̃ ′, T̃ ′] is central in G̃′ and because Z(G̃′) ⊆ Z( T̃ ′), Lemma 1.2.3 implies that T̃ ′ is

a Heisenberg group.

Lemma 3.2.14. The centre of T̃ ′ is

Z( T̃ ′) = {(dg(s, t), ζ) | s, t ∈ F×n, ζ ∈ µn}.
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Proof: It follows from Lemma 3.2.11 that (dg(s1, t1), ζ1) ∈ Z( T̃ ′) if and only if

(s1, t)n(t1, s)n = 1 for all s, t ∈ F×, which implies that s1 and t1 are in F×n .

Lemma 3.2.15. The index of Z( T̃ ′) in T̃ ′ is n4.

Proof: Note that [ T̃ ′ : Z( T̃ ′)] = [F× : F×n][F× : F×n]. The rest of the argument

is similar to the proof of Lemma 3.2.8.

Set T ′n = {dg(s, t) | s, t ∈ F×n}, so Z( T̃ ′) = p′−1(T ′n). It follows from Lemma 2.2.7

that the central extension G̃′ splits trivially over T ′n.

3.3 Structure Theory

3.3.1 Some Subgroups of S̃L2(F)

Our first subgroups of interest are coverings of the standard Borel subgroup in G.

Definition 3.3.1. Let B := {( t m
0 t−1 ) | t ∈ F×,m ∈ F} denote the standard Borel

subgroup of G, and N = {ut(m) | m ∈ F} be its unipotent radical. Define the

metaplectic Borel B̃ = p−1(B), where p is the projection map in (3.1.2). Also, let

Ñ = p−1(N). So, B̃ = {(b, ζ) | b ∈ B, ζ ∈ µn} and Ñ = {(ut(m), ζ) | m ∈ F, ζ ∈

µn}.

Let b1 =
(
t1 m1

0 t−1
1

)
and b2 =

(
t2 m2

0 t−1
2

)
for t1, t2 ∈ F×, and m1,m2 ∈ F. It is not

difficult to see that

(b1, ζ1)(b2, ζ2) = (b1b2, (t2, t1)nζ1ζ2).

Lemma 3.3.2. The central extension splits G̃ trivially over N .

Proof: From (3.1.1), it is easy to see that β|N×N = 1, and hence the central

extension splits trivially over N . That is Ñ ∼= N × µn via the identity map.
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We can therefore identify N as a subgroup of Ñ as follows:

N ∼= (ut(m), 1) | m ∈ F ⊂ Ñ

Lemma 3.3.3. The subgroup B̃ is the semidirect product of T̃ and N .

Proof: First let us show that N (seen as a subgroup of Ñ) is invariant under

conjugation by T̃ . Let (dg(t), ζ) ∈ T̃ and (ut(m), 1) ∈ N .

(
dg(t−1), (t, t)ζ−1

)
(ut(m), 1) (dg(t), ζ) =

(
ut(mt−2), (t, t)(t, t−1)ζ−1ζ

)
=

(
ut(mt−2), 1

)
∈ N.

Moreover, the Levi decomposition B = TN in G implies t m

0 t−1

 , ζ

 = (dg(t), ζ)
(
ut(mt−1), 1

)
,

for all t ∈ F× and m ∈ F, and hence B̃ = T̃N . The result follows from observing that

T̃ ∩N = {I2}.

Next, we describe a family of compact open subgroups of G̃. Let K = SL2(O) be a

maximal compact subgroup of G and let K̃ denote the inverse image of K under p.

The following proposition is proven in [Kub69]. 1

Proposition 3.3.4. The central extension G̃ splits over K. Moreover, the splitting

function s : K → µn is

s

 a b

c d

 =

(c, d)n 0 < val(c) <∞

1 otherwise.

(3.3.1)

1Proposition 3.3.4 only holds when (n, p) = 1, which is implied by our assumption of n|q − 1.
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In other words, Proposition 3.3.4 states that K̃ ∼= K × µn, where the isomor-

phism is given by

K̃ → K × µn (3.3.2)

(k, ζ) 7→ (k, s(k)ζ).

The inverse image of K in K̃ under the isomorphism (3.3.2) is the subgroup

K̃0 := {(k, s(k)−1) | k ∈ K}

of K̃. Recall from Example 1.1.4 that the congruent subgroups

Kj := {g ∈ K | g ≡ I2 mod pj}, j ≥ 1,

are compact open in G, and give a fundamental system of open neighbourhoods of I2.

Lemma 3.3.5. The central extension K̃ splits trivially over each of the subgroups

Kj, j ≥ 1, T ∩K and B ∩K.

Proof: Let k = ( a bc d ) ∈ Kj. Since d ∈ 1 + p, s(k) = (c, d)n = 1 by Lemma 2.2.7.

On the other hand, it follows directly from (3.3.1) that if k ∈ B ∩K (or T ∩K) then

s(k) = 1. Thus, in all these cases, the splitting is trivial.

Remark 3.3.6. We identify Kj
∼= Kj × {1}, j ≥ 1, B ∩ K ∼= (B ∩K) × {1} and

T ∩K ∼= (T ∩K)× {1} as subgroups of K̃.

Remark 3.3.7. The open compact subgroups Kj, j ≥ 1 give a fundamental system

of open neighbourhoods of the identity. Hence, G̃ is a locally profinite group.

Let Ĩ = {
(

( a bc d ) , ζ
)
∈ K̃ | c ∈ p, a, b, d ∈ O} be the inverse image of Iwahori

subgroup of G in G̃. The next lemma verifies that the well-known decompositions of

G hold for G̃.
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Lemma 3.3.8. Let N, T̃ , B̃, K̃0 and Ĩ be the subgroups of G̃′ as defined above, and

w̃ := (w, 1). Then the following decompositions hold.

(i) G̃ = NT̃K̃0, the Iwasawa decomposition,

(ii) K̃ = Ĩw̃Ĩ ∪ Ĩ,

(iii) G̃ = B̃w̃B̃ ∪ B̃, the Bruhat decomposition,

(iv) K̃ = (B̃ ∩ K̃)w̃(N ∩ K̃) ∪ Ĩ.

Proof: Let (g, ζ) ∈ G̃. By the Iwasawa decomposition for G, g = ntk for some

n ∈ N, t ∈ T and k ∈ K. We can write

(g, ζ) =
(
n, 1
)(

t, ζs(k)β−1(nt,k)
)(

k, s(k)−1
)
,

where s is the splitting map in Proposition 3.3.4. This proves the Iwasawa decompo-

sition for G̃. The rest can be seen via the decomposition

(

 a b

c d

 , ζ) = (ut(ac−1), 1)(dg(−c−1), ζ)w̃(ut(dc−1), 1).

for (( a bc d ) , ζ) in G̃, c 6= 0.

We normalize the Haar measure µG̃ of G̃ so that µG̃(K̃) = 1. Under this assumption,

using the decompositions in Lemma 3.3.8, we compute the measure of Ĩ and (B̃ ∩

K̃)w̃(N ∩ K̃), which will be used in Chapter 5.

Lemma 3.3.9. If µG̃(K̃) = 1 then µG̃(Ĩ) = 1
q+1

and µG̃

(
(B̃ ∩ K̃)w̃(N ∩ K̃)

)
= q

q+1
,

where q is the size of the residue field.

Proof: Let us first calculate the measure of the Iwahori subgroup Ĩ. Let p

be the canonical projection of K̃ onto SL2(O/p). Then Ĩ is the inverse image of

I := {
( (

a b
0 a−1

)
, ζ
)
| a ∈ κ×, b ∈ κ, ζ ∈ µn}. Therefore, [SL2(O/p) : I] = [K̃ : Ĩ].
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Therefore, µ(Ĩ) = [K̃ : Ĩ]
−1

= [SL2(O/p) : I]−1. By elementary counting, we get

|I| = q(q − 1) and |SL2(O/p)| = q(q − 1)(q + 1). So we have µG̃(Ĩ) = 1
q+1

. It follows

from Lemma 3.3.8 that µG̃(B̃ ∩ K̃)w̃(N ∩ K̃) = q
q+1

.

In Chapter 4, we will apply the Stone-von Neumann Theorem 1.2.2 to the Heisen-

berg group T̃ in order to investigate its irreducible representations. To do so, we need

to identify a maximal abelian subgroup A of the Heisenberg group T̃ . Lemma 3.3.5

implies that T̃ ∩ K̃ is abelian; however, it does not contain Z(T̃ ), whence is not max-

imal. Nonetheless, if the centralizer of T̃ ∩ K̃ in T̃ , CT̃ (T̃ ∩ K̃), is abelian, it is a

maximal abelian subgroup (see below) and we could choose A to be CT̃ (T̃ ∩ K̃).

Lemma 3.3.10. The centralizer CT̃ (T̃ ∩K̃) is {(dg(a), ζ) | a ∈ F×, n|val(a), ζ ∈ µn}.

Moreover, [T̃ : CT̃ (T̃ ∩ K̃)] = n.

Proof: If (dg(a), ζ) ∈ T̃ commutes with every (dg(t), ζ ′) ∈ T̃ ∩ K̃, we have

(t, a)n = (a, t)n and hence (t, a)2
n = 1 for all t ∈ O×. Applying the formula in

Definition 2.2.2

1 = (t, a)2
n = tval(a)

2( q−1
n

)
.

Therefore, it must be the case that for odd n, n | val(a) and for even n, n
2
| val(a).

The argument is reversible.

Moreover, for every (dg(t), ζ) ∈ T̃ , t = u$val(t), u ∈ O×, and val(t) = nr + i,

where 0 ≤ i < n. It is easy to verify that

(dg(t), ζ) =
(
dg(u$rn), (u$rn, $i)nζ

) (
dg($i), 1

)
.

Hence, {(dg($i), 1) | 0 ≤ i < n} is a complete set of coset representatives for CT̃ (T̃ ∩

K̃) in T̃ and hence, [T̃ : CT̃ (T̃ ∩ K̃)] = n.

Let a1 = (dg(u1$
nr1), ζ1) and a2 = (dg(u2$

nr2), ζ2) denote two typical elements in

CT̃ (T̃ ∩ K̃), where u1, u2 ∈ O×, r1, r2 ∈ Z and ζ1, ζ2 ∈ µn.
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Lemma 3.3.11. The subgroup CT̃ (T̃ ∩ K̃) is a maximal abelian subgroup of T̃ .

Proof: By the multiplication formula in Lemma 3.2.2, a1 and a2 in CT̃ (T̃ ∩ K̃)

commute if (u2$
nr2 , u1$

nr1)2
n = 1. Using the properties of the Hilbert symbol, we

have

(u2$
nr2 , u1$

nr1)2
n = (u2, $

r1)2n
n ($r2 , u1)2n

n ($r2 , $nr1)2n
n = 1.

Hence, CT̃ (T̃ ∩K̃) is abelian. To see that it is maximal, note that T̃ ∩K̃ ⊂ CT̃ (T̃ ∩K̃).

Hence, if x ∈ T̃ commutes with every element in CT̃ (T̃ ∩ K̃), it commutes with T̃ ∩ K̃

and hence is in CT̃ (T̃ ∩ K̃).

Set A := CT̃ (T̃ ∩ K̃). It is not hard to see from the multiplication formula in

Lemma 3.2.2 that β (dg(u1$
nr1), dg(u2$

nr2)) = 1 when n = n. However, when

n = n
2
, β (dg(u1$

nr1), dg(u2$
nr2)) = ±1 depending on the the parity of n

2
. Hence,

the central extension splits trivially over A for odd n. However, that is not always

true for even n.

The next lemma gives us a better picture of the structure of A and Z(T̃ ) when

n is even. Set

S := {
(
dg($nk), ζ

)
| k ∈ Z}.

Lemma 3.3.12. Suppose n is even. Then Z(T̃ ) ∼= O×n × S and A ∼= O× × S.

Proof: Let us identify O× with the subgroup {(dg(a), 1) | a ∈ O×} of A. It is not

difficult to see that S and O are (normal) subgroups of A. Let
(
dg(u$nk), ζ

)
∈ A,

where u ∈ O×. Observe that(
dg(u$nk), ζ

)
= (dg(u), 1)

(
dg($nk), (u,$nk)ζ

)
.

Hence, A = O×S. Moreover, O× ∩ S = {(I2, 1)}. Similarly, O×n ∼= {(dg(an), 1) | a ∈

O×} and Z(T̃ ) = O×nS and O×n ∩ S = {(I2, 1)}. Hence, under these identifications,

one can see that Z(T̃ ) ∼= O×n × S and A ∼= O× × S.

Figure 3.1 gives an inclusion diagram of the subgroups of A.
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A
n

T̃ ∩ K̃
n

Z(T̃ )

Z(T̃ ) ∩ K̃

Figure 3.1: Inclusion diagram of the subgroups of T̃ , the symbols on the lines

are the indices of subgroups: [A : Z(T̃ )] = [T̃ ∩ K̃ : Z(T̃ ∩ K̃)] = n.

Lemma 3.3.13. The quotient A/Z(T̃ ) is isomorphic to T̃ ∩ K̃/(Z(T̃ ) ∩ K̃).

Proof: Observe that A = Z(T̃ )(T̃ ∩K̃) and Z(T̃ )∩K̃ =
(
T̃ ∩ K̃

)
∩Z(T̃ ). Hence,

the result is a direct consequence of the second isomorphism theorem.

3.3.2 Some Subgroups of G̃L2(F)

The standard Borel subgroup B̃′ of G̃′ and its unipotent radical Ñ ′ are defined anal-

ogously to those for G̃. One can show similarly that the central extension splits

trivially over N ′ and hence N ′ can be identified with a subgroup of Ñ ′. It is not

difficult to see that B̃′ is semi-direct product of T̃ ′ and N ′.

Let K̃ ′ denote the inverse image of the maximal compact subgroup K ′ = GL2(O)

of G′. It is proved by Kubota [Kub69] that the central extension of G′ splits over K ′

via the splitting map 2

s

 a b

c d

 =

(c, d det(g))n if 0 < val(c) <∞

1 otherwise.

(3.3.3)

It follows from this formula that the central extension splits trivially over B′∩K ′ and

T ′∩K ′. Moreover, as in Lemma 3.3.5, one can identify the congruence subgroups K ′j,

2This result only holds when (n, p) = 1, which is implied by our assumption of n|q − 1.
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j ≥ 1, of K ′ as subgroups of K̃ ′. Set A′ := C
T̃ ′( T̃

′ ∩ K̃ ′), the centralizer of T̃ ′ ∩ K̃ ′

in T̃ ′.

Proposition 3.3.14. The group A′ is a maximal abelian subgroup of T̃ ′. Further-

more, A′ = {(dg(s, t), ζ) | s, t ∈ F×, n|val(s), n|val(t)}, and [ T̃ ′ : A′] = n2.

Proof: Let (dg(s1, t1), ζ1) be in A′. Then (dg(s1, t1), ζ1) commutes with all

(dg(s, t), ζ) in T̃ ′ ∩ K̃ ′. Therefore, for all s, t ∈ O×, (s1, t)n(t1, s)n = 1. That is,

tval(s1)
q−1
n sval(t1)

q−1
n = 1,

for all s, t ∈ O×, which implies that val(s1) and val(t1) are both divisible by n. The

reverse argument is trivial. It follows directly from the multiplication formula that

A′ is abelian and by an argument similar to the one in the proof of Lemma 3.3.11, A

is a maximal abelian subgroup of T̃ ′.

Moreover, similar to Lemma 3.3.10, one can see that {(dg($i, $j), 1) | 0 ≤ i, j <

n} is a complete set of coset representatives for A′ in T̃ ′ and hence, [ T̃ ′ : A′] = n2.

It is not difficult to see that, regardless of the parity of n, A′ splits trivially. Also, as

with T̃ , A′/Z( T̃ ′) ∼= T̃ ′ ∩ K̃ ′/(Z( T̃ ′) ∩ K̃ ′).



Chapter 4

K-Types of Principal Series

Representations of S̃L2(F) and

G̃L2(F)

Recall that G = SL2(F) and G′ = GL2(F). In this chapter, we first present the

construction of the principal series representations of G̃ and G̃′ following [McN12].

We then go on to study the K-types of these representations.

The restriction of a smooth representation of G̃ and G̃′ to a maximal compact sub-

group decomposes as a direct sum of irreducible representations (Proposition 1.1.28).

The study of this decomposition, which is called the K-type problem, is motivated by

a similar problem in the case of irreducible representations of real reductive groups.

In the case of the linear p-adic groups, this problem has been solved for the principal

series representations of GL(3) [CN09, CN10, OS14], and SL(2) [Nev05, Nev11], rep-

resentations of GL(2) [Cas73] and supercuspidal representations of SL(2) [Nev13]. In

this chapter, we solve the K-type problem for the principal series representations of

G̃ and G̃′. Our main result is Theorem 4.4.19, which gives a complete decomposition

of the restriction to K̃ of the principal series representations of G̃ into irreducible

49
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constituents, together with their multiplicities.

We continue assuming that n|q− 1. Set n = n if n is odd and n = n
2

if n is even.

Moreover, set ι(t) = (dg(t), 1) for all t ∈ F×. We denote the elements of the linear

group G by boldface font style, for example g ∈ G; elements of the covering group G̃

by typewriter font style, for example g ∈ G̃; and those of the p-adic field F in roman

font style, for example t ∈ F.

4.1 Principal Series Representations of S̃L2(F) and

G̃L2(F)

In this section, we apply the Stone-von Neumann Theorem 1.2.2 in order to construct

irreducible representations of T̃ and T̃ ′. These are used to construct principal series

representations of G̃ and G̃′ respectively. We are only interested in those representa-

tions of G̃ (G̃′) that do not factor through representations of G (G′), which we call

genuine representations. To that end, let us fix a faithful character ε : µn → C. We

consider only those representations of G̃ (G̃′) where the central subgroup µn acts by ε.

In particular, a character of Z(T̃ ) (Z( T̃ ′)) is called genuine if its subgroup µn acts by

ε. Recall that A = CT̃ (T̃ ∩ K̃) and A′ = C
T̃ ′( T̃

′∩ K̃ ′) are maximal abelian subgroups

of T̃ and T̃ ′ respectively.

Proposition 4.1.1. Genuine irreducible smooth representations ρ and ρ′ of T̃ and T̃ ′

are classified by genuine smooth characters of Z(T̃ ) and Z( T̃ ′) respectively. Moreover,

dim(ρ) = n and dim(ρ′) = n2.

Proof: Let χ and χ′ denote genuine characters of Z(T̃ ) and Z( T̃ ′) respectively.

Recall that by Propositions 3.2.5 and 3.2.13, T̃ and T̃ ′ are Heisenberg groups. By

Lemma 3.2.6 and Proposition 3.2.13, the commutator subgroups [T̃ , T̃ ] and [ T̃ ′, T̃ ′]

are equal to µn, where χ and χ′ act by a faithful character ε. Thus, ker(χ) ∩ [T̃ , T̃ ]

and ker(χ′) ∩ [ T̃ ′, T̃ ′] are both trivial. So, the Stone-von Neumann theorem applies.
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Let χ0 and χ′0 be any extensions of χ and χ′ to A and A′ respectively. We

apply the Stone-von Neumann Theorem 1.2.2 to construct unique smooth genuine

representations (ρ, IndT̃Aχ0) and (ρ′, Ind T̃ ′

A′χ
′
0) of T̃ and T̃ ′ with central characters χ

and χ′ respectively. Note that a basis for the space IndT̃Aχ0 (Ind T̃ ′

A′χ
′
0) consists of

functions with support on distinct cosets of A in T̃ (A′ in T̃ ′). By Lemma 3.3.10,

and Proposition 3.3.14, [T̃ : A] = n, and [ T̃ ′ : A′] = n2. Hence, dim(ρ) = n and

dim(ρ′) = n2.

The genuine principal series representations of G̃ are defined in [McN12] as follows.

Let ρ be a genuine smooth irreducible representation of T̃ extended trivially over N

to a representation of B̃ = T̃ n N . The genuine principal series representation of G̃

associated to ρ is defined to be IndG̃
B̃
ρ. These principal series representations are not

always irreducible; we investigate this question in Chapter 5.

Remark 4.1.2.

• Note that we use the same notation ρ for both a representation of T̃ and its

trivial extension to B̃.

• One defines the genuine principal series representations of G̃′ in the same way,

by starting with a genuine smooth irreducible representation ρ′ of T̃ ′.

• We may drop the adjective “genuine” for simplicity. It should be understood

that all the representations of the covering groups we consider are genuine,

unless otherwise stated.

4.2 Branching Rules for ResK̃Ind
G̃
B̃
ρ

Let χ be a character of Z(T̃ ) and let χ0 be a fixed extension of χ to A. Let ρ := ρχ be

the unique smooth genuine representation of T̃ with central character χ. The main

goal in this section is to decompose ResK̃IndG̃
B̃
ρ into irreducible constituents.
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Recall from Lemma 3.3.10 that a typical element ofA can be written as (dg(a$rn), ζ),

where a ∈ O×, r ∈ Z, and a typical element of T̃ ∩ K̃ can be written as (dg(a), ζ),

a ∈ O×, ζ ∈ µn. Define the character

ϑ : F× → µn (4.2.1)

a 7→ ($, a)n.

Observe that by Lemma 2.2.7, ϑ is ramified of degree one. Set ϑO× := ϑ|O× .

Lemma 4.2.1. Let ρ be the unique smooth genuine representation of T̃ with central

character χ. Then

ResAρ ∼=
n−1⊕
i=0

χi,

where the χi are n distinct characters of A defined by

χi (dg(a$nr), ζ) = χ0

(
dg(a$nr), ϑ2i

O×(a)ζ
)
,

for all a ∈ O×, r ∈ Z, and 0 ≤ i < n.

Proof: By the Stone-von Neumann theorem, ρ ∼= IndT̃Aχ0. By Mackey’s theorem

ResAIndT̃Aχ0 =
⊕
s∈Sn

IndAA∩sAχ0
s,

where Sn is a complete set of coset representatives for A\T̃ /A. It is not difficult to

see that we can choose

Sn = {
(
dg($i), 1

)
| 0 ≤ i < n}.

Since A is stable under conjugation by Sn, IndAA∩sAχ0
s = χ0

s. Let (dg(a$rn), ζ) ∈ A,

and s = (dg($i), 1) ∈ Sn. Then

χ0
s ((dg(a$rn), ζ)) = χ0

(
s−1 (dg(a$rn), ζ) s

)
= χ0

((
dg($−i), ($i, $i)n

)
(dg(a$rn), ζ)

(
dg($i), 1

))



4. K-Types of Principal Series Representations of S̃L2(F) and G̃L2(F) 53

= χ0

((
dg(a$rn−i), (a$rn, $−i)n($i, $i)nζ

) (
dg($i), 1

))
= χ0

((
dg(a$rn), ($i, a$rn−i)n(a$rn, $−i)n($i, $i)nζ

))
= χ0

((
dg(a$rn), ($, a)2i

n ζ
))

= χ0

((
dg(a$rn), ϑ2i

O×(a)ζ
))
.

Denote this character by χi. To show that the χi, 0 ≤ i < n, are distinct, it is enough

to show that ϑ2i|O× = 1 if and only if i = 0. By Proposition 2.2.2

ϑ2i(a) = ($, a)n
2i = a−1

(q−1)2i
n ,

which is equal to 1 for all a ∈ O× if and only if n|2i. The result follows.

The characters χi defined in Lemma 4.2.1 are clearly distinct when restricted to

T̃ ∩ K̃ and, again writing χi for these restrictions,

ResT̃∩K̃ρ =

n−1⊕
i=0

χi. (4.2.2)

Figure 4.1 gives an inclusion diagram of the subgroups of interest to us. The symbols

on the arrows indicate the index of the group on the lower end of the line relative to

the one on the upper end.

Proposition 4.2.2. Let χi, 0 ≤ i < n, denote also the trivial extension of the

characters in (4.2.2) to B̃ ∩ K̃. Then

ResK̃IndG̃
B̃
ρ ∼=

n−1⊕
i=0

IndK̃
B̃∩K̃χi.

Proof: By Mackey’s theorem we have

ResK̃IndG̃
B̃
ρ ∼=

⊕
x∈X

IndK̃
xB̃x−1∩K̃ResxB̃x−1∩K̃ρ

x,
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T̃ � ρ

n

Z A
Z n

χi � T̃ ∩ K̃

n

Z(T̃ ) � χ

Z

Z(T̃ ) ∩ K̃

Figure 4.1: Inclusion diagram of the subgroups of T̃ . The symbols on the

lines indicate the indices, and the representation of each group is indicated

beside the �.

where X is a complete set of double coset representatives of K̃ and B̃ in G̃. The

Iwasawa decomposition K̃B̃ = G̃ implies that X = {(I2, 1)} and hence

ResK̃IndG̃
B̃
ρ = IndK̃

B̃∩K̃ResB̃∩K̃ρ,

which by (4.2.2) is equal to

IndK̃
B̃∩K̃

(
n−1⊕
i=0

χi

)
=

n−1⊕
i=0

IndK̃
B̃∩K̃χi.

Hence, in order to calculate the K-types, it is enough to decompose each IndK̃
B̃∩K̃χi,

0 ≤ i < n, into irreducible representations. Note that the induction space IndK̃
B̃∩K̃χi

is smooth and admissible: smoothness is a natural consequence of smooth induction

and admissibility comes from Lemma 1.1.32. Fix i ∈ {0, · · · , n−1}. The smoothness

of IndK̃
B̃∩K̃χi implies that

IndK̃
B̃∩K̃χi =

⋃
l≥1

(
IndK̃

B̃∩K̃χi
)Kl .
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Lemma 4.2.3. For every l ≥ 1,
(
IndK̃

B̃∩K̃χi
)Kl is a K̃-invariant finite-dimensional

subspace of IndK̃
B̃∩K̃χi.

Proof: By admissibility
(
IndK̃

B̃∩K̃χi
)Kl is finite-dimensional for every l ≥ 1 and

since Kl is normal in K̃, it is K̃-invariant.

Hence, to decompose IndK̃
B̃∩K̃χi into irreducible constituents, it is enough to decom-

pose each
(
IndK̃

B̃∩K̃χi
)Kl into irreducible constituents.

Definition 4.2.4. For any character γ of any subgroup D of T̃ , we say γ is primitive

mod m (or of depth m − 1) if m is the smallest strictly positive integer for which

ResD∩Kmγ = 1.

Note that by Lemma 2.2.11, Z(T̃ ) ∩ Km = T̃ ∩ Km, for all m ≥ 1. From now

on, let m ≥ 1 be a positive integer such that χ is primitive mod m. Note that since

χi|Z(T̃ ) = χ, χi|T̃∩Km = χ|Z(T̃ )∩Km . Hence, χ is primitive mod m if and only if the χi

for 0 ≤ i < n are primitive mod m.

Lemma 4.2.5. When 0 < l < m, we have
(
IndK̃

B̃∩K̃χi
)Kl = {0}.

Proof: Suppose that f is a vector in this space. Because χi
∣∣
B̃∩Kl

6= 1 for l < m,

we can choose b ∈ B̃ ∩Kl such that χi(b) 6= 1. Let g ∈ K̃. Note that Kl is normal in

K̃ and hence g−1bg ∈ Kl. On the one hand, f(bg) = χi(b)f(g); on the other hand,

f(bg) = f(gg−1bg) =
(
g−1bg

)
· f(g) = f(g),

since f is fixed by Kl. It follows that χi(b)f(g) = f(g). Our choice of b implies that

f(g) = 0 and because g is arbitrary, f = 0.

Define

B̃l := B̃ ∩ K̃/B̃ ∩Kl T̃ l := T̃ ∩ K̃/T̃ ∩Kl K̃ l := K̃/Kl. (4.2.3)

Note that the quotient groups B̃l, T̃ l and K̃ l are finite groups. Recall that χi is

primitive mod m.
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Lemma 4.2.6. The character χi factors through B̃l if and only if l ≥ m.

Proof: First note that χi is determined by its restriction to T̃ ∩ K̃. By Defini-

tion 4.2.4, χi|T̃∩K̃ is primitive mod m implies that χi|T̃∩Kl = 1 for l ≥ m. Hence, χi

factors through T̃ l. Conversely, because χi is primitive mod m, by Definition 4.2.4 if

χi is trivial on T̃ ∩Kl then l ≥ m.

We denote the quotient, if exists, by χ̄i; that is, χ̄i : B̃l → C is given via

χ̄i

 t̄ s̄

0 t̄−1

 , ζ

 = χi

t s

0 t−1

 , ζ

 ,

where t̄ and s̄ are images of t and s in O×/1 + pl and O/pl respectively.

Proposition 4.2.7. Assume l ≥ m. Then
(
IndK̃

B̃∩K̃χi
)Kl factors to a representation

of K̃ l isomorphic to IndK̃
l

B̃l
χ̄i.

Proof: Define the map

φ :
(
IndK̃

B̃∩K̃χi
)Kl → IndK̃

l

B̃l
χ̄i

f 7→ φ(f),

where φ(f) : K̃ l → C is given by gKl 7→ f(g). Let us show that φ is well-defined.

Suppose a = bg for some a, b ∈ K̃, and g ∈ Kl. Then

φ(f)(aKl) = f(a) = f(bg) = (g · f) (b).

Since f is fixed by Kl, we have

g · f(b) = f(b) = φ(f)(bKl),

so φ is well-defined. Note that φ is clearly injective. To see it is surjective suppose

f̄ ∈ IndK̃
l

B̃l
χ̄i. Define a function f : K̃ → C via g 7→ f̄(gKl). Observe that for every

b ∈ B̃ and g ∈ K̃,

f(bg) = f̄(bgKl) = χ̄i(bKl)f̄(gKl) = χi(b)f(g),
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and for k ∈ Kl and g ∈ K̃ we have,

k · f(g) = f(gk) = f̄(gkKl) = f(g).

Hence f ∈
(
IndK̃

B̃∩K̃χi
)Kl and φ(f) = f̄ . Moreover, to see that the map φ commutes

with the action of K̃ and K̃ l, observe that for g ∈ K̃ and aKl ∈ K̃ l,

φ(g · f)(aKl) = g · f(a) = f(ag) = φ(f)(agKl) = (gKl) · φ(f)(aKl).

Proposition 4.2.7 tells us that, in order to decompose (IndK̃
B̃∩K̃χi)

Kl into irre-

ducible constituents, it is enough to decompose IndK̃
l

B̃l
χ̄i. The latter, being a repre-

sentation of the finite group K̃ l, is completely reducible. Hence, we are interested in

counting the dimension of Hom(IndK̃
l

B̃l
χ̄i, IndK̃

l

B̃l
χ̄i). Let H := H(B̃l\K̃ l/B̃l, χ̄i, χ̄i) be

the Hecke algebra defined in Definition 1.1.36. By Proposition 1.1.38, it is readily

inferred that

dim Hom(IndK̃
l

B̃l
χ̄i, IndK̃

l

B̃l
χ̄i) = dimH(B̃l\K̃ l/B̃l, χ̄i, χ̄i). (4.2.4)

Hence, it suffices to count the dimension of H. A basis of H consists of functions

transforming on the left and right by χ̄i, with support on a double coset of B̃l in K̃ l.

Lemma 4.2.8. Suppose {gα}α∈Ω is a complete set of double coset representatives of

Bl in K l. Then {(gα, 1)} is a complete set of representatives for the double cosets of

B̃l in K̃ l.

Proof: Note that if (b, ζ)(gγ, 1)(b′, ζ ′) = (gβ, 1) for b,b′ ∈ Bl, ζ, ζ ′ ∈ µn and

γ, β ∈ Ω, then bgγb
′ = gβ. Hence, {(gα, 1)}α∈Ω represents distinct cosets. For an

arbitrary (k, ζ) ∈ K̃ l, there exists b,b′ ∈ K l such that bkb′ = gα for some double

coset representative gα. Set b = (b, β(b,k)−1ζ−1) and b′ = (b′, β(bk,b′)−1). Then

b(k, ζ)b′ = (gα, 1).
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So, the set {(gα, 1)}α∈Ω of representatives is complete.

Recall that w = ( 0 1
−1 0 ) and lt(m) = ( 1 0

m 1 ) for all m ∈ F. The complete set of

representatives for double cosets of Bl in K l

{I2, w, lt(x$
r) | x ∈ {1, ε}, 1 ≤ r < l}, (4.2.5)

where ε is a fixed non-square in O×/O×2
, is given in [Nev05]. Set w̃ := (w, 1) and

l̃t(m) := (lt(m), 1) for all m ∈ F. Lemma 4.2.8 implies that

{(I2, 1), w̃, l̃t(x$r) | x ∈ {1, ε}, 1 ≤ r < l} (4.2.6)

is a complete set of double coset representatives for B̃l in K̃ l. Recall that (T∩K)×{1}

is a subgroup of T̃ , which we identify with T ∩K. Set (T ∩K)2 := {dg(t2) | t ∈ O×}.

Moreover, set T l := {ι(t) | t ∈ O×/1 + pl} and (T l)2 := {ι(t2) | t ∈ O×/1 + pl}. It is

not difficult to see that T l and (T l)2 are subgroups of T̃ l.

Proposition 4.2.9. The dimension of H, l ≥ m, is

dimH =

1 + 2(l −m), if χi|(T∩K)2 6= 1;

2l, otherwise.

Proof: Assume l ≥ m. Recall from Definition 1.1.36 that f(bkb′) = χ̄i(b)f(k)χ̄i(b
′)

for all f ∈ H, b, b′ ∈ B̃l and k ∈ K̃ l. Hence, for every double coset representative x

in (4.2.6), there exists a function f ∈ H, with support on the double coset represented

by x if and only if bxb′ = x implies that χ̄i(bb
′) = 1 for all b, b′ ∈ B̃l. The set of such

double cosets parameterizes a basis for H. We now determine these double cosets.

Let

b = (b, ζ) =

t s

0 t−1

 , ζ

 and b′ = (b′, ζ ′) =

t′ s′

0 t′−1

 , ζ ′

 ,

where t, t′ ∈ O×/1 + pl, s, s′ ∈ O/pl and ζ, ζ ′ ∈ µn denote arbitrary elements of B̃l.
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The identity coset B̃l: A function f ∈ H has support on B̃l if and only if f(b) =

χ̄i(b), ∀b ∈ B̃l. So there is always a function with support on the identity coset,

namely f = χ̄i.

The coset of w̃: For b and b′ in B̃l,

bwb′ = w (4.2.7)

implies, via a quick calculation, that b = b′ = dg(t), for some t ∈ O×/1 + pl

and ζ ′ = ζ−1. Therefore,

χ̄i(bb
′) = χ̄i

(
(dg(t), ζ)(dg(t), ζ−1)

)
= χ̄i

(
dg(t2), (t, t)n

)
= χ̄i

(
dg(t2), 1

)
,

and so, H contains a function with support on this coset if and only if χ̄i(ι(t
2)) =

1 for all t ∈ O×/1 + pl, that is, if and only if χ̄i
∣∣
(T l)2

= 1. Finally, observe that

χ̄i
∣∣
(T l)2

= 1, l ≥ m, and 0 ≤ i < n if and only if χi|(T∩K)2 = 1. Suppose

χi|(T∩K)2 = 1, for some 0 ≤ i < n. We show that in this case, m = 1. Suppose

α ∈ 1 + p; consider f(X) = X2 − α. Observe that f(1) = 0 mod p, and

f ′(1) = 2(1) 6= 0 mod p. By Hensel’s lemma, f(X) has a root in O; that is

α ∈ O×2
. Therefore 1 + p ⊂ O×2

, which implies χi|T̃∩K1
= 1, so m = 1.

The coset of l̃t(x$r): For b and b′ in B̃l

b l̃t(x$r)b′ = l̃t(x$r) (4.2.8)

implies that tt′ ∈ 1 + pr and ζ = ζ ′−1. Therefore,

χ̄i(bb
′) = χ̄i(bb′, 1) = χ̄i(

 tt′ ts′ + st′−1

0 t−1t′−1

 , 1).

Note that
(
tt′ ts′+st′−1

0 t−1t′−1

)
∈ B̃ ∩Kr. Hence, χ̄i(bb

′) = 1 if and only if B̃ ∩Kr ⊆

ker(χi). The latter holds if and only if r ≥ m, since χi is primitive mod m.
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Now, let us summarize our result. There is always one function with support on the

identity coset, and 2(l −m) functions on cosets represented by l̃t(x$r), x ∈ {1, ε},

m ≤ r < l. If χi
∣∣
(T∩K)2

6= 1, no function in H has support on the double coset

represented by w̃, otherwise, there exists an additional function in H with support

on the double coset represented by w̃.

We elaborate on the condition χi|(T∩K)2 = 1 that appears in Proposition 4.2.9.

Lemma 4.2.10. For each 0 ≤ i < n, χi|(T∩K)2 = 1 if and only if χ0|(T∩K)2 = ε◦ϑ|−2i

O×2.

Proof: Let ι(s) ∈ (T ∩K)2, so s ∈ O×2
. By Lemma 4.2.1

χi(ι(s)) = χ0

(
dg(s), ϑ(s)2i

)
= χ0(ι(s))ε(ϑ(s)2i),

which is equal to 1 if and only if χ0|(T∩K)2 = ε ◦ ϑ|−2i

O×2 .

Lemma 4.2.11. If 4 - n then the characters ϑ|−2i

O×2, 0 ≤ i < n are distinct. Otherwise,

the ϑ−2i

O×2, 0 ≤ i < n
4
, are distinct; for n

4
≤ j < n

2
, ϑ−2j

O×2 = ϑ
−2(j−n

4
)

O×2 .

Proof: By definition of ϑ in (4.2.1), ϑ−2i(s) = 1 for all s ∈ O×2
if and only if

t2
(q−1)2i

n = 1 for all t ∈ O×, or equivalently when n|4i. Therefore, i = 0 unless 4|n, in

which case the equality holds for both i = 0 and i = n/4.

We summarize the result in the following corollary.

Corollary 4.2.12. For l > m, the l-level representations

W̃i,l := (IndK̃
B̃∩K̃χi)

Kl/(IndK̃
B̃∩K̃χi)

Kl−1

decompose into two inequivalent irreducible subrepresentations. The m-level represen-

tations (IndK̃
B̃∩K̃χi)

Km, 0 ≤ i < n, are irreducible except when m = 1 and there exists

0 ≤ k < n such that χ0|(T∩K)2 = ε ◦ ϑ−2k

O×2; in this case, we are in one of the following

situations:
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1. If 4 - n then (IndK̃
B̃∩K̃χi)

K1 is irreducible for all 0 ≤ i < n such that i 6= k, and

for i = k, it decomposes into two inequivalent irreducible constituents.

2. If 4|n then (IndK̃
B̃∩K̃χi)

K1 is irreducible for all 0 ≤ i < n such that i 6= k and

i 6= k + n
4

mod n, and for i = k or i = k + n
4

mod n, it decomposes into two

inequivalent irreducible constituents.

Proof: It follows from Proposition 4.2.7, (4.2.4) and Proposition 4.2.9, that for

l > m

dim Hom(W̃i,l, W̃i,l) = 2.

Hence, W̃i,l decomposes into two inequivalent irreducible subrepresentations. More-

over,

dim Hom(
(

IndK̃
B̃
χi

)Km
,
(

IndK̃
B̃
χi

)Km
) =

1, if χi
∣∣
(T∩K)2

6= 1

2, otherwise.

(4.2.9)

By Lemma 4.2.10, χi
∣∣
(T∩K)2

= 1 is equivalent to χ0|(T∩K)2 = ε ◦ ϑ−2i

O×2 , which also

implies that m = 1. Hence,
(

IndK̃
B̃
χi

)Km
is irreducible except when m = 1 and

χ0|(T∩K)2 = ε ◦ ϑ−2i

O×2 , where it decomposes into two irreducible constituents. If

the latter is the case, by Lemma 4.2.11, there is exactly one 0 ≤ i < n satisfy-

ing χ0|(T∩K)2 = ε ◦ ϑ−2i

O×2 if 4 - n, and there are exactly two 0 ≤ i < n satisfying

χ0|(T∩K)2 = ε ◦ ϑ−2i

O×2 if 4|n.

For each 0 ≤ i < n, let W̃+
i,l and W̃−

i,l denote two irreducible inequivalent spaces such

that W̃i,l
∼= W̃+

i,l⊕W̃
−
i,l, as in Corollary 4.2.12. This corollary can be rephrased directly

as follows:

Corollary 4.2.13. Assume l ≥ m. We can decompose ResK̃IndG̃
B̃
ρ as follows:

ResK̃IndG̃
B̃
ρ ∼=

n−1⊕
i=0

(
(IndK̃

B̃∩K̃χi)
Km ⊕

⊕
l>m

(
W̃+
i,l ⊕ W̃

−
i,l

))
.
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All the pieces are irreducible except when m = 1 and χ0|(T∩K)2 = ε ◦ ϑ−2i

O×2 for some

0 ≤ i < n then

1. If 4 - n then there is exactly one 0 ≤ i < n for which (IndK̃
B̃∩K̃χi)

K1 decomposes

into two irreducible constituents. All other constituents are irreducible.

2. If 4|n then there are exactly two 0 ≤ i, k < n, |i−k| = n
4

for which (IndK̃
B̃∩K̃χi)

K1

decomposes into two irreducible constituents. All other constituents are irre-

ducible.

Next we determine the multiplicity of each constituent in the decomposition in

Corollary 4.2.13. To do so, we count the dimension of

HomK̃l

(
IndK̃

l

B̃l
χ̄k, IndK̃

l

B̃l
χ̄i

)
.

By Proposition 4.2.7 and Proposition 1.1.38, it is enough to count the dimension of

the Hecke algebra H(B̃l\K̃ l/B̃l, χ̄k, χ̄i).

Proposition 4.2.14. Let l ≥ m and Hk,i = H(B̃l\K̃ l/B̃l, χ̄k, χ̄i), where 0 ≤ i, k < n.

Then dimHk,i is 2l − 1, if χ0|(T∩K)2 = ε ◦ ϑ−(k+i)

O×2

2(l −m), otherwise.

Proof: Similar to the proof of Proposition 4.2.9, we determine which double

cosets in B̃l\K̃ l/B̃l support a function in Hk,i. For every double coset representative

x in Lemma 4.2.8, there exists a function f ∈ Hk,i with support on the double coset

represented by x if and only if bxb′ = x, b, b′ ∈ B̃l, implies that χ̄k(b)χ̄i(b
′) = 1. Let

b = (b, ζ) = (( t s
0 t−1 ) , ζ) and b′ = (b′, ζ ′) =

((
t′ s′

0 t′−1

)
, ζ ′
)

be arbitrary elements of B̃l.

Because χk 6= χi, there is no function in Hk,i with support on the identity double

coset.

For the double coset of w̃, bw̃b′ = w̃ implies that b = b′ = dg(t), for some

t ∈ O×/1 + pl and ζ ′ = ζ−1. Therefore, χ̄k(b)χ̄i(b
′) = χ̄k (dg(t), ζ) χ̄i (dg(t), ζ−1)



4. K-Types of Principal Series Representations of S̃L2(F) and G̃L2(F) 63

equals

χ̄0

(
dg(t), ϑ(t)2kζ

)
χ̄0

(
dg(t), ϑ(t)2iζ−1

)
= χ̄0

(
dg(t2), ϑ(t)2k+2i

)
= χ̄0

(
ι(t2)(I2, ϑ(t2)k+i)

)
= χ̄0

(
ι(t2)

)
ε
(
ϑ(t2)k+i

)
.

Therefore, χ̄k(b)χ̄i(b
′) = 1 if and only if χ0|(T∩K)2 = ε ◦ ϑ−(k+i)

O×2 . In this case, m = 1

and w̃ supports a function in Hk,i.

Finally, for the double cosets represented by l̃t(x$r), x ∈ {1, ε}, 1 ≤ r < l,

b l̃t(x$r)b′ = l̃t(x$r) implies that ζ ′ = ζ−1, and t + s$r = t′−1 mod pl, or equiv-

alently, t = t′−1 mod pr, and t−1$r = $rt′−1 mod pl, or equivalently t−1 = t′−1

mod pl−r. Observe that, in general, χ̄k(b)χ̄i(b
′) is equal to

χ̄k (dg(t), ζ) χ̄i (dg(t′), ζ ′) = χ0

(
dg(t), ϑ(t)2kζ

)
χ0

(
dg(t′), ϑ(t′)2iζ ′

)
(4.2.10)

= χ0

(
dg(tt′), ϑ(t)2kϑ(t′)2iζζ ′

)
= χ0 (ι(tt′)) ε

(
ϑ(t)2kϑ(t′)2iζζ ′

)
.

Lemma 2.2.7 implies that ϑ is primitive mod one. Observe that r ≥ 1 and l− r ≥ 1.

Therefore, t = t′−1 mod p and t = t′ mod p, which implies that t = t′ = α mod p

where α ∈ {±1}. Hence, ϑ(t)2 = ϑ(t′)2 = 1, and (4.2.10) simplifies to χ̄0 (ι(tt′)) ε(ζζ ′).

We are in one of the following situations:

Case 1: Suppose r ≥ m. Then we have ζ ′ = ζ−1, and t = t′−1 mod pm; that is

tt′ ∈ 1 + pm. Hence, χ̄0 (ι(tt′)) ε(ζζ ′) = χ̄0(tt′) = 1, because χ0 is primitive mod

m. Therefore, in this case, there is always a function in Hk,i with support on

these double cosets.

Case 2: Suppose r < m. Then ζ ′ = ζ−1, so χ̄0 (ι(tt′)) ε(ζζ ′) = χ̄0(tt′), which equals

one if and only if tt′ ∈ 1 + pm, which is not the case in general. Hence, in this

case, there is no function in Hk,i with support on these double cosets.
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To summarize the result, the coset represented by w̃ supports a function in Hk,i if

and only if χ0|(T∩K)2 = ε ◦ ϑ−(k+i)

O×2 . If r ≥ m then the cosets represented by lt(x$r)

support a function in Hk,i; otherwise, there is no function in Hk,i with support on

these double cosets.

Corollary 4.2.15. In the decomposition of ResK̃IndG̃
B̃
ρ given in Corollary 4.2.13,

1. For each 0 ≤ i < n and l > m, there exists a way of decomposing W̃i,l as

W̃+
i,l ⊕ W̃

−
i,l such that for l > m, W̃+

i,l
∼= W̃+

j,l and W̃−
i,l
∼= W̃−

j,l for all 0 ≤ i, j < n.

2. For m = l, {(IndK̃
B̃∩K̃χi)

Km | 0 ≤ i < n} consists of mutually inequivalent

representations, except when m = 1 and χ0|(T∩K)2 = ε ◦ ϑ|−jO×2, for some 0 ≤

j < n, where (
IndK̃

B̃∩K̃χi

)K1 ∼=
(

IndK̃
B̃∩K̃χk

)K1

,

exactly when i+ k ≡ j mod n.

Proof: It follows from Proposition 4.2.14 that for l > m,

dim HomK̃

(
W̃i,l, W̃k,l

)
= 2

and when i+ k ≡ j mod n

dim HomK̃

(
(IndK̃

B̃∩K̃χi)
Km , (IndK̃

B̃∩K̃χk)
Km
)

=

1, χ0|(T∩K)2 = ε ◦ ϑ|−jO×2

0, otherwise,

and hence the result.

Example 4.2.16. If χ0|(T∩K)2 is trivial, Corollary 4.2.15 implies that (IndK̃
B̃∩K̃χ0)K1

appears with multiplicity one in the decomposition of ResK̃IndG̃
B̃
ρ, and by Corol-

lary 4.2.13 decomposes into two irreducible constituents.
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In order to further investigate the irreducible spaces W̃+
i,l and W̃−

i,l, we will show

that W̃i,l, 0 ≤ i < n is the restriction to K̃ of an irreducible representation of K̃ ′,

whence it follows that W̃+
i,l and W̃−

i,l have the same degree. This motivates us to study

the genuine principal series representations of G̃′ and their branching rules.

4.3 Branching Rules for Res
K̃ ′
IndG̃

′

B̃′
ρ′

We now apply the same machinery to G̃′. Let χ′ be a genuine character of Z( T̃ ′) and

let χ′0 be a fixed extension of χ′ to A′. Let (ρ′, Ind T̃ ′

A′χ
′
0) be the unique irreducible

representation of T̃ ′ with central character χ′, trivially extended to a representation

of B̃′. We will decompose Res
K̃′IndG̃

′

B̃′
ρ′ into irreducible constituents. The arguments

in this section are partly analogous to those in Section 4.2. To avoid repetition, we

will occasionally refer the reader to arguments in Section 4.2.

Recall that A′ = C
T̃ ′(T̃ ∩ K̃ ′) is a maximal abelian subgroup of T̃ ′. Recall from

Proposition 3.3.14 that a typical element of A′ can be written as (dg(a$un, b$vn), ζ),

where a, b ∈ O×, u, v ∈ Z, and ζ ∈ µn, and a typical element of T̃ ′ ∩ K̃ ′ can be

written as (dg(a, b), ζ), for some a, b ∈ O×, ζ ∈ µn.

Lemma 4.3.1. Let ρ′ be the unique smooth genuine representation of T̃ ′ with central

character χ′. Then

ResA′ρ
′ ∼=

n−1⊕
i,j=0

χ′i,j,

where the χ′i,j denote n2 distinct characters of A′, defined by

χ′i,j (dg(a$un, b$vn), ζ) = χ′0
(
dg(a$un, b$vn), ϑ(a)−jϑ(b)−iζ

)
where a, b ∈ O×, u, v ∈ Z and ζ ∈ µn and ϑ(a) = ($, a)n was defined in (4.2.1).

Proof: Observe that S = {(dg($i, $j), 1) | 0 ≤ i, j < n} is a complete set of

coset representatives for A′\ T̃ ′/A′. By Mackey’s theorem

ResA′Ind T̃ ′

A′χ
′
0 =

⊕
s̈∈S

IndA
′

A′∩s̈A′χ
′
0
s̈
.
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One can see that A′ is stable under conjugation by elements of S, so IndA
′

A′∩s̈A′χ
′
0
s̈ =

χ′0
s̈. Let (dg(a$un, b$vn), ζ) ∈ A′ where a, b ∈ O× and ζ ∈ µn, and let s̈ =

(dg($i, $j), 1) ∈ S. Note that

s̈−1 (dg(a$un, b$vn), ζ) s̈ =
(
dg($−i, $−j), ($i, $j)n

)
(dg(a$un, b$vn), ζ)

(
dg($i, $j), 1

)
=

(
dg(a$un, b$vn), ζ(b,$)in(a,$)jn

)
=

(
dg(a$un, b$vn), ϑ(a)−jϑ(b)−iζ

)
.

Therefore,

χ′0
s̈
((dg(a$un, b$vn), ζ)) = χ′0

(
dg(a$un, b$vn), ϑ(a)−jϑ(b)−iζ

)
.

Denote these characters by χ′i,j. A similar argument to the one in Lemma 4.2.1 implies

that {χ′i,j | 0 ≤ i, j < n} is a set of n2 distinct characters of A′.

It follows from Lemma 4.3.1 that the characters χ′i,j| T̃ ′∩K̃′ are also distinct, and writing

again χ′i,j for these restrictions,

Res
T̃ ′∩K̃′ρ

′ ∼=
n−1⊕
i,j=0

χ′i,j. (4.3.1)

Proposition 4.3.2. Let ρ′ be the unique smooth genuine representation of T̃ ′ with

central character χ′, trivially extended to B̃′. Then

Res
K̃′(IndG̃

′

B̃′
ρ′) ∼=

n−1⊕
i,j=0

IndK̃
′

B̃′∩K̃′χ
′
i,j.

The proof is similar to that of Proposition 4.2.2. It follows from Lemma 1.1.32

that, for every 0 ≤ i, j < n, IndK̃
′

B̃′∩K̃′χ
′
i,j is smooth and admissible. Fix a pair (i, j),

0 ≤ i, j < n. We have,

IndK̃
′

B̃′∩K̃′χ
′
i,j =

⋃
l≥1

(
IndK̃

′

B̃′∩K̃′χ
′
i,j

)K′l .
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Definition 4.3.3. For any character γ of any subgroup D of T̃ ′, we say γ is primitive

mod m (or of depth m − 1) if m is the smallest strictly positive integer for which

ResD∩K′mγ = 1.

Suppose χ′ is primitive mod m. It follows that the χ′i,j are also primitive mod

m. One can define the finite quotient groups B̃′
l

and K̃ ′
l

analogously to (4.2.3), and

as in Lemma 4.2.6, χ′i,j factors through B̃′
l

if and only if l ≥ m. We will denote the

quotient, if exists, by χ̄′i,j.

Proposition 4.3.4. Let χ′i,j be primitive mod m. If l < m,
(
IndK̃

′

B̃′∩K̃′χ
′
i,j

)K′l = {0}.

If l ≥ m,
(
IndK̃

′

B̃′∩K̃′χ
′
i,j

)K′l factors to a representation of K̃ ′
l

isomorphic to IndK̃
′l

B̃′
l χ̄′i,j.

The proof is similar to that of Proposition 4.2.7 and Lemma 4.2.5.

Fix l ≥ m. By Proposition 4.3.4 and Proposition 1.1.38, our next goal is to

compute the dimension of the algebra H′ := H′(B̃′
l
\K̃ ′

l
/B̃′

l
, χ̄′i,j, χ̄

′
i,j). A basis of H′

consists of functions with support on double cosets of B̃′
l

in K̃ ′
l

that transform on

both sides by χ̄′i,j.

Lemma 4.3.5. A complete set of double coset representatives of B̃′
l

in K̃ ′
l

is given

by

{(I2, 1), w̃, l̃t($r) | 1 ≤ r < l}.

Proof: Note that this set is a subset of the set A of double coset representatives

of B̃l\K̃ l/B̃l in (4.2.6). Observe that under the isomorphism

F× o G̃ ∼= G̃′ (4.3.2)

(y, (g, ζ)) 7→ (dg(1, y)g, ζ) ,

O× × K̃ l maps to K̃ ′
l

and O× × B̃l maps to B̃′l. For every k′ ∈ K̃ ′
l
, let (y, k) be

the inverse image of k′ under the isomorphism (4.3.2), and let b1, b2 ∈ B̃l be such

that b1xb2 = k, for some x ∈ A. Let b′1 and b′2 be the image of (y, b1) and (y, b2)

under (4.3.2) respectively. It follows from the multiplication of F×oG̃ given in (3.1.3),
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and the isomorphism map (4.3.2), that b′1xb
′
2 = k′. Thus, K̃ ′

l
=
⋃

x∈A B̃
′lxB̃′

l
. A

short calculation shows that(
dg(ε−1, 1), 1

)
l̃t($r) (dg(ε, 1), 1) = (lt(ε$r), ($r, ε)n(ε,$r)n) = l̃t(ε$r),

where ε is a fixed non-square and 1 ≤ r < l. It is not difficult to see that other cosets

of A remain distinct in K̃ ′
l
.

Next, we count the dimension of H′ using a method similar to the one we used for

H. We will need the following technical lemma.

Lemma 4.3.6. Let b = ( s n0 t ) and b′ =
(
s′ n′

0 t′

)
, where t, t′, s, s′ ∈ O×/1 + pl, n, n′ ∈

O/pl and such that ss′ ∈ 1 + p. Then

β′(b, lt($r))β′(b lt($r),b′) = 1. (4.3.3)

Proof: We use the cocycle formula given in (3.1.5). Note that det(lt($r)) = 1,

and hence v (det(lt($r)), a(b)b) = 1. Moreover, a(b) b = ( s n
0 s−1 ). Therefore,

β′ (b, lt($r)) = β

 s n

0 s−1

 ,

 1 0

$r 1

 = (s,$r)n.

To calculate β′(blt($r),b′), observe that det(b′) = s′t′ and a(b)blt($r) =
(
s+n$r n
s−1$r s−1

)
.

Hence, v (det(b′), a(b)b lt($r)) = (s′t′, s−1)n = 1, because s, t and s−1 are in O×.

Moreover, observe that a(b′) (a(b)b lt($r)) is equal to 1 0

0 s′−1t′−1

s+ n$r n

s−1$r s−1

 1 0

0 s′t′

 =

 s+ n$r s′t′n

s−1s′−1t′−1$r s−1

 ,

and

a(b′)b′ =

 s′ n

0 s′−1

 .

So, we compute

β′(b lt($r),b′) = β

 s+ n$r s′t′n

s−1s′−1t′−1$r s−1

 ,

 s′ n

0 s′−1


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= (s′, s′s−1t′
−1
$r)n

= (s′, $r)n.

Therefore, β′(b, lt($r))β′(b lt($r),b′) = (s,$r)n(s′, $r)n = (ss′, $r)n = 1, since

ss′ ∈ 1 + p.

Remark 4.3.7. Observe that T̃ l is a subgroup of T̃ ′l. In particular, T l ⊂ T̃ l is a

subgroup of T̃ ′l.

Proposition 4.3.8. Let l ≥ m. The dimension of H′ is

dimH′ =

1 + (l −m), if χ′i,j
∣∣
T∩K 6= 1;

2 + (l −m), otherwise.

Proof: To count the basis elements of H′, we determine which double cosets

support a function in H′. To do so, recall that for every f ∈ H′, b, b′ ∈ B̃′
l

and

k ∈ K̃ ′
l
, f(bkb′) = χ̄′ij(b)f(k)χ̄′i,j(b

′). Hence, for every double coset representative

x in Lemma 4.3.5, there exists a function f ∈ H′ with support on the double coset

represented by x if and only if bxb′ = x implies that χ̄′i,j(b)χ̄′i,j(b
′) = 1 for all

b, b′ ∈ B̃′
l
. Let

b = (b, ζ) =

 s n

0 t

 , ζ

 and b′ = (b′, ζ ′) =

 s′ n′

0 t′

 , ζ ′

 ,

where t, s, t′, s′ ∈ O×/1 + pl, n, n′ ∈ O/pl, be arbitrary elements of B̃′
l
.

The identity coset B̃′
l
: A function f ∈ H′ has support on B̃′

l
if and only if

f(b) = χ̄′i,j(b) ∀b ∈ B̃′
l
. So there is always a function with support on the

identity coset, namely f = χ̄′i,j.
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The coset of w̃: For b, b′ ∈ B̃′
l
, bw̃b′ = w̃ implies that−ns′ −nn′ + st′

−ts′ −tn′

 = w, (4.3.4)

and

β′(b, w)β′(bw,b′)ζζ ′ = 1. (4.3.5)

The equation (4.3.4) implies that n = n′ = 0 mod pl, s′ = t−1 mod 1 + pl and

t′ = s−1 mod 1+pl. Hence b = dg(s, t) and b′ = dg(t−1, s−1) mod B̃′∩K ′l .

To compute (4.3.5), observe that by the formula for the 2-cocycle β′ given

in (3.1.5), we have

β′(b, w) = β(dg(s, s−1), w)v(1, a(b)b) = (1, s−1)n = 1,

and

β′(bw,b′) = β(

 n −ss′t′

s−1s′−1t′−1 0

 ,

 s′ n′

0 s′−1

) v(s′t′,

 n −s

s−1 0

)

= (s′,−s′s−1t′−1)n = 1

since s′, s, t′ ∈ O×. Therefore, (4.3.5) implies that ζ ′ = ζ−1. Note that

χ′i,j (dg(s, t), ζ)χ′i,j
(
dg(t−1, s−1), ζ−1

)
= χ′i,j(dg(st−1, ts−1), 1).

Note that {dg(st−1, ts−1) | t, s ∈ O×/1 + pl} ∼= T l and as we saw in Re-

mark 4.3.7, T l is a subgroup of T̃ ′l. Hence, a function f ∈ H′ has support

on B̃′
l
w̃B̃′

l
if and only if χ′i,j

∣∣
T l

= 1.

The coset of l̃t($r):

For b and b′ in B̃′
l
, suppose b l̃t($r)b′ = l̃t($r). Then, b l̃t($r) = l̃t($r)b′−1,

which implies  s+ n$r n

t$r t

 = s′−1t′−1

 t′ −n′

t′$r s′ −$rn′

 (4.3.6)
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and

β′(b, lt($r))β′(b lt($r),b′)ζζ ′ = 1. (4.3.7)

The equation (4.3.6) implies that

s+ n$r = s′−1 mod pl and t = t′−1 −$rn′s′−1t′−1 mod pl,

that is, ss′ ∈ 1 + pr, tt′ ∈ 1 + pr. By Lemma 4.3.6, ζζ ′ = 1. Observe that

χ̄′i,j(bb
′) = χ̄′i,j(

 ss′ sn′ + nt′

0 tt′

 , 1),

where, ss′, tt′ ∈ 1 + pr and sn′+nt′ ∈ pr. Therefore, χ̄′i,j(bb
′) = 1 if and only if

B′∩K ′r ⊆ ker(χ′i,j). This latter holds if and only if r ≥ m, since χ′i,j is primitive

mod m.

Now, let us summarize the result. There is always one function in H′ with support

on the identity coset. Also, there are functions in H′ with supports on each of the

double cosets represented by l̃t($r) for m ≤ r < l. If χ̄′i,j
∣∣
T l
6= 1, then H′ does not

contain any function with support on the double coset of w̃; otherwise, there exists

an additional function in H′ with support on this double coset. Finally, observe that

χ̄′i,j|T l = 1 if and only if χ′i,j|T∩K = 1.

Next, we elaborate on the condition χ′i,j|T∩K = 1 that appears in Proposi-

tion 4.3.8.

Lemma 4.3.9. For 0 ≤ i, j < n, χ′i,j|T∩K = 1 if and only if χ′0,0|T∩K = ε ◦ ϑj−iO× .

Proof: By Lemma 4.3.1, χ′i,j (ι(a)) = χ′0,0 (dg(a), ϑi−j(a)), which is equal to 1 if

and only if χ′0,0|T∩K = ε ◦ ϑj−iO× .
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Corollary 4.3.10. Let 0 ≤ i, j < n. The representation (IndK̃
′

B̃′∩K̃′χ
′
i,j)

K′m is irre-

ducible if χ′0,0|T∩K 6= ϑj−iO× , and decomposes into two inequivalent constituents other-

wise. Moreover, the quotients W̃ ′
i,j,l := (IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′l/(IndK̃
′

B̃′∩K̃′χ
′
i,j)

K′l−1 for l > m

are irreducible.

Proof: This follows from Lemma 4.3.4, Proposition 1.1.38 and Proposition 4.3.8.

Corollary 4.3.11. We can decompose Res
K̃′(IndG̃

′

B̃′
ρ′) as follows:

Res
K̃′(IndG̃

′

B̃′
ρ′) '

n−1⊕
i,j=0

(
(IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′m ⊕
⊕
l>m

W̃ ′
i,j,l

)
.

If χ′0,0|T∩K 6= ϑkO×, for all 0 ≤ k < n, then all the pieces are irreducible. Other-

wise, there are exactly n pairs (i, j), 0 ≤ i, j < n, such that j − i ≡ k mod n,

and (IndK̃
′

B̃′∩K̃′χ
′
i,j)

K′m decomposes into two irreducible constituents. The rest of the

constituents are irreducible.

Proof: The result follows from Corollary 4.3.10 and from noting that the map

(i, j) → j − i mod n has a kernel of size n. Hence, if there exists a pair such that

χ′0,0|T∩K = ϑj−iO× , then there are exactly n distinct such pairs.

4.4 Restriction of IndG̃
′

B̃′
ρ′ to K̃

Fix a genuine irreducible representation ρ of T̃ with central character χ, and let χk,

0 ≤ k < n be all possible extensions of χ to A, given in Lemma 4.2.1. In Section 4.2,

we decomposed ResK̃IndG̃
B̃
ρ into irreducible representations of K̃; this decomposition

is given in Corollary 4.2.13. Recall from Corollary 4.2.12 that the irreducible K̃-

spaces W̃+
k,l and W̃−

k,l, l ≥ m that appear in the decomposition in Corollary 4.2.13
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are the two irreducible constituents of quotient spaces W̃k,l, 0 ≤ k < n. Moreover,

it is part of the statement of Corollary 4.2.12 that, for a fixed k, W̃+
k,l and W̃−

k,l are

inequivalent.

In this section, we show that, for each 0 ≤ k < n, W̃k,l
∼= ResK̃W

′, where W ′ is

some irreducible representation of K̃ ′. We deduce that W̃+
k,l is mapped bijectively to

W̃−
k,l via conjugation by some element in K̃ ′ \ K̃. Hence, W̃+

k,l and W̃−
k,l have the same

dimension. This argument allows us to complete the statement of our main result,

which is stated in Theorem 4.4.19.

Suppose ρ′ is a genuine irreducible representation of T̃ ′ with central character

χ′, such that ρ appears in ResT̃ρ
′, and let χ′i,j, 0 ≤ i, j < n be all possible extensions

of χ′ to A′, defined in Lemma 4.3.1. To find a representation W ′ of K̃ ′ satisfying

W̃k,l
∼= ResK̃W

′, we consider the restriction of the principal series representation

IndG̃
′

B̃′
ρ′ to K̃. Because the structure of T̃ depends on the parity of n, we consider the

cases for even and odd n separately. As the first step in each case, we describe the

central character χ′ of ρ′ in relation to χ.

4.4.1 Odd n

Recall that for odd n,

Z(T̃ ) = {(dg(a), ζ) | a ∈ F×n, ζ ∈ µn},

A = {(dg(a), ζ) | a ∈ F×, ζ ∈ µn, n|val(a)},

T̃ ∩ K̃ = {(dg(a), ζ) | a ∈ O×, ζ ∈ µn},

Z( T̃ ′) = {(dg(a, b), ζ) | a, b ∈ F×n, ζ ∈ µn},

A′ = {(dg(a, b), ζ) | a, b ∈ F×, ζ ∈ µn, n|val(a), n|val(b)},

T̃ ′ ∩ K̃ ′ = {(dg(a, b), ζ) | a, b ∈ O×, ζ ∈ µn}.

Hence, we have the inclusion diagram in Figure 4.2.
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ρ � T̃

n

T̃ ′ � ρ′

n2

χk � A = T̃ ∩ A′

n

A′ � χ′i,j

n2

χ � Z(T̃ ) = Z( T̃ ′) ∩ T̃ Z( T̃ ′) � χ′

Figure 4.2: Inclusion of subgroups of T̃ and T̃ ′, when n is odd. The represen-

tation corresponding to each subgroup is indicated beside �. The characters

satisfy χk = χ′i,j, where k ≡ i−j
2

mod n.

Proposition 4.4.1. Assume n is odd. Let ρ′ be a genuine irreducible representation

of T̃ ′ such that ρ appears in ResT̃ρ
′. Then,

Res T̃
′

T̃
ρ′ ∼= ρ⊕n,

and χ′|Z(T̃ ) = χ. Conversely, if χ′′ is any character of Z( T̃ ′), with corresponding

irreducible representation ρ′′ of T̃ ′, satisfying χ′′|Z(T̃ ) = χ, then ρ appears in ResT̃ρ
′′.

Proof: We first claim that X = {(dg(1, $j), 1) , 0 ≤ j < n} is a set of double

coset representatives of T̃\ T̃ ′/A′. Namely, for every element
(
dg(a$k1 , b$k2), ζ

)
in

T̃ ′, we can write k1 = na1 + r1 for 0 ≤ r1 < n and k2 = na2 + (j − r1) for 0 ≤ j < n.

Hence we have

dg(a$k1 , b$k2) = dg($r1 , $−r1)dg(1, $j)dg(a$na1 , b$na2).

Choose ζ1 = 1 and ζ2 = (b,$r1)n. Then every element
(
dg(a$k1 , b$k2), ζ

)
in T̃ ′ can

be decomposed as (dg($r1 , $−r1), ζ1) (dg(1, $j), 1) (dg(a$na1 , b$na2), ζ2) . Therefore,

T̃ ′ can be decomposed as the disjoint union

T̃ ′ =
⊔

0≤j<n

T̃
(
dg(1, $j), 1

)
A′.
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This proves the claim. Therefore, by Mackey’s Theorem we have

ResT̃ Ind T̃ ′

A′χ
′
0 '

⊕
x∈X

IndT̃
T̃∩A′xχ

′
0
x
. (4.4.1)

Note that A′x = A′. Also, as can be seen in Figure 4.2, T̃ ∩ A′ = A. So, (4.4.1)

is equal to
⊕

x∈X IndT̃Aχ
′
0
x. On the one hand, because our choice of ρ′ implies that

ρ appears in the decomposition (4.4.1), χ′x|Z(T̃ ) = χ for at least one x ∈ X. On

the other hand, because every x ∈ X commutes with Z(T̃ ), χ′x|Z(T̃ ) is the same as

x ranges over X. Hence, the Stone-von Neumann theorem implies that IndT̃Aχ
′
0
x ∼= ρ

for all x ∈ X and hence, Res T̃
′

T̃
ρ′ ∼= ρ⊕n.

Now assume that χ′′ is a character of Z( T̃ ′) such that ResZ(T̃ )χ
′′ = χ. Then as

above ResT̃ρ
′′ ∼=

⊕
x∈X IndT̃Aχ

′′
0
x. For x = (I2, 1), ResZ(T̃ )χ

′′
0
x = ResZ(T̃ )χ

′′
0 = χ, and

hence IndT̃Aχ
′′
0
∼= ρ.

Proposition 4.4.2. Assume n is odd. Let ρ and ρ′ be as in Proposition 4.4.1. Then

ResG̃IndG̃
′

B̃′
ρ′ ∼= (IndG̃

B̃
ρ)⊕n.

Proof: Since G̃′ = G̃B̃′ and G̃ ∩ B̃′ = B̃, Mackey’s theorem yields

ResG̃IndG̃
′

B̃′
ρ = IndG̃

B̃
ResB̃ρ

′,

which, by Proposition 4.4.1 equals IndG̃
B̃
ρ⊕n =

(
IndG̃

B̃
ρ
)⊕n

.

Proposition 4.4.2 implies that

ResK̃IndG̃
′

B̃′
ρ′ ∼= ResK̃ResG̃IndG̃

′

B̃′
ρ′ ∼=

(
ResK̃IndG̃

B̃
ρ
)⊕n

, (4.4.2)

and we have computed ResK̃IndG̃
B̃
ρ in Corollary 4.2.13.

Now let us compute ResK̃IndG̃
′

B̃′
ρ′ in a different order. Namely, we compute

ResK̃Res
K̃′IndG̃

′

B̃′
ρ′. We further assume that ρ′ is chosen such that depth of χ′ is
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equal to the depth of χ, which equals m − 1, and that the choice of χ0 is such that

ResAχ
′
0 = χ0. By Corollary 4.3.11, we have

Res
K̃′(IndG̃

′

B̃′
ρ′) '

n−1⊕
i,j=0

[
(IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′m ⊕
⊕
l>m

W̃ ′
i,j,l

]
, (4.4.3)

where W̃ ′
i,j,l = (IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′l/(IndK̃
′

B̃′∩K̃′χ
′
i,j)

K′l−1 , and the χ′i,j are defined in Lemma 4.3.1.

In order to study the restriction of each piece in (4.4.3), we need to restrict the

characters χ′i,j to T̃ ∩ K̃.

Lemma 4.4.3. Assume n is odd, so that 2 is invertible modulo n. For 0 ≤ i, j < n, let

k be the integer in {0, · · · , n− 1} such that k ≡ i−j
2

mod n. Then ResT̃∩K̃χ
′
i,j = χk.

Proof: Suppose 2k ≡ i− j mod n. Let (dg(u), ζ) ∈ T̃ ∩ K̃. By Lemma 4.3.1,

χ′i,j (dg(u), ζ) = χ′0
(
dg(u), ϑ(u)i−jζ

)
,

which by Lemma 4.2.1, and because χ′0|A = χ0, is equal to χ0

(
dg(u), ϑ(u)2kζ

)
=

χk (dg(u), ζ).

The cardinality of the kernel of the map (i, j) → k mod n, in Lemma 4.4.3, is n;

that is for each k, there are exactly n distinct characters χ′i,j of T̃ ′ ∩ K̃ ′ that restrict

to χk on T̃ ∩ K̃.

Lemma 4.4.4. Assume n is odd. Let i, j and k be in {0, · · · , n − 1} such that

χ′i,j|T̃∩K̃ = χk. Then, for all l ≥ m

ResK̃

(
IndK̃

′

B̃′∩K̃′χ
′
i,j

)K′l ∼= (IndK̃
B̃∩K̃χk

)Kl
.

Proof: By Lemma 4.3.4, it is enough to show that ResK̃lIndK̃
′l

B̃′
l χ̄′i,j

∼= IndK̃
l

B̃l
χ̄k.

Note that K̃ l\K̃ ′
l
/B̃′

l
is trivial and B̃′

l
∩ K̃ l = B̃l. So, by Mackey’s theorem we have

ResK̃lIndK̃
′l

B̃′
l χ̄′i,j

∼= IndK̃
l

B̃l
ResB̃lχ̄

′
i,j,

which is equal to IndK̃
l

B̃l
χ̄k by choice of i, j and k.
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Proposition 4.4.5. Assume n is odd. Let ρ and ρ′ be irreducible representations of

T̃ and T̃ ′ with central characters χ and χ′ respectively, such that χ′0|A = χ0, where χ0

and χ′0 are fixed extensions of χ and χ′ to A and A′ respectively. Moreover, let l > m,

and let W̃−
k,l ⊕ W̃

+
k,l, 0 ≤ k < n, and W̃ ′

i,j,l, 0 ≤ i, j < n, be the quotient spaces that

appear in the decompositions in Corollary 4.2.13 and Corollary 4.3.11 respectively.

Then, whenever k ≡ i−j
2

mod n, we have

W̃−
k,l ⊕ W̃

+
k,l = ResK̃W̃

′
i,j,l.

Proof: Recall that W̃ ′
i,j,l = (IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′l/(IndK̃
′

B̃′∩K̃′χ
′
i,j)

K′l−1 . Hence

ResK̃W̃
′
i,j,l = ResK̃

[
(IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′l

]
/ResK̃

[
(IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′l−1

]
,

which by Lemma 4.4.4 is equal to(
IndK̃

B̃∩K̃χk

)Kl
/
(

IndK̃
B̃∩K̃χk

)Kl−1

= W̃−
k,l ⊕ W̃

+
k,l.

Remark 4.4.6. The map {W̃ ′
i,j,l | 0 ≤ i, j < n}

Res
K̃−→ {W̃k,l | 0 ≤ k < n} is an n to

1 map. That implies each irreducible piece in the decomposition in Corollary 4.2.13

appears n times in ResK̃IndG̃
′

B̃′
ρ′. This is consistent with our result in (4.4.2).

Before continuing to our result in Section 4.4.3, we treat the case of even n.

4.4.2 Even n

Recall that for even n,

T̃ = {(dg(t), ζ) | t ∈ F×, ζ ∈ µn},

Z(T̃ ) = {(dg(t), ζ) | t ∈ F×n/2, ζ ∈ µn},
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ρ` � T̃

n
2

T̃ ′ � ρ′

n2`χk � A

n
2

2

T̃ ∩ A′

n

A′ � χ′i,j

n2
`χ � Z(T̃ )

4

χ � Z( T̃ ′) ∩ T̃ Z( T̃ ′) � χ′

Figure 4.3: Inclusion diagram for subgroups of T̃ and T̃ ′. Symbols on the

arrows are the indices. The representation of each subgroup is indicated

beside the �.

A = {(dg(t), ζ) | t ∈ F×, n
2
|val(t), ζ ∈ µn},

T̃ ∩ K̃ = {(dg(t), ζ) | t ∈ O×, ζ ∈ µn},

T̃ ′ = {(dg(t, s), ζ) | t, s ∈ F×, ζ ∈ µn},

Z( T̃ ′) = {(dg(t, s), ζ) | t, s ∈ F×n, ζ ∈ µn},

A′ = {(dg(t, s), ζ) | t, s ∈ F×, n|val(t), n|val(s), ζ ∈ µn},

T̃ ′ ∩ K̃ = {(dg(t, s), ζ) | t, s ∈ O×, ζ ∈ µn},

and therefore,

Z( T̃ ′) ∩ T̃ = {(dg(t), ζ) | t ∈ F×n, ζ ∈ µn},

A′ ∩ T̃ = {(dg(t), ζ) | t ∈ F×, n|val(t), ζ ∈ µn}.

Figure 4.3 is an inclusion diagram of the above groups. Arrows on the diagram

indicate the inclusion, and the symbols on the arrows are the indices. Unlike the

case for odd n, the centre Z( T̃ ′) and the maximal abelian subgroup A′ of T̃ ′ do not
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restrict to those of T̃ upon restriction to T̃ . Observe that [Z(T̃ ) : Z( T̃ ′) ∩ T̃ ] = 4,

[A : A′∩T̃ ] = 2. This mismatch makes the computation of ResK̃IndG̃
′

B̃′
ρ′ more delicate.

We show that, unlike Proposition 4.4.1, our assumption that ρ appears in ResT̃ρ
′ does

not imply that ρ′ is ρ isotypic, upon restriction to T̃ . We show instead that ρ is one

of the four distinct irreducible representations of T̃ that appear in ResT̃ρ
′.

Set χ := Res
Z( T̃ ′)∩T̃χ

′. Let {e, o} and {1, 2} parametrize sets of coset represen-

tatives for n
2
Z/nZ and O×

n
2 /O×n respectively. Define the subgroup

Y := {(dg(t), ζ) | t ∈ F×
n
2 , n|val(t)},

of Z(T̃ ). Then Y/
(
Z( T̃ ′) ∩ T̃

)
∼= O×

n
2 /O×n. By Lemma 1.1.43, IndY

Z( T̃ ′)∩T̃χ de-

composes into 2 distinct characters of Y : 1χ and 2χ. Moreover, Z(T̃ )/Y ∼= n
2
Z/nZ.

Therefore, for each α ∈ {1, 2}, Ind
Z(T̃ )
Y αχ decomposes into two distinct characters of

Z(T̃ ): αeχ and αoχ. Set L = {1e, 1o, 2e, 2o}. Hence, Ind
Z(T̃ )

Z( T̃ ′)∩T̃
χ decomposes into 4

distinct characters `χ, ` ∈ L:

Ind
Z(T̃ )

Z( T̃ ′)∩T̃
χ =

⊕
`∈L

`χ. (4.4.4)

Remark 4.4.7. Later, we will consider the restriction of the `χ to Z(T̃ )∩K̃. Observe

that, upon this restriction 1eχ = 1oχ and 2eχ = 2oχ; but, 1eχ and 2eχ remain distinct.

We denote the irreducible genuine representation of T̃ with central character `χ

by ρ`.

Proposition 4.4.8. Assume n is even. Let `χ, ` ∈ L be as in (4.4.4). Then

ResT̃ρ
′ =
⊕
`∈L

[
(ρ`)

⊕n/2
]
,

where the ρ` are mutually non-isomorphic.

Proof: Note that X = {(dg(1, $j), 1) | 0 ≤ j < n} is a system of coset represen-

tatives for T̃\ T̃ ′/A′, and that A′ is stable under conjugation by x ∈ X. Moreover,
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it follows from the definition of the χ′i,j in Lemma 4.3.1 that for x = (dg(1, $j), 1),

χ′0
x = χ′0,j. Therefore, by Mackey’s theorem,

ResT̃ρ
′ =

⊕
x∈X

(
IndT̃

(T̃∩A′x)χ
′
0
x
)

(4.4.5)

=
n−1⊕
j=0

IndT̃A
(
IndA

T̃∩A′χ
′
0,j

)
.

Observe that [A : T̃ ∩ A′] = 2, with coset representatives {e, o}. Therefore, for every

0 ≤ j < n, IndA
T̃∩A′χ

′
0,j is a 2-dimensional representation of the abelian group A and

hence decomposes into a direct sum of two characters: eχ
′
j ⊕ oχ

′
j.

Next we show that the elements of the set {eχ′j, oχ′j | 0 ≤ j < n} are distinct. By

Lemma 1.1.43, for 0 ≤ j < n, ResT̃∩A′IndA
T̃∩A′χ

′
0,j
∼= χ′0,j ⊕χ′0,j. Suppose 0 ≤ i, j < n.

Then by Frobenius reciprocity

HomA

(
IndA

T̃∩A′χ
′
0,j, IndA

T̃∩A′χ
′
0,i

)
= HomT̃∩A′

(
ResT̃∩A′IndA

T̃∩A′χ
′
0,j, χ

′
0,i

)
= HomT̃∩A′

(
χ′0,j ⊕ χ′0,j, χ′0,i

)
.

We can easily see that χ′0,j and χ′0,i coincide on T̃ ∩ A′ if and only if i = j. Whence,

dim HomA

(
IndA

T̃∩A′χ
′
0,j, IndA

T̃∩A′χ
′
0,i

)
=

 2, i = j

0, otherwise.

Therefore, the elements of {eχ′j, oχ′j | 0 ≤ j < n} are 2n distinct characters of A,

which, because [A : Z(T̃ )] = n/2, implies that they restrict to at least 4 distinct

characters upon restriction to Z(T̃ ). Moreover, because ρ appears in ResT̃ρ
′, at least

one of these 4 central characters is χ. Observe that, for 0 ≤ j < n, and α ∈ {e, o},

Res
Z( T̃ ′)∩T̃ αχ

′
j = χ.

Consider

IndA
Z( T̃ ′)∩T̃χ = IndA

Z(T̃ )
Ind

Z(T̃ )

Z( T̃ ′)∩T̃
χ = IndA

Z(T̃ )

⊕
`∈L

`χ =
⊕

`∈L,0≤k<n/2
`χk.
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Observe that, by Lemma 1.1.43, the `χk are 2n distinct characters that, by Lemma 1.1.42,

restrict to χ on Z( T̃ ′) ∩ T̃ , and therefore exhaust every such character. Hence, the

sets {eχ′0,j, oχ′0,j | 0 ≤ j < n} and {`χk | ` ∈ L, 0 ≤ k < n/2} are equal. In particular,

by the discussion that follows (4.4.5) we have

ResT̃ρ
′ ∼= IndT̃A

⊕
0≤j<n

eχ
′
j ⊕ oχ

′
j

= IndT̃A

 ⊕
`∈L,0≤k<n/2

`χk


∼=

⊕
`∈L

ρ
⊕n

2
` ,

because `χk extends `χ. Moreover, the ρ` are mutually non-isomorphic, because the

`χ are distinct characters of Z(T̃ ).

Proposition 4.4.9. Assume n is even. Let ρ′ be as in Proposition 4.4.8. Then

the restriction of IndG̃
′

B̃′
ρ′ to G̃ decomposes into a direct sum of four principal series

representations of G̃ as:

ResG̃IndG̃
′

B̃′
ρ′ =

⊕
`∈L

[
(IndG̃

B̃
ρ`)
⊕n

2

]
Proof: By Mackey’s theorem and Proposition 4.4.8 we have

ResG̃IndG̃
′

B̃′
ρ ∼= IndG̃

B̃
ResB̃ρ

′ ∼= IndG̃
B̃

(⊕
`∈L

ρ`

)⊕n
2

=
⊕
`∈L

(
IndG̃

B̃
ρ`

)⊕n
2
.

Proposition 4.4.9 implies that

ResK̃IndG̃
′

B̃
ρ′ ∼= ResK̃

(
ResG̃IndG̃

′

B̃
ρ′
)
∼=
⊕
`∈L

[[
ResK̃

(
IndG̃

B̃
ρ`

)]⊕n
2

]
, (4.4.6)
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where ResK̃

(
IndG̃

B̃
ρ`

)
, by Corollary 4.2.13, is

n
2
−1⊕

k=0

[
(IndK̃

B̃∩K̃ `χk)
Km ⊕

⊕
l>m

(`W̃
−
k,l ⊕ `W̃

+
k,l)

]
.

We further simplify the above decomposition by showing that the characters ResT̃∩K̃ `χk,

` ∈ L, 0 ≤ k < n
2

are not distinct. Recall that L = {1e, 2e, 1o, 2o}.

Proposition 4.4.10. Assume n is even, and let `χk, 0 ≤ k < n
2
, ` ∈ L, be all

the possible extensions of `χ, where `χ is defined in (4.4.4), to A. Then for each k,

ResT̃∩K̃ `χk = ResT̃∩K̃ `′χk if and only if (`, `′) = (1e, 1o) or (`, `′) = (2e, 2o).

Proof: For a fixed ` ∈ L, by Lemma 4.2.1, `χk appears exactly once in ResT̃∩K̃IndA
Z(T̃ )`

χ

for each 0 ≤ k < n
2
. It is not difficult to see that the double coset T̃ ∩ K̃\A/Z(T̃ ) is

trivial. Mackey’s theorem yields

ResT̃∩K̃IndA
Z(T̃ )`

χ ∼= IndT̃∩K̃
Z(T̃ )∩K̃ `χ.

Let `, `′ ∈ L. Hence,

HomT̃∩K̃

(
ResT̃∩K̃IndA

Z(T̃ )`
χ,ResT̃∩K̃IndA

Z(T̃ )`
′χ
)
∼= HomT̃∩K̃

(
ResT̃∩K̃IndA

Z(T̃ )`
χ, IndT̃∩K̃

Z(T̃ )∩K̃ `′χ
)
,

which by Frobenius reciprocity is

HomZ(T̃ )∩K̃

(
ResZ(T̃ )∩K̃IndA

Z(T̃ )`
χ, `′χ

)
. (4.4.7)

Note that |Z(T̃ ) ∩ K̃\A/Z(T̃ )| = |O×/O×n/2|. Because A is abelian, Mackey’s theo-

rem yields

ResT̃∩K̃IndA
Z(T̃ )`

χ ∼= `χ
⊕n

2 .

Hence, (4.4.7) simplifies to HomZ(T̃ )∩K̃
(
`χ
⊕n

2 , `′χ
)
. Thus, for 0 ≤ k < n

2
, ResT̃∩K̃ `χk =

ResT̃∩K̃ `′χk if and only if ResZ(T̃ )∩K̃ `χ = ResZ(T̃ )∩K̃ `′χ. By Remark 4.4.7, the latter

holds if and only if (`, `′) = (1e, 1o) or (`, `′) = (2e, 2o).
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Suppose that ρ ∼= ρ` for some ` ∈ L. Without loss of generality we assume that

ρ ∼= ραe, α ∈ {1, 2}. By Proposition 4.4.10, (4.4.6) simplifies to

ResK̃IndG̃
′

B̃′
ρ′ ∼=

⊕
`∈{1e,2e}

[
ResK̃

(
IndG̃

B̃
ρ`

)]⊕n
. (4.4.8)

Now, we decompose ResK̃IndG̃
′

B̃′
ρ′ in a different order; that is ResK̃Res

K̃′IndG̃
′

B̃′
ρ′.

Let χ be the central character of ρ. We assume that χ′ and χ have the same depth

m− 1. The decomposition of Res
K̃′IndG̃

′

B̃′
ρ′, by Corollary 4.3.11, is

Res
K̃′(IndG̃

′

B̃′
ρ′) '

n−1⊕
i,j=0

[
(IndK̃

′

B̃′∩K̃′χ
′
i,j)

K′m ⊕
⊕
l>m

W̃ ′
i,j,l

]
, (4.4.9)

where the χ′i,j are defined in Lemma 4.3.1. As in the odd case, first we need to study

ResT̃∩K̃χ
′
i,j.

Lemma 4.4.11. Let χ′i,j, 0 ≤ i, j < n be as in (4.4.9). Then

ResT̃∩K̃χ
′
i,j (dg(t), ζ) = χ′0,0

(
dg(t), ϑ(t)i−jζ

)
,

for all (dg(t), ζ) ∈ T̃ ∩ K̃.

Proof: Let (dg(t)ζ) ∈ T̃ ∩ K̃, by Lemma 4.3.1,

ResT̃∩K̃χ
′
i,j (dg(t), ζ) = χ′0,0

(
dg(t), ϑ(t)−jϑ(t)iζ

)
= χ′0,0

(
dg(t), ϑ(t)i−jζ

)
.

Therefore, {ResT̃∩K̃χ
′
i,j | 0 ≤ i, j < n} consists of n distinct characters of T̃ ∩ K̃. In

the next two lemmas, we relate these characters to the central characters `χ, ` ∈ L.

Lemma 4.4.12. Each ResT̃∩K̃χ
′
i,j appears exactly once in

⊕
`∈{1e,2e},0≤k<n

2
`χk|T̃∩K̃.

Proof: Note that

ResT̃∩K̃IndA
Z( T̃ ′)∩T̃χ = ResT̃∩K̃

 ⊕
`∈L,0≤k<n

2

`χk

 ,
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which by Proposition 4.4.10 is ⊕
`∈{1e,2e},0≤k<n

2

ResT̃∩K̃ `χk

⊕2

.

Consider

HomT̃∩K̃

(
ResT̃∩K̃χ

′
i,j,ResT̃∩K̃IndA

Z( T̃ ′)∩T̃χ
)
. (4.4.10)

Observe that T̃ ∩K̃\A/Z( T̃ ′)∩ T̃ ∼= n
2
Z/nZ. So, by Mackey’s theorem and Frobenius

reciprocity, (4.4.10) is

HomT̃∩K̃

(
ResT̃∩K̃χ

′
i,j,
(

IndT̃∩K̃
Z( T̃ ′)∩K̃χ

)⊕2
)
∼= Hom

Z( T̃ ′)∩K̃

(
Res

Z( T̃ ′)∩K̃χ
′
i,j,Res

Z( T̃ ′)∩K̃χ
⊕2
)
.

Because ResZ(T̃ )χ
′ = χ, for all 0 ≤ i, j < n, Res

Z( T̃ ′)∩K̃χ
′
i,j = Res

Z( T̃ ′)∩K̃χ, and

hence, (4.4.10) is 2-dimensional, from which we deduce that ResT̃∩K̃χ
′
i,j appears ex-

actly once in
⊕

`∈{1e,2e},0≤k<n `χk.

In particular, χ′0,0 appears exactly once in
⊕

`∈{1e,2e},0≤k<n `χk. A priori, χ′0,0 can be

any of the characters in that expression; by possibly reordering the index k, we can as-

sume that ResT̃∩K̃χ
′
0,0 = 2eχ0. Then it follows from Lemma 4.2.1 that 2eχ

′
k (dg(t), ζ) =

χ′0,0
(
dg(t), ϑ(t)2kζ

)
. So, we can see that χ′1,0, given by χ′0,0 (dg(t), ϑ(t)), does not ap-

pear as 2eχk, 0 ≤ k < n
2
. Therefore, it ought to appear as 1eχk for some k. Again,

with possible re-indexing, we assume that χ′1,0 = 1eχ0. With this setting, we have the

following lemma.

Lemma 4.4.13. Assume n is even. For 0 ≤ i, j < n, if i − j mod n is even, set

α = 2 and k = (i− j mod n)/2; if i− j mod n is odd, set α = 1 and k = (i− j − 1

mod n)/2. Then ResT̃∩K̃χ
′
i,j = αeχk.

Proof: Let (dg(t), ζ) be an arbitrary element in T̃ ∩ K̃. Then by Lemma 4.4.11

ResT̃∩K̃χ
′
i,j (dg(t), ζ) = χ′0,0

(
dg(t), ϑi−jζ

)
. (4.4.11)
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Suppose i− j mod n is even and k = (i− j mod n)/2. Then, because χ′0,0 = 2eχ0,

(4.4.13) is equal to

2eχ0

(
dg(t), ϑ2kζ

)
= 2eχk (dg(t), ζ) ,

by definition of 2eχk in Lemma 4.2.1. Now, suppose i − j mod n is odd, and k =

(i− j − 1 mod n)/2. Note that ϑi−j = ϑϑi−j−1. Then (4.4.11) is equal to

χ′0,0
(
dg(t), ϑ(t)ϑi−j−1(t)ζ

)
= χ′1,0

(
dg(t), ϑ2kζ

)
,

which, because χ′1,0 = 1eχ0, equals 1eχ0

(
dg(t), ϑ2k(t)ζ

)
= 1eχk (dg(t), ζ) .

Lemma 4.4.14. Assume n is even. For 0 ≤ i, j < n, let k and α be as in

Lemma 4.4.13. Then, for all l ≥ m

ResK̃

(
IndK̃

′

B̃′∩K̃′χ
′
i,j

)K′l ∼= (IndK̃
B̃∩K̃αeχk

)Kl
.

Proof: By Lemma 4.3.4, it is enough to show that ResK̃lIndK̃
′l

B̃′
l χ̄′i,j

∼= IndK̃
l

B̃l αe
χ̄k.

Mackey’s theorem yields ResK̃lIndK̃
′l

B̃′
l χ̄′i,j

∼= IndK̃
l

B̃l
ResB̃lχ̄

′
i,j, which is equal to IndK̃

l

B̃l αe
χ̄k

by Lemma 4.4.13.

For each ` ∈ L and 0 ≤ k < n
2
, let `W̃k be the quotient space that appears in

ResK̃IndG̃
B̃
ρ` in Corollary 4.2.13.

Proposition 4.4.15. Assume n is even. Let ρ and ρ′ be irreducible representations of

T̃ and T̃ ′ with central characters χ and χ′ respectively, such that ρ appears in ResT̃ρ
′,

and that χ and χ′ are primitive mod m. For l > m, 0 ≤ k < n
2
, 0 ≤ i, j < n, let

W̃k,l = W̃−
k,l⊕W̃

+
k,l and W̃ ′

i,j,l be the quotient spaces that appear in the decompositions

in Corollary 4.2.13 and Corollary 4.3.11 respectively. Then, for each 0 ≤ k < n
2
,

l > m, W̃k,l = ResK̃W̃
′
i,j,l, for some 0 ≤ i, j < n.

Proof: Recall that for 0 ≤ k < n
2
, W̃k,l = (IndK̃

T̃∩K̃χk)
Kl/(IndK̃

T̃∩K̃χk)
Kl−1 . It

follows from Proposition 4.4.8 that ρ = ρ`, and hence χ = `χ, for some ` ∈ L, where
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`χ is defined in (4.4.4). By Proposition 4.4.10, without loss of generality, we can

assume that ` ∈ {1e, 2e}. Moreover, by a consequence of Lemma 4.4.12, we can

assume that `χ0 are chosen such that 2eχ0 = ResT̃∩K̃χ
′
0,0 and 1eχ0 = ResT̃∩K̃χ

′
1,0.

If χ = 2eχ and W̃k,l is given, for some 0 ≤ k < n, l > m. Consider W̃ ′
2k,0,l.

Then by Lemma 4.4.13 and Lemma 4.4.14, ResT̃∩K̃W̃
′
2k,0,l = 2eW̃k,l = W̃k,l. If χ = 1eχ

and W̃k,l is given; consider W̃ ′
2k−1,0,l. Then by Lemma 4.4.13 and Lemma 4.4.14,

ResT̃∩K̃W̃
′
2k−1,0,l = 1eW̃k,l = W̃k,l.

Remark 4.4.16. Proposition 4.4.15 can be seen directly from Lemma 4.4.12, without

identifying the quotient space W̃ ′
i,j that restricts to a given W̃k,l.

Remark 4.4.17. Note that the map (i, j)→ i−j mod n, which appears in Lemma 4.4.11,

has a kernel of size n. Therefore, it follows from Lemma 4.4.14 that

ResK̃

⊕
0≤i,j<n

W̃ ′
i,j,l
∼=
⊕

0≤k<n
2

(
2eW̃k,l

)⊕n
⊕
⊕

0≤k<n
2

(
1eW̃k,l

)⊕n
.

In particular, every irreducible constituent in the decomposition of ResK̃IndG̃
B̃
ρ ap-

pears n times in ResK̃

(
Res

K̃′IndG̃
′

B̃′
ρ′
)

. This is consistent with our result in (4.4.8).

4.4.3 Main Result

Finally, we put all of our results together to make the main theorem of this chapter.

We first state the common corollary to Proposition 4.4.5 and Proposition 4.4.15.

Corollary 4.4.18. Let ρ be a genuine irreducible representation of T̃ with central

character χ. The non-equivalent irreducible representations W̃−
k,l and W̃+

k,l, 0 ≤ k < n,

l > m, that appear in the K-type decomposition ResK̃IndG̃
B̃
ρ in Corollary 4.2.13 are of

the same dimension.
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Proof: By Proposition 4.4.5 and Proposition 4.4.15, for any 0 ≤ k < n, l > m,

W̃k,l = W̃−
k,l ⊕ W̃+

k,l, is restriction of some irreducible representation W̃ ′
i,j of K̃ ′, for

some 0 ≤ i, j < n. Hence, there exists an element of K̃ ′ \ K̃ that maps W̃−
k,l into W̃+

k,l

bijectively.

Theorem 4.4.19. Let ρ be a genuine irreducible representation of T̃ with central

character χ, and let χk, 0 ≤ k < n, be all the possible extensions of χ to A. Then

ResK̃IndG̃
B̃
ρ ∼=

n−1⊕
k=0

(
(IndK̃

B̃∩K̃χk)
Km
)
⊕
⊕
l>m

(
W̃+

0,l ⊕ W̃
−
0,l

)⊕n
,

where W̃+
0,l and W̃−

0,l are two inequivalent representations of K̃ with the same dimen-

sion and
(
W̃+

0,l ⊕ W̃
−
0,l

)
∼= (IndK̃

B̃∩K̃χ0)Kl/(IndK̃
B̃∩K̃χ0)Kl−1.

We consider (T ∩K)2 as a subgroup of T̃ . The m-level representations(
IndK̃

B̃∩K̃χi

)Km
,

where 0 ≤ i < n, are mutually non-isomorphic, except when m = 1 and χ0|(T∩K)2 =

ε ◦ ϑ|−jO×2, for some 0 ≤ j < n. In this case(
IndK̃

B̃∩K̃χi

)K1 ∼=
(

IndK̃
B̃∩K̃χk

)K1

,

exactly when i+ k ≡ j mod n.

All the pieces in the decomposition are irreducible except when m = 1 and

χ0|(T∩K)2 = ε ◦ ϑ|−2i

O×2 for some 0 ≤ i < n. In this case, we are in one of the fol-

lowing situations:

1. If 4 - n then there is exactly one 0 ≤ i < n for which (IndK̃
B̃∩K̃χi)

K1 decomposes

into two irreducible constituents. All other constituents are irreducible.

2. If 4|n then there are exactly two 0 ≤ i, k < n, |i−k| = n
4

for which (IndK̃
B̃∩K̃χi)

K1

decomposes into two irreducible constituents. All other constituents are irre-

ducible.
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Proof: The decomposition and irreducibility results follow from Corollary 4.2.12

and Corollary 4.2.13. The multiplicity results are shown in Corollary 4.2.15, and the

fact that W̃+
0,l and W̃−

0,l have the same degree follows from Corollary 4.4.18.



Chapter 5

The Reducibility Points of the

Unramified Principal Series of

S̃L2(F)

In this chapter, we define the unramified principal series of G̃ and determine com-

pletely when a representation in this series is reducible. As shown in Chapter 3, the

structure of the torus of G̃ depends on the parity of n. We only study the case for odd

n and leave the case of even n for future work. We continue using non-normalized

induction.

The problem of finding the reducibility points of the representations of the cov-

ering groups was solved for unitary unramified principal series of S̃L2(F) by Moen

in [Moe88]. For non-unitary unramified principal series, the case of n = 2 was solved

by Gelbart and Sally [GS75], and n = 3 was solved by Aritürk [Ari80]. Our approach

is mostly aligned with the argument for linear groups, which can be found in [Cas95].

Unramified principal series representations are parametrized by a complex num-

ber s that identifies the character of the centre of the torus T̃ . These characters are

either regular or singular, and are defined in Section 5.1.1. The case with a regular

89
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central character is addressed in Section 5.2. The main idea is to identify a certain

integral operator from the unramified principal series representation to its contra-

gredient representation. With composition of two such operators, we construct an

intertwining operator T from the unramified principal series representation to itself.

The key Proposition 5.2.6 relates the question of the irreducibility of the principal

series representation to the one of calculating T , which is done by tracing the image

of the spherical function, defined in Section 5.1, under T . The main result for this set

of representations, proved in Theorem 5.2.13, states that regular unramified principal

series representations of G̃ are reducible exactly when s = 1 ± 1
n
. Those principal

series representations with a non-regular central character, however, demand a com-

pletely different treatment, which is addressed in Section 5.3. The main result for

this group, proved in Theorem 5.3.6, is that non-regular unramified principal series

representations of G̃ are reducible exactly when s = 1 + πi
log q

.

Throughout this chapter, we assume that n is odd such that n|q − 1.Recall that

we denote the elements of the linear group G by boldface font style, for example

g ∈ G; elements of the covering group G̃ by typewriter font style, for example g ∈ G̃;

and those of the p-adic field F in roman font style, for example t ∈ F.

5.1 Spherical Space

5.1.1 Unramified Principal Series

Recall that an unramified character of the multiplicative group F× is a character that

is trivial on the maximal compact subgroup O×. We extend this notion to genuine

characters of Z(T̃ ). Recall that Z(T̃ ) = {(dg(t), ζ) | t ∈ F×n, ζ ∈ µn}.

Definition 5.1.1. We call a genuine character of Z(T̃ ) unramified if it is trivial on

the subgroup {(dg(t), 1) | t ∈ O×n} ∼= O×n.
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All such characters have the form

χs : Z(T̃ ) → C

(dg(t), ζ) 7→ |t|sε(ζ),

for some s ∈ C, where | · | is the norm character.

For linear groups, regular characters are those which are not fixed by any Weyl

group element. That definition is consistent with normalized induction; if one uses

non-normalized induction, then the regular characters χ are instead those such that

χ 6= δχw. We use non-normalized induction, so the correct analogue of regular charac-

ters are those χs for which χs 6= δB̃χ
w̃
s . Otherwise, we call χs a non-regular character.

Here, δB̃ is the restriction of the modular character of the Borel subgroup B̃ to Z(T̃ ),

i.e, δB̃ (dg(t), ζ) = |t|2, t ∈ F×n.

Lemma 5.1.2. The non-regular unramified characters of Z(T̃ ) are χs, for s ∈

{1, πi
log q

+ 1}.

Proof: Observe that for (dg(t), ζ) ∈ Z(T̃ ),

χw̃s (dg(t), ζ) = χs

(
dg(t−1), ζ

)
= |t|−sε(ζ) = χ−s (dg(t), ζ) .

Therefore, χw̃s = χ−s and hence δB̃χ
w̃
s = χ−s+2. So, χs = δB̃χ

w̃
s if and only if

| · |s = | · |−s+2; that is q−ns = qn(s−2). Therefore, −ns = n(s− 2) + 2πik
log q

, k ∈ Z, which

further implies that s = 1− πik
n log q

, k ∈ Z. Observe that qns = qn(s+ 2πki
n log q

) implies that

χs = χs+ 2πi
n log q

. We deduce that there are exactly two distinct non-regular unramified

characters; one corresponds to the even choices of k, and the other corresponds to

the odd choices of k. Because n is odd, we can assume that k ∈ {0,−n}, therefore,

distinct non-regular unramified characters are determined by s ∈ {1, 1 + πi
log q
}.

Recall from Section 3.3 that A = CT̃ (T̃ ∩ K̃). For an unramified character χs

of Z(T̃ ), we choose the trivial extension of χs to A, in the sense that it is trivial
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on elements ι(u), u ∈ O× of A. We continue calling this extension χs. So, for

(dg(a), ζ) ∈ A, we have χs (dg(a), ζ) = |a|sε(ζ).

Let ρs be the genuine irreducible representation of T̃ with central character χs,

and let ρs also denote its trivial extension to B̃. Let πs = IndG̃
B̃
ρs be the corresponding

principal series representation of G̃. We refer to πs as the unramified principal series

of G̃.

5.1.2 A Spherical Function

In the argument for determining conditions for irreducibility of the unramified prin-

cipal series of G [Cas95], one considers a spherical function that generates the one-

dimensional subspace of K-fixed vectors in the principal series. We adapt Casselman’s

argument [Cas95] to our setting. A first step is to define the correct analogue of the

spherical function. Because πs is a genuine representation, πK̃s is trivial. Since G̃

splits over K, we can instead consider the fixed points under the subgroup K̃0
∼= K

in K̃.

Recall that K̃0 = {(k, s(k)−1) | k ∈ K}, and K̃ ' K̃0 × µn. We extend ε to a

character ε̃ of K̃:

ε̃ : K̃ → C (5.1.1)

k(I2, ζ) 7→ ε(ζ),

for k ∈ K̃0 and ζ ∈ µn. Therefore, K̃0 acts trivially on a genuine representation of K̃

if and only if K̃ acts by ε̃.

Lemma 5.1.3. Let πs be an unramified principal series of G̃. The space πK̃0
s of

K̃0-fixed points of πs is one-dimensional.

Proof: Note that

πs
K̃0 ∼= (ResK̃πs)

K̃0 .
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Also observe that χs|T̃∩K̃ (dg(u), ζ) = ε(ζ), u ∈ O×, ζ ∈ µn. It follows from Proposi-

tion 4.2.2 and (4.2.2) that

(ResK̃πs)
K̃0 ∼=

n−1⊕
i=0

(
IndK̃

B̃∩K̃χi
)K̃0 ,

where χ0 is the trivial extension to B̃∩ K̃ of χs|T̃∩K̃ , and we recall from Lemma 4.2.1

that

χi ((dg(u), ζ)) = χs

((
dg(u), ϑ2i

O×(u)ζ
))

= ε
(
ϑ2i
O×(u)

)
ε (ζ) ,

for all u ∈ O×.

It is therefore enough to calculate the dimension of (IndK̃
B̃∩K̃χi

)K̃0 for each 0 ≤

i < n. By definition of ε̃, (IndK̃
B̃∩K̃χi

)K̃0 is the subspace on which K̃ acts by ε̃. By

Frobenius reciprocity

HomK̃(ε̃, IndK̃
B̃∩K̃χi)

∼= HomB̃∩K̃(ε̃|B̃∩K̃ , χi).

Note that for u ∈ O×, (dg(u), ζ) = ι(u) (I2, ζ), where (dg(u), 1) ∈ K̃0. Hence,

ε̃|T̃∩K̃ (dg(u), ζ) = ε(ζ); that is ε̃|T̃∩K̃ = χ0. Therefore,

dim HomT̃∩K̃(ε̃|T̃∩K̃ , χi) =

 1, i = 0

0, otherwise.

It follows that dim(πs)
K̃0 = dim

⊕n−1
i=0 (IndK̃

B̃∩K̃χi)
K̃0 = 1.

Observe that for any non-zero function φ ∈ πK̃0
s , and any g ∈ G̃ that is factored as

g = ntk, n ∈ N, t ∈ T̃ and k ∈ K̃0 with respect to the Iwasawa decomposition of G̃

in Lemma 3.3.8, we have:

φ(ntk) = φ(nt) = ρs(nt)φ(1) = ρs(t)φ(1).

Therefore, φ is entirely determined by φ(1), which is a function in IndT̃Aχs. We

further identify φ(1) up to a scalar multiple in the next lemma. Let f0 ∈ IndT̃Aχs be

the function with support on A with the property that f0(1) = 1.
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Lemma 5.1.4. Let φ be a non-zero function in πK̃0
s . Then φ(1) belongs to the one-

dimensional subspace of IndT̃Aχs generated by f0.

Proof: Because φ ∈ πK̃0
s , it is fixed under the action of T̃ ∩ K̃0. An arbitrary

element of T̃ ∩ K̃0 has the form of ι(u) for some u ∈ O×. Since φ is fixed by K̃0,

πs (ι(u))φ = φ, thus (πs(ι(u))φ)(1) = φ(1). On the other hand, by right translation,

we have (πs(ι(u))φ)(1) = φ(ι(u)); and since ι(u) is in T̃ , this equals ρs(ι(u))(φ(1)).

Thus φ(1) is fixed by ρs(ι(u)). We next show that this implies the support of φ(1) is

A.

Let t ∈ T̃ . Observe that {ι($i) | 0 ≤ i < n} is a set of coset representatives

for A in T̃ . So t ∈ Aι($j) for some 0 ≤ j < n. Then there exists a ∈ A such that

t = aι($j), whence

tι(u) = aι($j)ι(u) = aι($j)ι(u)ι($−j)ι($j) = ayι($j),

where y = ι($j)ι(u)ι($−j) = (dg(u), (u,$j)2
n) is in T̃ ∩ K̃ ⊂ A. On the one hand,

ι(u) ∈ K̃0 implies that

(πs (ι(u))φ) (1)(t) = φ(1)(aι($j)) = χs(a)
(
φ(1)

(
ι($j)

))
.

On the other hand, ι(u) ∈ T̃ implies that

((πs(ι(u))φ) (1)) (t) = ρs(ι(u))φ(1)(t)

= φ(1)(tι(u))

= φ(1)(ayι($j))

= χs(a)χs(y)
(
φ(1)ι($j)

)
.

Hence, if φ(1)(ι($j)) 6= 0, then χs(y) = 1 for all y ∈ T̃ ∩ K̃. We evaluate

χs(y) = χs

(
dg(u), (u,$j)2

n

)
= ε

(
(u,$j)2

n

)
= ϑ(u)−2j.

But, ϑ−2j is trivial if and only if j = 0, whence the support of φ(1) is the identity

coset of A.
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Lemma 5.1.5. Let u = (dg(u), ζ) be an arbitrary element of T̃ ∩ K̃. Then

ρs (u) f0 = ε(ζ)f0.

Proof: Recall that Supp(f0) = A. It is easy to see that for all t = (dg(t), δ) ∈ T̃ ,

val(tu) = val(t). Hence, tu ∈ A if and only if t ∈ A. Therefore, because ρs acts by

right translation, Supp(ρs(u)f0) = Supp(f0) = A. Let t ∈ A. Since A = CT̃ (T̃ ∩ K̃),

t and u commute. Therefore,

ρs(u)f0(t) = f0(tu) = f0(ut) = χs (dg(u), ζ) f0(t) = ε(ζ)f0(t).

For g ∈ G̃ with Iwasawa decomposition g = ntk, n ∈ N, t ∈ T̃ and k ∈ K̃0, set

φs(g) = ρs(t)f0. We show that this map is well-defined.

Lemma 5.1.6. The map φs is a well-defined element of IndG̃
B̃
ρs.

Proof: If φs is well-defined then by construction it is in IndG̃
B̃
ρs. We show that

φs(g) is independent of the decomposition of g. Let g ∈ G̃, and let n1t1k1 and n2t2k2

be two different Iwasawa decompositions of g. We will show that ρs(t1)f0 = ρs(t2)f0.

It follows from n1t1k1 = n2t2k2 that

(n2t2)−1n1t1 = k2k
−1
1 , (5.1.2)

which is an element of (NT̃ ) ∩ K̃0. Let us write the left hand side of (5.1.2) as n3t3.

Since N ∩ T̃ = {(I2, 1)}, it is easy to see that n3 ∈ N ∩ K̃0 and t3 ∈ T̃ ∩ K̃0. Hence,

from (5.1.2) we have

t1 = n−1
1 n2t2n3t3

= n−1
1 n2t2n3t

−1
2 t2t3
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= n−1
1 n2

t2n3t2t3,

where t2n3 ∈ N since T̃ normalizes N . Therefore, we have

ρs(t1)f0 = ρs(n
−1
1 n2

t2n3t2t3)f0

= ρs(t2t3)f0.

Observe that t3 ∈ T̃ ∩ K̃0, so t3 = ι(u) for some u ∈ O×. Hence, it follows from

Lemma 5.1.5 that ρs(t3)f0 = f0 and hence ρs(t1)f0 = ρs(t2)f0, as required.

Since in particular φs(I2, 1) = f0, it follows from the preceding lemma that φs is a

basis for πs
K̃0 . We call φs the normalized spherical function of πs.

5.1.3 Quasi-Characteristic Function of K̃

Consider the space C∞c (G̃, IndT̃Aχs), on which G̃ acts by right-translation. Recall

that functions in this space are locally constant with compact support, so they are

integrable. In this section, we define an intertwining map Ps : C∞c (G̃, IndT̃Aχs) →

IndG̃
B̃
ρs; and we identify a pre-image of φs under this map, which we call the quasi-

characteristic function of K̃.

We assume the Haar measure µB̃ = µ on B̃ is right-invariant, recall δB̃ (( t n
0 t−1 ) , ζ) =

|t|2. For every ϕ ∈ C∞c (G̃, IndT̃Aχs) define Ps(ϕ) : G̃→ IndT̃Aχs by

Ps(ϕ)(g) : T̃ → C (5.1.3)

t →
∫
B̃

ρs(b
−1)ϕ(bg)(t)db.

It is not difficult to see that Ps(ϕ) is smooth. Moreover, because ρs(b
−1)ϕ(bg) ∈

IndT̃Aχs for all b ∈ B̃ and g ∈ G̃, Ps(ϕ)(g)(at) = χs(a)Ps(ϕ)(g)(t) for every a ∈ A

and t ∈ T̃ . So, Ps(ϕ)(g) ∈ IndT̃Aχs.

The following lemma shows that the image of Ps lies in the space of the rep-

resentation IndG̃
B̃
ρs. Evidently, Ps(g · ϕ) = g · Ps(ϕ), so Ps defines an intertwining
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map

Ps : C∞c (G̃, IndT̃Aχs)→ IndG̃
B̃
ρs.

Lemma 5.1.7. For every ϕ ∈ C∞c (G̃, IndT̃Aχs), Ps(ϕ) lies in IndG̃
B̃
ρs. Moreover, Ps

takes K̃0-fixed vectors in C∞c (G̃, IndT̃Aχs) to K̃0-fixed vectors in IndG̃
B̃
ρs.

Proof: For the first claim, we need to show that Ps(ϕ)(b1g) = ρs(b1)P (ϕ)(g) for

all b1 ∈ B̃ and g ∈ G̃. We compute

Ps(ϕ)(b1g) =

∫
B̃

ρs(b
−1)ϕ(bb1g)db

=

∫
B̃

ρs(b1b
′−1)ϕ(b′g)db′b−1

1 where b′ = bb1

= ρs(b1)

∫
B̃

ρs(b
′−1)ϕ(b′g)db′

= ρs(b1)Ps(ϕ)(g).

So Ps(ϕ) lies in IndG̃
B̃
ρs. Moreover, suppose ϕ ∈ C∞c (G̃, IndT̃Aχs) is such that for all

k ∈ K̃0, k · ϕ(g) = ϕ(g). Since Ps is an intertwining operator for the action of G̃,

Ps(ϕ) = Ps(k · ϕ) = k · Ps(ϕ), so Ps(ϕ) ∈ πK̃0
s .

Now we wish to identify a simple function in the pre-image under Ps of our normalized

spherical function φs. In fact, Lemma 5.1.7 implies that Ps maps any K̃0-fixed function

to a scalar multiple of φs, so it suffices to choose a simple function with this property.

Set M = µ(B̃ ∩ K̃), and define the function ϕ0 ∈ C∞c (G̃, IndT̃Aχs) via

ϕ0(g) =

ε̃(g)M−1f0, if g ∈ K̃

0, if g /∈ K̃,
(5.1.4)

where ε̃ is defined in (5.1.1). We call the function ϕ0 the quasi-characteristic function

of K̃. Note that ϕ0 is K̃0-fixed under right translation.

Lemma 5.1.8. Let Ps be as defined in (5.1.3), φs be the normalized spherical function,

and ϕ0 be the quasi-characteristic function. Then Ps(ϕ0) = φs.



5. The Reducibility Points of the Unramified Principal Series of S̃L2(F) 98

Proof: By construction, we have k · ϕ0 = ϕ0 for all k ∈ K̃0, so by Lemma 5.1.7,

Ps(ϕ0) ∈ πK̃0
s . This space is one-dimensional, so Ps(ϕ0) = λφs for some scalar λ. To

show that λ = 1, it is enough to show that Ps(ϕ0)(I2, 1) = f0. Note that since ϕ0 is

zero outside of K̃ we have

Ps(ϕ0)(I2, 1) =

∫
B̃∩K̃

ρs(b
−1)ϕ0(b)db.

Fix b = k(I2, ζ) ∈ B̃ ∩ K̃, for some k ∈ B̃ ∩ K̃0 and ζ ∈ µn. By (5.1.4), ϕ0(b) =

ε(ζ)M−1f0. Now, because b ∈ NT̃ ∩ K̃, and because ρs is trivial on the unipotent

radical subgroup N , Lemma 5.1.5 implies that

ρs(b
−1)f0 = ε(ζ)−1f0.

Therefore, ρs(b
−1)ϕ0(b) = ε(ζ)−1ε(ζ)M−1f0 = M−1f0 and∫

B̃∩K̃
ρs(b

−1)ϕ0(b)db = M−1f0µ(B̃ ∩ K̃) = f0.

5.1.4 Jacquet Module

In this section, we set the stage in order to identify an intertwining map Ts from

πs to π−s+2. Let (πs)N = πs/πs(N) be the Jacquet module of πs, defined in Defini-

tion 1.1.39. Our goal in this section is to construct an exact sequence

0→ ρ−s+2→(πs)N→ρs → 0.

Later, in Section 5.2, we specify to those parameters s that yield a regular central

character. But for now, we include all the possible values of s.

Consider the B̃-map

α : πs → ρs
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f 7→ f(1).

Since α is non-zero and ρs is irreducible, α is surjective. Let ᾱ be the image of α

under the Jacquet functor. Observe that ρs|N is trivial; and hence, (ρs)N , the Jacquet

module of ρs, is ρs. Because the Jacquet functor is exact, ᾱ : (πs)N → ρs is a surjective

T̃ -map, so (πs)N/ ker(ᾱ) ∼= ρs. In general, it is a well-known result, originally due to

Jacquet [Jac71], that the Jacquet module of a subrepresentation of a principal series

representation is non-zero.

Next, we identify ρ−s+2 as a subspace of (πs)N . To do so, we define an intertwining

operator from a B̃-subspace of πs, which consists of those functions with support on

B̃w̃B̃, to ρ−s+2 and that factors through to an isomorphism under the Jacquet functor.

Set Inw̃ = {h ∈ IndG̃
B̃
ρs | Supp(h) ⊆ B̃w̃B̃} and πw̃ := πs|B̃. Then (πw̃, Inw̃) is

a B̃-subspace of (πs, IndG̃
B̃
ρs). Observe that, because G̃ = B̃ ∪ B̃w̃B̃, h ∈ Inw̃ if and

only if h(1) = 0, i.e., h ∈ ker(α). Hence, Inw̃ = ker(α). For any representation (π, V ),

recall that E(V ) denotes the vector space underlying (π, V ).

We will benefit from the following decomposition of an element (( a bc d ) , ζ) in G̃

when c 6= 0:

(

 a b

c d

 , ζ) = (ut(ac−1), 1)(dg(−c−1), ζ) w̃ (ut(dc−1), 1). (5.1.5)

Lemma 5.1.9. Let h ∈ Inw̃. Then h|w̃N is compactly supported and therefore,∫
N

h(w̃n)d n,

is convergent.

Proof: By assumption Supp(h) ⊆ B̃w̃B̃ = B̃w̃N . We will show that there exists

an open compact subgroup N0 of N such that Supp(h) ⊆ B̃w̃N0.

We have Supp(h) ⊆ B̃w̃B̃ if and only if h(I2, 1) = 0. Because h is locally

constant, h(I2, 1) = 0 implies that there exists an integer k > 0 and a compact open
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subgroup N̄k = {(lt(x), ζ) | x ∈ pk} such that h|N̄k = 0. If x 6= 0, by (5.1.5) we have

(lt(x), ζ) =
(
ut(x−1), 1

) (
dg(−x−1), ζ

)
w̃
(
ut(x−1), 1

)
.

Hence,

h (lt(x), ζ) = ρs
(
dg(−x−1), ζ

)
h
(
w̃
(
ut(x−1), 1

))
. (5.1.6)

If x ∈ pk then the left-hand side of 5.1.6 is zero. Moreover, x ∈ pk implies that

val(x−1) ≤ −k, whence h is zero on {w̃ (ut(x), ζ) | val(x) ≤ −k}. Therefore,

Supp(h) ⊂ B̃w̃N−k+1, where N−k+1 := {(ut(x), ζ) | x ∈ p−k+1}.

Remark 5.1.10. The integral in Lemma 5.1.9 can be written as an infinite sum of

integrals over compact sets, which turns out to be a geometric series that is convergent

when Re(s) > 1. It follows that in that case, the integral in Lemma 5.1.9 is convergent

for all h ∈ IndG̃
B̃
ρs.

If h ∈ Inw̃, then
∫
N
h(w̃n)d n is convergent by Lemma 5.1.9, and assumes values

in E(IndT̃Aχs). Consider the map

Λ′w̃,s : Inw̃ → E(IndT̃Aχs) (5.1.7)

h 7→
∫
N

h(w̃n)d n.

The map Λ′w̃,s induces an action of T̃ on E(IndT̃Aχs) that is different from the natural

action on this space.

Lemma 5.1.11. The map Λ′w̃,s is a T̃ -intertwining operator from πw̃ to δB̃ρ
w̃
s .

Proof: It is easy to see that for f ∈ E(IndT̃Aχs) and (dg(t), ζ) ∈ T̃ ,

δB̃ρ
w̃
s (dg(t), ζ) f = |t|2ρs

(
dg(t)−1, ζ

)
f
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defines an action of T̃ on E(IndT̃Aχs). Let h ∈ Inw̃ and t ∈ T̃ . Then

Λ′w̃,s(t · h) =

∫
N

(t · h)(w̃n)dn. (5.1.8)

Because πw̃ is the restriction of πs, T̃ acts by right translation. Therefore,

(t · h)(w̃n) = h(w̃nt) = h(w̃tt−1nt).

Because T̃ normalizes N , n′ = t−1nt is in N . It is not difficult to see that d n =

d tn′t−1 = δB̃(t)d n′. Hence, by this change of variable, (5.1.8) is equal to

δB̃(t)

∫
N

h(w̃tn)dn.

Observe that, because functions in Inw̃ ⊂ IndG̃
B̃
ρs translate on the left by ρs, we have

h(w̃tn) = h(w̃tw̃−1w̃n) = ρs(w̃tw̃
−1)h(w̃n) = ρw̃s (t)h(w̃n).

Hence,

Λ′w̃,s(t · h) = δB̃(t)ρw̃s (t)

∫
N

h(w̃n)dn = δB̃(t)ρw̃s (t)Λ′w̃,s(h).

The next lemma shows that Λ′w̃,s defines, indeed, an intertwining operator from

(πw̃, Inw̃) to (ρ−s+2, IndT̃Aχ−s+2).

Lemma 5.1.12. The two T̃ -representations δB̃ρ
w̃
s and ρ−s+2 are isomorphic.

Proof: Since ρ−s+2 and δB̃ρ
w̃
s are irreducible genuine representations of T̃ , by

the Stone-von Neumann theroem, it suffices to show that they have the same central

character. Recall that the central character of ρ−s+2 is χ−s+2. Let (dg(t), ζ) ∈ Z(T̃ ).

We compute

δB̃ρ
w̃
s (dg(t), ζ) = |t|2ρs

(
dg(t)−1, ζ

)
= |t|2|t|−sε(ζ) = |t|−s+2ε(ζ) = χ−s+2 (dg(t), ζ) ,

and hence the result.

We identify (δB̃ρ
w̃
s , E(IndT̃Aχs)) with (ρ−s+2, IndT̃Aχ−s+2), hence Λ′w̃,s defines an inter-

twining map Λw̃,s : Inw̃ → IndT̃Aχ−s+2.
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πw̃
i //

J
��

Λw̃,s

zz

πs

J
��

ρ−s+2 (πw̃)N∼=
oo i // (πs)N

Figure 5.1: The image of Λw̃,s under the Jacquet functor J is an isomorphism.

The inclusion map is denoted by i. The Jacquet functor is exact, and the

diagram commutes.

Lemma 5.1.13. The homomorphism Λw̃,s factors through to a T̃ -isomorphism be-

tween ((πw̃)N , (Inw̃)N) and (ρ−s+2, IndT̃Aχ−s+2).

Proof: Since (ρ−s+2, IndT̃Aχ−s+2) is irreducible, the non-zero homomorphism Λw̃,s

is surjective. We show that ker(Λw̃,s) is the subspace Inw̃(N) of Inw̃, and hence

Inw̃N = Inw̃/Inw̃(N) ∼= Img(Λw̃,s) = IndT̃Aχ−s+2.

Suppose h ∈ ker(Λw̃,s). By Lemma 1.1.40, to show that h ∈ Inw̃(N), we need to

show that there exists a compact open subgroup N0 of N such that∫
N0

πs(n)hdn = 0.

Observe that, by the proof of Lemma 5.1.9, Supp(h) ⊆ B̃w̃N ′ for some open compact

subgroup N ′ of N . Therefore,

Λw̃,s(h) =

∫
N ′
h(w̃n)dn =

∫
N ′
πs(n)h(w̃)dn = 0.

Let g ∈ G̃ = B̃ ∪ B̃w̃N . If g ∈ B̃, then h(g) = 0, so clearly
∫
N ′
πs(n)h(g)dn = 0.

Otherwise, g = bw̃n′ for b ∈ B̃, n′ ∈ N and∫
N ′
πs(n)h(bw̃n′)dn = ρs(b)

∫
N ′
πs(n

′n)h(w̃)dn

= ρs(b)

∫
N ′
πs(n

′′)h(w̃)dn′−1n′′ n′n = n′′

= ρs(b)

∫
N ′
πs(n

′′)h(w̃)dn′′ = 0.
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Therefore, ∫
N ′
πs(n)h dn = 0,

and hence h ∈ Inw̃(N). Conversely, assume h ∈ Inw̃(N). Then h =
∑m

i=1(πw̃(ni)hi −

hi) for some m ∈ Z, hi ∈ Inw̃ and ni ∈ N . Let N0 be a compact subgroup of N such

that Supp(hi) ⊂ B̃w̃N0, and that it contains ni for all 1 ≤ i ≤ m. Then∫
N

h(w̃n)dn =
m∑
i=1

∫
N0

(πw̃(ni)hi − hi) (w̃n)dn (5.1.9)

=
m∑
i=1

(∫
N0

hi(w̃nni)dn−
∫
N0

hi(w̃n)dn

)
.

Since dn is invariant, with a change of variable nni = n′, for each i∫
N0

hi(w̃nni)dn =

∫
N0

hi(w̃n
′)dn′,

and hence (5.1.9) is equal to zero. Therefore, h ∈ ker(Λw̃,s). So, ker(Λw̃,s) = Inw̃(N),

whence ((πw̃)N , Inw̃N) ∼=
(
ρ−s+2, IndT̃Aχ−s+2

)
.

We denote the isomorphism given in Lemma 5.1.13 by Λ̄w̃,s. As shown in Figure 5.1,

via Λ̄w̃,s, and the inclusion map (πw̃)N ↪→ (πs)N , we identify ρ−s+2 as a subrepresen-

tation of (πs)N . Consider the exact sequence,

0→ πw̃
i→ πs

α→ ρs → 0, (5.1.10)

where α(f) = f(1). Because the Jacquet functor J is exact, the image of (5.1.10)

under J is an exact sequence. Moreover, by Lemma 5.1.13, (πw̃)N ∼= ρ−s+2. Hence,

0→ ρ−s+2
i→ (πs)N

ᾱ→ ρs → 0, (5.1.11)

where ᾱ = J(α), is an exact sequence.

5.2 The Case of Regular Characters

In this section, we show that if χs is a regular character, so that ρs 6= ρ−s+2, then the

exact sequence (5.1.11) splits; that is, (πs)N ∼= ρ−s+2 ⊕ ρs. We then show that this
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decomposition leads to constructing a homomorphism Ts ∈ HomG̃(πs, π−s+2).

Lemma 5.2.1. Suppose χs is a regular character. Then the sequence

0→ ρ−s+2
i→ (πs)N

ᾱ→ ρs → 0.

is a split T̃ -exact sequence.

Proof: To see that the sequence splits, we find a T̃ -invariant complement for ρ−s+2

in (πs)N that carries the representation ρs. First, we find a complement on which

Z(T̃ ) acts by χs. Let {f0, · · · , fn−1} be a basis for (ρ−s+2, IndT̃Aχ−s+2), identified with

a subrepresentation of (πs)N , and let {g′0, · · · , g′n−1} be a set of coset representatives

for a basis of (πs)N/ρ−s+2
∼= ρs. Therefore, for every t ∈ Z(T̃ ),

t · fi = χ−s+2(t)fi, and t · g′i = χs(t)g′i +
n−1∑
j=0

λij(t)fj,

for some λij : Z(T̃ )→ C. We will find constants cij, 0 ≤ i, j < n such that Z(T̃ ) acts

on gi := g′i +
∑n−1

j=0 cijfj by the character χs, and hence {gi | 0 ≤ i < n} is a basis for

the Z(T̃ )-complement to ρ−s+2. Observe that

t · gi = χs(t)g′i +
n−1∑
j=0

λij(t)fj +
n−1∑
j=0

cijχ−s+2(t)fj,

for every t ∈ Z(T̃ ), which is equal to χs(t)gi if and only if λij(t) = cij(χs(t) −

χ−s+2(t)). Let t0 ∈ Z(T̃ ) be such that χs(t0)−χ−s+2(t0) 6= 0; because χs is regular,

such a t0 exists. We claim that the relation t ·(t0 ·gi) = t0 ·(t ·gi), for every t ∈ Z(T̃ )

and 0 ≤ i, j < n, implies

λij(t) =
λij(t0)(χs(t)− χ−s+2(t))

χs(t0)− χ−s+2(t0)
.

Hence, by setting cij =
λij(t0)

χs(t0)−χ−s+2(t0)
, we have t · gi = χs(t)gi, 0 ≤ i < n. Now, to

prove the claim note that, for all t ∈ Z(T̃ ),

t · (t0 · gi) = t · (χs(t0)gi +
m∑
j=1

λij(t0)fj)
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= χs(t0)
(
χs(t)gi +

m∑
j=1

λij(t)fj
)

+
m∑
j=1

λij(t0)χ−s+2(t)fj.

Similarly t0 · (t · gi) = χs(t)
(
χs(t0)gi +

∑m
j=1 λij(t0)fj

)
+
∑m

j=1 λij(t)χ−s+2(t0)fj.

Hence,

χs(t0)
n∑
j=1

λij(t)fj+
n∑
j=1

λij(t0)χ−s+2(t)fj = χs(t)
n∑
j=1

λij(t0)fj+
n∑
j=1

λij(t)χ−s+2(t0)fj.

So, λij(t)(χs(t0) − χ−s+2(t0)) = λij(t0)(χs(t) − χ−s+2(t)), for each i and j, and

hence the claim. It remains to show that W := Span{gi | 0 ≤ i < n} is a T̃ -invariant

complement to ρ−s+2. Let t′ ∈ T̃ , t ∈ Z(T̃ ). Then, for 0 ≤ i < n,

t · (t′ · gi) = t′ · (t · gi) = t′ · (χs(t)gi) = χs(t)(t′ · gi).

That is, Z(T̃ ) acts on t′·gi by χs which implies t′·gi ∈ W , and that finishes the proof.

Proposition 5.2.2. Suppose χs is a regular character. Then there exists a unique

B̃-equivariant morphism Λs : πs|B̃ → ρ−s+2 that extends Λw̃,s, and a G̃-equivariant

morphism Ts : πs → π−s+2, such that for any h ∈ πs

Ts(h)(1) = Λs(h).

Proof: Consider the following extension of Figure 5.1. Observe that, by Lemma 5.2.1,

the projection map from ρs⊕ ρ−s+2 to ρ−s+2 defines a map Proj : (πs)N → ρ−s+2. All

the maps are T̃ -equivariant morphisms and trivial on N , so B̃-equivariant morphisms.

πw̃
i //

J
��

Λw̃,s

zz

πs

J
��

ρ−s+2 (πw̃)N
∼=

Λ̄w̃,s

oo i // (πs)N
Proj
mm

∼= // ρs ⊕ ρ−s+2

Since the Jacquet functor is exact, this diagram commutes, in the sense that for

h ∈ πw̃, Λw̃,s(h) = Λ̄w̃,s ◦Proj◦J ◦ i(h). We can extend Λw̃,s to a map Λs : πs → ρ−s+2
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by defining Λs(h) = Λ̄w̃,s◦Proj◦J(h). Hence Λs is a B̃-equivariant map. By Frobenius

reciprocity, we have

HomG̃(πs, π−s+2) ∼= HomB̃(πs|B̃, ρ−s+2)

φ 7→ α ◦ φ, (5.2.1)

where α is the evaluation map at 1. Moreover, by Lemma 1.1.41

HomG̃(πs, π−s+2) ∼= HomT̃ ((πs)N , ρ−s+2),

which because (πs)N ∼= ρs ⊕ ρ−s+2, and ρs 6∼= ρs, is one-dimensional. It follows

that Λs is unique, up to a scalar. Let Ts ∈ HomG̃(πs, π−s+2) be the G̃-map corre-

sponding to Λs ∈ HomB̃(πs|B̃, ρ−s+2). Because Ts maps to Λs, (5.2.1) implies that

Ts(f)(1) = Λs(f).

Remark 5.2.3. When Re(s) > 1, by Remark 5.1.10, the extension Λs of Λw̃,s is

defined via the integral given in (5.1.7). Therefore, in this case, there is an explicit

formula for the extension.

Similarly, we can construct a G̃-map T−s+2 : π−s+2 → πs. So, the composition of

these maps gives us an intertwining operator of πs, which we shall denote T :

T : πs
Ts−→ π−s+2

T−s+2−→ πs. (5.2.2)

Corollary 5.2.4. Let T be as in (5.2.2). Then T = γ(s)id, for some constant

γ(s) ∈ C.

Proof: By Lemma 1.1.41, and Lemma 5.2.1

HomG̃(πs, πs) ∼= HomT̃ ((πs)N , ρs) ∼= HomT̃ (ρ−s+2 ⊕ ρs, ρs).

Because ρ−s+2 and ρs are distinct irreducible representations of T̃ , this intertwining

space is one-dimensional. Hence, T is a scalar multiple of the identity.

We will show that the vanishing of γ(s) determines the reducibility points of πs.
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5.2.1 Irreducibility Criteria

In the next proposition, we reduce the problem of the irreducibility of πs to the one of

calculating γ(s), when χs is a regular character. We will use the Projectivity theorem,

which we state without proof. The proof, in a more general setting, can be found

in [BH06, Appendix 10.a].

Theorem 5.2.5 (Projectivity Theorem). Let (π, V ) be an irreducible genuine smooth

representation of G̃ such that πN = 0, and let (τ, U) be a smooth genuine represen-

tation of G̃. Let f : U → V be a surjective G̃-homomorphism. There exists a

G̃-homomorphism φ : V → U such that f ◦ φ = idV .

Proposition 5.2.6. Assume χs is regular. Let T be as in (5.2.2). The principal

series representation πs is irreducible if and only if T 6= 0.

Proof: Suppose T = 0. We have T = T−s+2 ◦ Ts. If Ts is not injective, then the

kernel of Ts is a G̃-invariant subspace of πs. Since Ts is, by construction, not the zero

map, its kernel is a proper subspace and hence, πs is reducible.

Let us, for the purpose of contradiction, assume that Ts is injective. Set W :=

Img(Ts). Observe that because Ts 6= 0, W is non-trivial. Moreover, because T−s+2 (W ) =

0 and T−s+2 6= 0, W is a proper subrepresentation of (π−s+2, IndG̃
B̃
ρ−s+2). Set M :=

(IndG̃
B̃
ρ−s+2)/W . Because the Jacquet functor J is exact, the image of the exact

sequence

0→ πs
Ts
↪→ π−s+2

p
�M → 0,

where p is the projection map, under J remains exact; that is

0→ (πs)N ↪→ (π−s+2)N �MN → 0

is exact. Observe that (πs)N ∼= (π−s+2)N , and they are finite-dimensional spaces, so

MN = 0. Let M ′ be an irreducible quotient of M , then M ′
N = 0. By Projectivity

Theorem 5.2.5, there exists a G̃-homomorphism that embeds M ′ into π−s+2; hence
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M ′, being a subrepresentation of a principal series representation π−s+2, has non-zero

Jacquet module; that is M ′
N 6= 0, which is a contradiction. Hence, Ts is not injective,

whence πs is reducible.

Conversely, assume that T 6= 0 and suppose, to the contrary, there exists a non-

trivial subrepresentation of πs. Let W be a maximal non-trivial subrepresentation of

πs, so that M := πs/W is irreducible. The image of the exact sequence

0→ W
i
↪→ πs

p
�M → 0,

where i and p are inclusion and projection map respectively, remains exact under the

Jacquet functor; that is

0→ WN ↪→ (πs)N �MN → 0 (5.2.3)

is exact. The Jacquet module of W , being a subrepresentation of a principal series

representation, is non-zero. Hence, WN is equal to either ρs, ρ−s+2, or ρs ⊕ ρ−s+2.

If WN = ρs ⊕ ρ−s+2 then MN = 0, which, similar to the argument above, is

impossible by the Projectivity Theorem. So, WN is isomorphic to either ρs or ρ−s+2,

which, because (5.2.3) is exact, implies that MN is isomorphic to either ρ−s+2 or ρs.

If MN
∼= ρs by Lemma 1.1.41

HomT̃ (MN , ρs) = HomG̃(M,πs),

which implies there exists a non-zero G̃-map q : M → πs. Hence, q◦p : πs
p→M

q→ πs

is a G̃-intertwining operator. Note that q◦p is not injective, because p is not injective.

This contradicts the fact that HomG̃(πs, πs) ∼= C.

Similarly, suppose MN
∼= ρ−s+2. Note that HomG̃(πs, π−s+2) = CTs. Moreover,

the assumption T = T−s+2 ◦ Ts 6= 0 implies Ts is injective. By Lemma 1.1.41

HomT̃ (MN , ρ−s+2) = HomG̃(M,π−s+2).

So, there exists a non-zero G̃-map q : M → π−s+2. Hence, the map q ◦ p : πs
p→M

q→

π−s+2 is a non-injective map in HomG̃(πs, π−s+2), which is a contradiction. Hence,
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such a W does not exist, and πs is irreducible.

By Proposition 5.2.6, to determine the reducibility points of πs, we need to know all

the values of s such that γ(s) = 0. In order to find γ(s), it suffices to determine the

image of the spherical vector φs under T = T−s+2 ◦ Ts.

Let f ′0 ∈ IndT̃Aχ−s+2 be such that Suppf ′0 ⊂ A and f ′0(1) = 1, and let φ−s+2 :

G̃→ IndT̃Aχ−s+2, defined via φ−s+2(g) = ρ−s+2(t)f ′0, whenever g = ntk, n ∈ N, t ∈ T̃

and k ∈ K̃0, be the normalized spherical function in π−s+2.

Lemma 5.2.7. Let Ts be as in Proposition 5.2.2, and let φs and φ−s+2 be the normal-

ized spherical functions in πs
K̃0 and π−s+2

K̃0 respectively. Then there exists a scalar

c(s) ∈ C such that

Ts(φs) = c(s)φ−s+2.

Proof: Since Ts is an intertwining operator, it takes the K̃0-fixed subspace of πs to

the K̃0-fixed subspace of π−s+2. By Lemma 5.1.3, πK̃0
s and πK̃0

−s+2 are one-dimensional

spaces, generated by φs and φ−s+2 respectively. Hence, the lemma follows.

Similarly, T−s+2(φ−s+2) = c(−s + 2)φs, for some constant c(−s + 2). Since γ(s) =

c(s)c(−s + 2), our goal is to calculate the constants c(s) and c(−s + 2).

Lemma 5.2.8. Let c(s) ∈ C be such that Ts(φs) = c(s)φ−s+2, and let Λs : πs → ρ−s+2

be as in Proposition 5.2.2. Then c(s)f ′0 = Λs(φs).

Proof: By Proposition 5.2.2, Λs(φs) = Ts(φs)(1), which by Lemma 5.2.7 equals

c(s)φ−s+2(1). Since φ−s+2(1) = f ′0 by definition, the result follows.

Therefore, in order to calculate c(s), it is enough to calculate Λs(φs). However, we

have no explicit formula for Λs, unless Re(s) > 1. Let ϕ0 be the quasi-characteristic

function defined in (5.1.4). Recall from Lemma 5.1.8 that φs = Ps(ϕ0), where Ps :

C∞c (G̃, IndT̃Aχs)→ πs is given by

Ps(ϕ)(g) =

∫
B̃

ρs(b
−1)ϕ(bg)db.
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Hence, Λs(φs) = Λs ◦ Ps(ϕ0). Denote the map Λs ◦ Ps by Ds:

Ds : C∞c (G̃, IndT̃Aχs) → ρ−s+2 (5.2.4)

h → Λs ◦ Ps(h).

Recall from Proposition 5.2.2 that, under the isomorphism in Lemma 5.1.12, Λs|Inw̃
is given by

Λw̃,s : Inw̃ → IndT̃Aχ−s+2

h 7→
∫
N

h(w̃n)d n.

Let C∞c (B̃w̃B̃, IndT̃Aχs) denote the subspace of C∞c (G̃, IndT̃Aχs) that consists of those

functions with support contained in B̃w̃B̃. It is not difficult to see that if Supp(ϕ) ⊆

B̃w̃B̃ then Supp
(
Ps(ϕ)

)
⊆ B̃w̃B̃ as well, so Img(Ps|C∞c (B̃w̃B̃,IndT̃Aχs)

) ⊆ Inw̃. Hence,

Ds|C∞c (B̃w̃B̃,IndT̃Aχs)
= Λw̃,s ◦ Ps,

for which we are going to give a formula, in the next lemma. First, observe that the

map

B̃ ×N → B̃w̃N (5.2.5)

(b, n) 7→ bw̃n

is a bijection.

Lemma 5.2.9. Let h ∈ C∞c (B̃w̃B̃, IndT̃Aχs), and let Ds = Λw̃,s ◦ Ps. Then, after a

suitable normalization of the restriction of the Haar measure of G̃ to B̃w̃B̃,

Ds(h) =

∫
B̃wB̃

ψ(x)h(x)dx,

where ψ(x) = δB̃(b)ρs(b
−1) for x = bw̃n′ with n′ ∈ N, b ∈ B̃.

Proof: Consider the open subset B̃w̃B̃ = B̃w̃N of G̃ with the measure µ inherited

from the Haar measure of G̃. Note that this measure is invariant under multiplication
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by N on the right and multiplication by B̃ on the left. By (5.2.5), B̃w̃N is in bijection

with B̃×N . The uniqueness of Haar measure up to a scalar implies that any N -right

invariant and B̃-left invariant Haar measure on B̃ ×N is a scalar multiple of µ.

Now, let f ∈ C∞c (B̃w̃B̃, IndT̃Aχs). Recall that we assume that the Haar measure

on B̃ is right invariant. For clarity, we subscribe the right and left invariant integrals

by R and L consecutively. So,

Ds(h) = Λw̃,s(Ps(h))

=

∫
N

∫
B̃

ρs(b
−1)h(bw̃n)dRbdRn

=

∫
N

∫
B̃

δB̃(b)ρs(b
−1)h(bw̃n)dLbdRn. (5.2.6)

Let ψ(x) = δB̃(b)ρs(b
−1) for x = bw̃n′, n′ ∈ N, b ∈ B̃. Then (5.2.6) can be written as∫

B̃×N
ψ(x)h(x)dx.

This is an N -right invariant and B̃-left invariant integral on the set B̃×N . Therefore

it is equal to

c

∫
B̃w̃B̃

ψ(x)h(x)dx,

for some non-zero constant c. We can normalize the Haar measure on B̃w̃B̃ so that

the constant c = 1.

Consider the following extension of Figure 5.1.

C∞c (B̃w̃B̃, IndT̃Aχs)

Ps

��

� � // C∞c (G̃, IndT̃Aχs)

Ps

��
πw̃
� � i //

J
��

Λw̃,s

vv

πs

J
��

ρ−s+2 (πw̃)N∼=

Λ̄w̃,soo � � i // (πs)N
Proj

mm

This diagram commutes. Note that Ds : C∞c (G̃, IndT̃Aχs) → ρ−s+2, which is given

by Λ̄w̃,s ◦ Proj ◦ J ◦ Ps, is the extension of Λw̃,s ◦ Ps, for which Lemma 5.2.9 gives
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the formula. By Remark 5.2.3, when Re(s) > 1, Ds is also given by the formula in

Lemma 5.2.9. Next, we state the following proposition without proof.

Proposition 5.2.10. For every h ∈ C∞c (G̃, IndG̃
B̃
ρs), the function Ds(h) is a holo-

morphic function of s ∈ C.

The main idea of the proof is to construct a function h̃, for every function h ∈

C∞c (G̃, IndG̃
B̃
ρs), such that Supp(h̃) ⊆ B̃w̃B̃ and Λs(h) = Λs(h̃). Because Λs(h̃) is

given by an integral, which by Lemma 5.1.9, has a compactly supported integrand,

it depends holomorphically on s, and hence the result follows. A similar statement is

proved in [CS80, Proposition 2.1].

In the next proposition, using the formula for Ds, we calculate Ts(φs). Let us

prove the following technical lemma first.

Lemma 5.2.11. Let Ωm = {
(

( a b
$mc d ) , ζ

)
∈ Ĩ| a, b, c, d ∈ O}. Then Ωm is a group

and [K̃ : Ωm] = qm + qm−1.

Proof: It is not difficult to see that Ωm is a group. Let P be the canonical

projection from K̃ onto S̃L2(O/pm). Define the set Ωm = {
( (

a b
0 a−1

)
, ζ
)
|a, b ∈ O/pm}.

Then Ωm = P−1(Ωm) and hence [K̃ : Ωm] = [S̃L2(O/pm) : Ωm]. Let us calculate the

cardinality of S̃L2(O/pm) = {
(

( a bc d ) , ζ
)
| a, b, c, d ∈ O/pm, ad − bc = 1}. Note that

the determinant condition ad− bc = 1 in O/pm implies that a and b cannot both lie

in p/pm. Hence, we can write SL2(O/pm) as disjoint union A ∪B ∪ C where

1. A = {

 a b

c d

 ∈ SL2(O/pm) | a ∈ p/pm, b /∈ p/pm, ad− bc = 1},

2. B = {

 a b

c d

 ∈ SL2(O/pm) | b ∈ p/pm, a /∈ p/pm, ad− bc = 1},

3. C = {

 a b

c d

 ∈ SL2(O/pm) | a, b /∈ p/pm, ad− bc = 1}.
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Elementary counting shows that |A| = |B| = (qm − qm−1)qm−1qm and |C| = (qm −

qm−1)2qm elements. So, |S̃L2(O/pm)| = qm(qm − qm−1)(qm + qm−1)n. One can see

that |Ωm| = (qm − qm−1)qmn and therefore, [S̃L2(O/pm) : Ωm] = qm + qm−1.

Proposition 5.2.12. Let Ts be as in Proposition 5.2.2 and φs and φ−s+2 be the

normalized spherical functions in πs
K̃0 and π−s+2

K̃0 respectively. Then

Ts(φs) = c(s)φ−s+2,

where

c(s) =
1

q + 1

(1− q−ns+n−1

1− q−ns+n
)
.

Proof: First assume Re(s) > 1. By Lemma 5.2.8, c(s)f ′0 = Λs(φs), which,

by (5.2.4), is equal to Ds(ϕ0). By Lemma 5.2.9

Ds(h) =

∫
B̃wB̃

ψ(x)h(x)dx, (5.2.7)

when h ∈ C∞c (B̃w̃B̃, IndT̃Aχs). We apply (5.2.7) to ϕ0. Note that since ϕ0 is 0

outside of K̃, one can restrict the domain of the integral in (5.2.7) to B̃w̃B̃ ∩ K̃. The

decomposition K̃ = Ĩ ∪ Ĩw̃Ĩ yields Ds(ϕ0) is equal to∫
(B̃wB̃)∩(ĨwĨ)

ψ(x)ϕ0(x)dx +

∫
(B̃wB̃)∩(Ĩ)

ψ(x)ϕ0(x)dx. (5.2.8)

Since for every x = (( a bc d ) , ζ) in (B̃w̃B̃) ∩ K̃, we have c 6= 0, it follows that a b

c d

 , ζ

 = (ut(ac−1), 1)(dg(−c−1), ζ)︸ ︷︷ ︸
b

w̃ (ut(dc−1), 1)︸ ︷︷ ︸
n′

. (5.2.9)

Recall from Lemma 5.2.9, ψ(x) = δB̃(b)ρs(b
−1) for x = bw̃n′, n′ ∈ N, b ∈ B̃.

We calculate the first integral in (5.2.8). Assume x = (( a bc d ) , ζ) ∈ (B̃wB̃)∩(ĨwĨ),

so that c ∈ O×. Therefore, x = (1, ζ) (( a bc d ) , 1), where (( a bc d ) , 1) ∈ K̃0. It follows

from the definition of ϕ0 in (5.1.4) that in this case

ψ(x)ϕ0(x) = δB̃(dg(−c−1), ζ)ρs
( (

dg(−c), ζ−1
) )
ε(ζ)M−1f0.



5. The Reducibility Points of the Unramified Principal Series of S̃L2(F) 114

Observe that ρs
(

(dg(−c), ζ−1)
)

= ρs (ι(−c)) ρs (1, ζ−1) = ε(ζ−1)ρs (ι(−c)); also, be-

cause c ∈ O×, δB̃(dg(−c−1), ζ) = 1, and by Lemma 5.1.5, ρs (ι(−c)) f0 = f0. Hence,

ψ(x)ϕ0(x) = M−1f0. It follows from Lemma 3.3.8 that Ĩw̃Ĩ = (B̃ ∩ K̃)w̃(N ∩ K̃) ⊆

B̃w̃B̃. Therefore, Lemma 3.3.9 implies that∫
(B̃wB̃)∩(ĨwĨ)

ψ(x)ϕ0(x)dx = µ
(
(B̃ ∩ K̃)w̃(N ∩ K̃)

)
M−1f0 =

q

q + 1
M−1f0. (5.2.10)

Next we calculate the second integral in (5.2.8). For m ≥ 1, define the open set

Ĩm =

(
 a b

$mc d

 , ζ
)
| a, b, d ∈ O, c ∈ O×

 .

Note that (B̃w̃B̃) ∩ Ĩ =
⋃∞
m=1 Ĩm. Let x ∈ Ĩm, then x =

(
( a b
$mc d ) , ζ

)
for c ∈ O×

and a, b, d ∈ O. The determinant condition ad − bc$m = 1 implies that a, d ∈ O×.

Applying the decomposition (5.2.9) to x shows that ψ(x) is equal to

δB̃
( (

dg(−$−mc−1), ζ
) )
ρs
( (

dg(−$−mc−1), ζ
)−1 )

.

Observe that (dg(−$−mc−1), ζ)
−1

= (dg(−$mc), ζ−1(−$mc,−$−mc−1)n). It is not

difficult to see that (−$mc,−$−mc−1)n = (−$m,−$−m)n = ($m, $m)n = 1, be-

cause n is odd. Therefore, ψ(x) is equal to

| −$−mc−1|2ρs
(
dg(−$mc), ζ−1

)
= q2mρs

(
dg(−$mc), ζ−1

)
.

Note that (dg(−$mc), ζ−1) = (I2, ζ
−1($m,−c)n) ι($m)ι(−c), and that

ρs
(
I2, ζ

−1($m,−c)n
)

= ε(ζ−1)ε (($m,−c)n) .

Hence, ψ(x) = q2mε
(
(ζ−1)

)
ε
(
($m,−c)n

)
ρs (ι($m)) ρs (ι(−c)).

To calculate ϕ0(x), observe that x =
(

( a b
$mc d ) , ζ

)
decomposes as a b

$mc d

 , ($mc, d)−1
n

 (I2, ($
mc, d)nζ) ,
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where the first term is in K̃0 and the second is in the central µn. So, ϕ0(x) =

M−1ε
(
($mc, d)n

)
ε
(
ζ
)
f0.

Consequently,

ψ(x)ϕ0(x) = M−1q2mε
(
($mc, d)n

)
ε
(
ζ
)
ε
(
ζ−1
)
ε
(
($m,−c)n

)
ρs (ι($m)) ρs

(
(ι(−c)) f0.

By Lemma 5.1.5, ι(−c)f0 = f0. Set fm = ρ (ι($m)) f0. Moreover, because c, d ∈ O×,

($mc, d)n($m,−c)n = ($m,−cd)n(c, d)n = ($m,−cd)n = ϑmO×(−cd). Hence,

ψ(x)ϕ0(x) = M−1q2mε
(
ϑmO×(−cd)

)
fm.

Recall that ϑmO× = 1 if and only if n|m. For x = (( a bc d ) , ζ) ∈ Ĩm define g(x) =

ε
(
ϑmO×(−cd)

)
. If n - m, then g(x) : Ĩm → C is a non-trivial character of Ĩm and

hence,
∫
Ĩm
g(x)dx = 0. Therefore,∫

(B̃w̃B̃)∩(Ĩ)

ψ(x)ϕ0(x)dx =
∞∑
m=1

∫
Ĩm

M−1q2mg(x)fmdx (5.2.11)

= M−1

∞∑
j=1

q2njµ(Ĩnj)fnj.

Observe that if n|m, then ι($m) ∈ Z(T̃ ), and thus

fm = ρs (ι($m)) f0 = χs (ι($m)) f0 = |$m|sf0 = q−msf0.

Moreover, observe that Ĩm = Ωm − Ωm+1, where Ωm = {
(

( a b
$mc d ) , ζ

)
∈ Ĩ| a, b, c, d ∈

O}. Hence, µ(Ĩm) = µ(Ωm − Ωm+1), which by Lemma 5.2.11 equals

1

qm + qm−1
− 1

qm+1 + qm
=

q − 1

qm(q + 1)
.

Hence, ∫
(B̃w̃B̃)∩(Ĩ)

ψ(x)ϕ0(x)dx = M−1 q − 1

q + 1

∞∑
j=1

qnjq−njsf0 (5.2.12)

= M−1 q − 1

q + 1

∞∑
j=1

qnj(1−s)f0.
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Note that since Re(s) > 1, we have

∞∑
j=1

qj(−ns+n) =
1

1− q−ns+n
− 1 =

1

qns−n − 1
.

Hence, (5.2.12) is equal to

M−1 1

q + 1

(
q − 1

(qns−n − 1)

)
f0. (5.2.13)

Therefore, it follows from (5.2.10) and (5.2.13) that

D(ϕ0) = M−1

[
q

q + 1
f0 +

1

q + 1

(
q − 1

(qns−n − 1)

)
f0

]
= M−1

[
1

q + 1

(1− q−ns+n−1

1− q−ns+n
)
f0

]
.

Hence, c(s) = µ(B̃ ∩ K̃) 1
q+1

(
1−q−ns+n−1

1−q−ns+n
)
, whenever Re(s) > 1. Since Ds is a holomor-

phic function in s, it follows that the formula for c(s) is valid for all s ∈ C, whenever

it is defined.

Evidently, we also have c(−s + 2) = µ(B̃ ∩ K̃) 1
q+1

(
1−qns−n−1

1−qns−n
)
. Now we can give a

reducibility criterion for πs with a regular central character.

Theorem 5.2.13. For a regular character χs, πs is reducible if and only if s = 1± 1
n

.

Proof: Note that T (φs) = T−s+2 (Ts(φs)) = c(s)T−s+2(φ−s+2) = c(s)c(−s + 2)φs.

Hence, T = γ(s)id = c(s)c(−s + 2)id. By Proposition 5.2.6, πs is reducible if and

only if c(s)c(−s + 2) = 0. If c(s) = 0, by Proposition 5.2.12, 1− q−ns+n−1 = 0 which

implies s = 1 − 1
n
− 2πik

n log q
, k ∈ Z. If c(−s + 2) = 0, then, by Proposition 5.2.12,

1 − qns−n−1 = 0, which implies s = 1 + 1
n

+ 2πik
n log q

, k ∈ Z. The result follows from

noting that χs = χs+ 2πi
n log q

, k ∈ Z.
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5.3 The Case of Non-Regular Characters

Assume that χs is not regular. Therefore, s = 1 or s = 1 + πi
log q

. In this case, our

argument in Section 5.2 fails, because the sequence in Lemma 5.2.1 fails to split. On

the other hand, observe that, in this case, the principal series representation πs is

unitary.

We will use the following subgroups in this section. Set Ĩ0 = Ĩ ∩ K̃0, and T̃0 =

T̃ ∩ K̃0. Observe that T̃ ∩ K̃0
∼= T ∩K, viewed as a subgroup of T̃ , via Lemma 3.3.5.

Moreover, set N− = {(lt($x), 1) | x ∈ O} and N+ = N ∩ K̃. Observe that for

x, y ∈ O, (lt($x), 1) (lt($y), 1) =
(

lt($(x+ y)), (x+y
x
, x+y

y
)n

)
= (lt($(x+ y)), 1), by

part (vi) of Corollary 2.2.5. Hence, N− is a subgroup of G̃. After a quick calculation,

it follows from Lemma 3.3.8 that

K̃0 = Ĩ0 ∪ Ĩ0w̃Ĩ0, and G̃ = B̃Ĩ0 ∪ B̃w̃Ĩ0. (5.3.1)

We also make use of the Iwahori factorization

Ĩ0 = N−T̃0N
+. (5.3.2)

Consider the subspace ((πs)N)T̃0 of (πs)N . This subspace does not carry a rep-

resentation of T̃ . However, since ι($n) commutes with T̃0, the subspace ((πs)N)T̃0

carries a representation of the subgroup 〈ι($n), T̃0〉 of T̃ . Observe that

〈ι($n), T̃0〉 = {ι(a) | a ∈ F×, n|val(a)}.

In order to study the action of ι($n) on ((πs)N)T̃0 , we prove a variant of a well-known

result due to Jacquet.

Proposition 5.3.1. Let f ∈ (πs)
T̃0N−. Then there exists a vector f0 ∈ (πs)

Ĩ0 such

that f and f0 have the same image in the Jacquet module (πs)N .

Proof: In this proof we assume that the Haar measures are chosen such that Ĩ0,

T̃0 ∩ N−, and N+ all have measure equal to one. Set f0 =
∫
Ĩ0
πs(x)fdx. For g ∈ Ĩ0
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we have

g ·
∫
Ĩ0

πs(x)fdx =

∫
Ĩ0

πs(g)πs(x)fdx =

∫
Ĩ0

πs(gx)fdx.

With the change of variable gx = x′, because Ĩ0 is unimodular, we have∫
Ĩ0

πs(x
′)fdg−1x′ =

∫
Ĩ0

πs(x
′)fdx′ = f0.

So f0 ∈ (πs)
Ĩ0 . To show that f and f0 have the same image in (πs)N , we show that f−

f0 ∈ πs(N). We first show that f0 =
∫
N+ πs(x)fdx. By the Iwahori factorisation 5.3.2,

for all x ∈ Ĩ0, x can be factored uniquely as nm, with n ∈ N+, m ∈ T̃0N
−. So,

f0 =

∫
N+T̃0N−

πs(nm)fd(nm) =

∫
N+

∫
T̃0N−

πs(n)πs(m)fdndm,

which, because f is T̃0N
−-fixed, equals∫
N+

πs(n)fdn

∫
T̃0N−

dm =

∫
N+

πs(n)fdn.

Recall from Lemma 1.1.40 that a vector v is in πs(N) if and only if
∫
N0
πs(n)vdn = 0

for some compact subgroup N0 of N . We calculate∫
N+

πs(n)(f − f0)dn =

∫
N+

πs(n)

(
f −

∫
N+

πs(n
′)fdn′

)
dn

=

∫
N+

πs(n)fdn−
∫
N+

∫
N+

πs(n
′)fdn′dn

=

∫
N+

πs(n)fdn−
∫
N+

πs(n
′)fdn′ = 0.

So, f − f0 ∈ πs(N), whence the result.

Proposition 5.3.2. Let J be the Jacquet functor. Then J : (πs)
Ĩ0 → ((πs)N)T̃0 is an

isomorphism.

Proof: Let J be the canonical map from πs to (πs)N . Set Ū = ((πs)N)T̃0 and choose

U to be a finite-dimensional subspace of πs mapping onto Ū via J . We can assume
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that U ⊂ (πs)
T̃0 , and because πs is smooth, there exists a compact open subgroup

N−` = {
(
lt($`x), 1

)
| x ∈ O} such that U ⊆ (πs)

T̃0N
−
` . Moreover, choose a ∈ F× such

that val(a) ≥ `−1
2

and n|val(a). Observe that for ι(a) ∈ T̃ and (lt($x), 1) ∈ N−,

ι(a)−1 (lt($x), 1) ι(a) =
(
lt($xa2), 1

)
(5.3.3)

lies in N−` , by our choice of a. Now, we show that πs(ι(a))U ⊆ (πs)
T̃0N− . Let n ∈ N−,

b ∈ T̃0 and u ∈ U ⊆ (πs)
T̃0N

−
` . Then, by (5.3.3), there exists some n1 ∈ N−` such that

n = ι(a)n1ι(a)−1. Therefore,

πs(n)πs (ι(a))u = πs (ι(a))πs(n1)πs
(
ι(a)−1

)
πs (ι(a))u = πs (ι(a))πs(n1)u = πs (ι(a))u.

So, πs (ι(a))u is fixed by N−. Moreover, observe that ι(a) ∈ A, so it commutes with

T̃0. Therefore, πs(b)πs (ι(a))u = πs (ι(a))πs(b)u = πs (ι(a))u. Hence, πs(ι(a))U ⊆

(πs)
T̃0N− . Moreover, J(πs(ι(a))U) = (πs)N(ι(a))Ū = Ū , because ι(a) commutes with

T̃0 and hence, Ū is invariant under (πs)N(ι(a)). It follows that J : πs(ι(a))U → Ū is

surjective. Because πs(ι(a))U ⊆ (πs)
T̃0N− , by Lemma 5.3.1 J : (πs)

Ĩ0 → ((πs)N)T̃0 is

surjective.

To see that J : πĨ0s → πs
T̃0
N is injective, suppose v ∈ πĨ0s such that J(v) = 0. So

v ∈ πĨ0s ∩ker(J). Because πs is admissible, πĨ0s ∩ker(J) is finite-dimensional. Therefore,

there exists an open compact subgroup Nr = {(ut(x), 1) | val(x) ≥ r} ⊆ N such that∫
Nr
πs(n)vdn = 0 for all v ∈ πĨ0s ∩ker(J). Observe that for a ∈ F×, with val(a) ≥ −r/2

we have ι(a)Nrι(a)−1 ⊆ N+. Moreover, if val(a) ≥ 0 and n|val(a), it is not difficult to

see that πs(ι(a))
(
πĨ0s

)
⊆ πT̃0N

−
s . Choose a ∈ F× such that both the above conditions

are satisfied. Note that if N∗ is an open compact subgroup of N such that Nr ⊂ N∗,∫
N∗
πs(n)vdn = 0, for all v ∈ πĨ0s ∩ ker(J), so we can choose such an open compact

subgroup so that ι(a)N∗ι(a)−1 = N+.

Set Ω := Ĩ0ι(a)Ĩ0. Let chΩ be the Ĩ0-bi-invariant characteristic function of Ω,

so chΩ(ι(a)) = 1. It can be checked that Im(πs(chΩ)) = πĨ0s and that the operator

πs(chΩ) on πĨ0s is invertible [Cas95, Proposition 9.2.3]. Therefore, there exists v′ ∈ πĨ0s
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such that v = πs(chΩ)v′; that is, v =
∫
Ĩ0
πs(k)πs(ι(a))v′dk. Observe that by our choice

of a, πs(ι(a))v′ ∈ πT̃0N−s . Therefore, by the argument in the proof of Proposition 5.3.1

v =

∫
Ĩ0

πs(k)πs(ι(a))v′dk =

∫
N+

πs(n)πs(ι(a))v′dn.

Hence,

0 =

∫
N∗

πs(n)vdn =

∫
N∗

∫
N+

πs(n)πs(n
′)πs(ι(a))v′dn′dn

=

∫
ι(a)−1N+ι(a)

∫
N+

πs(n)πs(n
′)πs(ι(a))v′dn′dn,

which, after renormalizing the measure suitably throughout, is equal to

πs(ι(a))

∫
ι(a)−2N+ι(a)2

∫
ι(a)−1N+ι(a)

πs(n)πs(n
′)v′dn′dn =

∫
ι(a)−2N+ι(a)2

πs(n)v′dn.

In the last step, we use the fact that ι(a)−1N+ι(a) ⊆ ι(a)−2N+ι(a)2 are subgroups of

the commutative group N , and therefore, we can change the order of the integrals.

Hence, J(v′) = 0, and because v′ ∈ πĨ0s , it follows that
∫
ι(a)−1N+ι(a)

πs(n)v′dn = 0.

Therefore,

πs(ι(a)−1)

∫
N+

πs(n)πs(ι(a))v′dn = 0,

which implies that v =
∫
N+ πs(n)πs(ι(a))v′dn = 0.

For every g ∈ G̃, write g = bk according to its Iwasawa decomposition. Define the

functions f1 and fw̃ in (πs)
Ĩ0 as follows:

f1(bk) =

 ρs(b)f0, k ∈ Ĩ0;

0, otherwise,
and fw̃(bk) =

 ρs(b)f0, k ∈ Ĩ0w̃Ĩ0;

0, otherwise.

Lemma 5.3.3. The set {f1, fw̃} is a basis for (πs)
Ĩ0.

Proof: Evidently, f1 and fw̃ are independent elements of (πs)
Ĩ0 . It follows from

the decomposition G̃ = B̃Ĩ0∪B̃w̃Ĩ0 that functions in (πs)
Ĩ0 are determined completely

by their values on 1 and w̃.
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Because T̃0 acts trivially on ((πs)N)T̃0 , to study the action of the subgroup 〈ι($n), T̃0〉

on ((πs)N)T̃0 , it is enough to study the action of the element ι($n). The isomorphism

((πs)N)T̃0 ∼= (πs)
Ĩ0 in Proposition 5.3.2 suggests considering the action of ι($n) on

the basis elements of (πs)
Ĩ0 . But (πs)

Ĩ0 is not invariant under the action of ι($n); in

particular, ι($n)·f1 and ι($n)·fw̃ are not Ĩ0-fixed. However, we observe that ι($n)·f1

and ι($n) · fw̃ are T̃0N
−-fixed. Hence, by Lemma 5.3.1, there exists ι($n) · f1 and

ι($n) · fw̃ in (πs)
Ĩ0 , such that ι($n) · f1 and ι($n) · fw̃ have the same image under

the Jacquet functor as ι($n) · f1 and ι($n) · fw̃ respectively. In the next proposition,

we use this idea to calculate the action of ι($n) on ((πs)N)T̃0 .

Proposition 5.3.4. The matrix of the action of ι($n) on ((πs)N)T̃0 with respect to

the basis {J(f1), J(fw̃)} is q−ns (q − 1)q−ns−1(1 + qns−n)

0 qns−2n

 .

Proof: Let {f1, fw̃} be the basis for (πs)
Ĩ0 given in Lemma 5.3.3. Hence, by

Proposition 5.3.1, {J(f1), J(fw̃)} is a basis for ((πs)N)T̃0 . Consider ι($n) · f1 and

ι($n) · fw̃ in πs. Note that ι($n) normalizes N− and commutes with T̃0, so that

ι($n) ·f1 and ι($n) ·fw̃ are T̃0N
−-fixed. Therefore, by Proposition 5.3.1, ι($n) · fα =∫

N+ πs(n)πs (ι($n)) fαdn are Ĩ0-fixed, and have the same image in (πs)N as ι($n) ·fα,

α ∈ {1, w̃} (up to a scalar). We deduce that, ι($n)·J(fα) = J(ι($n) · fα). Identifying

((πs)N)T̃0 and (πs)
Ĩ0 via J , we calculate ι($n) · fα, α ∈ {1, w̃}.

Since every function in ((πs)N)T̃0 is completely determined by its values on (I2, 1)

and w̃, we calculate the values of ι($n) · fα at (I2, 1) and w̃. Recall that the Haar

measure on F is normalized so that µ(O) = 1.

First, we calculate ι($n) · fα(I2, 1) =
∫
N+ πs(n)πs (ι($n)) fα(I2, 1)dn. Note that,

for α ∈ {1, w̃},

πs(n)πs (ι($n)) fα(I2, 1) = fα ((ut(m), 1)ι($n)) , (5.3.4)
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where n = (ut(m), 1), for some m ∈ O. Note that (ut(m), 1)ι($n) ∈ B̃ ⊂ B̃Ĩ0. Hence,

by the definition of fα, (5.3.4) is zero if α = w̃, and is equal to ρs ((ut(m), 1)ι($n)) f0

if α = 1. Observe that, in the latter case, because ι($n) ∈ Z(T̃ ), and ρs is trivial on

N , ρs ((ut(m), 1)ι($n)) f0 = χs (ι($n)) f0 = q−nsf0. Hence,

ι($n) · fα(I2, 1) =

∫
O
fα ((ut(m), 1)ι($n)) d m =

q
−nsf0, α = 1

0, α = w̃.

(5.3.5)

Next, we calculate ι($n) · fα(w̃) =
∫
N+ πs(n)πs (ι($n)) fα(w̃)dn. Observe that,

πs(n)πs (ι($n)) fα(w̃) = fα(w̃(ut(m), 1)ι($n)) = fα
(
ι($−n)w̃(ut(m$−2n), 1)

)
,

(5.3.6)

where n = (ut(m), 1), for some m ∈ O, and α ∈ {1, w̃}. We are in one of the following

situations.

If val(m) ≥ 2n, then m$−2n ∈ O, so that (ut(m$−2n), 1) ∈ N+, yielding

w̃(ut(m$−2n), 1) ∈ w̃Ĩ0. Therefore, in this case

fα
(
ι($−n)w̃(ut(m$−2n), 1)

)
=

0, α = 1

ρs(ι($
−n))f0, α = w̃.

(5.3.7)

Note that ρs(ι($
−n))f0 = χs(ι($

−n))f0 = qnsf0.

If 0 ≤ val(m) < 2n then it is not difficult to see that we can write

w̃(ut(m$−2n), 1) =

−$2nm−1 1

0 −$−2nm

 , 1

(lt($2nm−1), 1
)
.

Observe that
((
−$2nm−1 1

0 −$2nm

)
, 1
)
∈ B̃, and because 0 ≤ val(m) < 2n, (lt($2nm−1), 1) ∈

N− ⊂ Ĩ0. Hence, in this case, fα (ι($−n)w̃(ut(m$−2n), 1)) equals

ρs

ι($−n)

−$2nm−1 1

0 −$−2nm

 , 1

 fα
(
lt($2nm−1), 1

)
,
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which, by the definition of fα, equalsρs (ι($−n)) ρs

((
−$2nm−1 1

0 −$−2nm

)
, 1
)
f0, α = 1

0, α = w̃.

(5.3.8)

Also, after a quick calculation, we can write,

ρs

((
−$2nm−1 1

0 −$−2nm

)
, 1
)

= ρs
((

ut(−$2nm−1), 1
)
ι(−$2n)ι(m−1)

)
,

which because ρs is trivial on N and ι(−$2n) ∈ Z(T̃ ) equals q−2nsρs(ι(m
−1)).

Let U = {m ∈ O | 0 ≤ val(m) < 2n}. It follows from (5.3.6) that ι($n) · fα(w̃)

is equal to∫
$2nO

fα
(
ι($−n)w̃(ut(m$−2n), 1)

)
dm+

∫
U

fα
(
ι($−n)w̃(ut(m$−2n), 1)

)
dm.

Suppose α = w̃. Then, by (5.3.7) and (5.3.8), because µ($2nO) = q−2n,

ι($n) · fw̃(w̃) =

∫
$2nO

qnsf0dm = qns−2nf0.

Suppose α = 1. Let Ui = {x ∈ O | val(m) = i}. Then by (5.3.7) and (5.3.8),

ι($n) · f1(w̃) =

∫
U

q−nsρs(ι(m
−1))f0 dm = q−ns

2n−1∑
i=0

∫
Ui

ρs(ι(m
−1))f0 dm.

For m ∈ Ui, write m = $ia for some a ∈ O×. Hence,

ρs(ι(m
−1))f0 = ρs(ι($

−i))ρs(dg(a−1), ϑ(m))f0.

Recall from Lemma 5.1.5 that ρs(dg(a−1), ϑ(m))f0 = ε(ϑ(m))f0, hence ι($n) · f1(w̃)

simplifies to

q−ns
2n−1∑
i=0

ρs(ι($
−i))

∫
Ui

ε(ϑ(m))f0 dm.

Observe that for a fixed i, ϑ(m) = ϑiO×(a), where m = $ia. Also, note that this

latter integral is non-zero if and only if ϑ is trivial on Ui; that is, ϑiO× is trivial; that
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is, n|i, i.e., for i = 0 or i = n. Observe that ρs(ι($
−i))f0 is f0 if i = 0, and is qnsf0 if

i = n. Observe that µ(U0) = (q − 1)q−1 and µ(Un) = (q − 1)q−1q−n. Therefore,

ι($n) · f1(w̃) = q−ns
[
(q − 1)q−1f0 + (q − 1)q−1q−nqnsf0

]
= (q−1)(q−ns−1)(1+qns−n)f0.

Corollary 5.3.5. Let χs be a non-regular character of Z(T̃ ). The representation

((πs)N)T̃0 of 〈ι($n), T̃0〉 is indecomposable for s = 1 and completely decomposable for

s = 1 + πi/ log q.

Proof: The result follows from specializing the matrix in Proposition 5.3.4 to the

non-regular cases, s = 1 and s = 1 + πi/ log q. The matrix of the action of ι($n) on

((πs)N)T̃0 with respect to the basis {f1, fw̃} for s = 1 is q−n 2(q − 1)q−(n+1)

0 q−n

 ,

which is a non-diagonalizable matrix, and for s = 1 + πi/ log q, we get the diagonal

matrix  −q−n 0

0 −q−n

 .

We summarize the result in the following Theorem.

Theorem 5.3.6. The principal series representation πs is irreducible for s = 1 and

decomposes into two inequivalent sub-representations for s = 1 + πi/ log q.

Proof: Suppose s = 1. Then χs is a non-regular character, so that ρs ∼= ρ−s+2.

Hence the exact sequence in Lemma 5.2.1 modifies to

0→ ρs → (πs)N → ρs → 0.
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If (πs)N were decomposable, it would decompose as ρs⊕ρs. Consequently, ((πs)N)T̃0 =

ρT̃0s ⊕ρT̃0s . But, Corollary 5.3.5 implies that ((πs)N)T̃0 is indecomposable. Hence, (πs)N

is indecomposable. Therefore, up to a scalar, there is only one intertwining map from

(πs)N to ρs. By Lemma 1.1.41,

dim HomG̃(πs, πs) = dim HomT̃ ((πs)N , ρs) = 1.

Since πs is unitary, dim HomG̃(πs, πs) = 1 if and only if πs is irreducible.

Suppose s = 1+πi/ log q. We explicitly produce subspaces of (πs)N isomorphic to

ρs. Let us drop the J from the notation. Consider the spaces Uα = Span{ι($)i·fα|0 ≤

i < n} for α ∈ {1, w̃}. Observe that T̃ = 〈T̃0, {I2}×µn, ι($)〉. Note that since the fα

are T̃0-fixed, T̃0 acts trivially on elements of Uα, and that {1} × µn acts on elements

of Uα by the faithful character ε. So, for every ι(t) ∈ T̃0 and 0 ≤ i < n,

(ι(t)ι($i)) · fα = ε(($i, t)n)ι($i)ι(t) · fα = ε(($i, t)n)ι($i) · fα.

Furthermore, because by Corollary 5.3.5 ι($n) · fα = −q−nfα, α ∈ {1, w̃},

ι($)ι($i) · fα =

 ι($i+1) · fα, i < n− 1;

−q−nfα, i = n− 1.

Hence, the Uα are T̃ -invariant; also the action ι($) shows that the Uα are irre-

ducible. Therefore, by the Stone-von Neumann theorem, Uα ∼= IndT̃Aχs, and hence

is n-dimensional. Also, note that U1 ∩ Uw̃ = {1}. Hence, by dimension comparison,

(πs)N = U1 ⊕ Uw̃ ∼= ρ⊕2
s . So,

dim HomT̃ ((πs)N , ρs) = dim HomT̃ (ρs ⊕ ρs, ρs) = 2.

By Lemma 1.1.41, dim HomG̃(πs, πs) = dim HomT̃ ((πs)N , ρs) = 2. Hence, because πs

is unitary, it decomposes into a direct sum of two inequivalent subspaces.



Chapter 6

On the K-Type Distribution of

Unitary Unramified Principal

Series Representations of S̃L2(F)

In this Chapter, we investigate the problem of the distribution of the K̃-irreducible

spaces in the K-type decomposition in Theorem 4.2.13, into the G̃-irreducible con-

stituents of πs in Theorem 5.3.6, when πs is a reducible unramified unitary repre-

sentation. My approach, inspired by the argument in [GGPS90] for the linear group

SL2(F), is to realize the principal series representation and its K-types as subspaces of

L2(F,Cn). Then we realize the two irreducible components of πs, in Theorem 5.3.6,

as kernels of intertwining operators from πs to itself, and investigate when a function

in a certain K-type belongs to such kernels. In this chapter, following [GGPS90], it is

more convenient to use normalized induction, defined in Remark 1.1.30, to construct

the principal series representations of G̃. We give the correspondence between the

two types of induction in Remark 6.1.2.

Our main results, stated in Theorem 6.2.3 and Theorem 6.2.6, show that the

two irreducible components of
(

IndK̃
B̃∩K̃χ0

)K1

belong to opposite subrepresentations

126
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of πs.

Throughout this Chapter, we assume that n > 2 is an odd integer which divides

q− 1. Recall that dg(t) =
(
t 0
0 t−1

)
, ι(t) = (dg(t), 1) for all t ∈ F×, and ut(m) = ( 1 m

0 1 ),

lt(m) = ( 1 0
m 1 ) for all m ∈ F, and w̃ = (w, 1) = (( 0 1

−1 0 ) , 1). Note that in general

ι(t1)ι(t2) = ι(t1t2)ε((t1, t2)n), for t1, t2 ∈ F×. However, because n is odd, ($,$)n = 1

so that ι($)k = ι($k), for every integer k.

For every positive integer m, let rsdm(k) be the least non-negative residue of k

mod m. As in Chapter 1, fix an additive character λ : F → C× such that λ|O = 1

and λ|p−1 6= 1. Note that λ is a unitary character. Recall that ϑ : F× → µn given via

a 7→ ($, a)n is a ramified character of degree one.

6.1 λ-Realization of the Principal Series Represen-

tations of G̃

As in Chapter 5, for each s ∈ C, let χs be the unitary unramified character of Z(T̃ )

defined by

χs : Z(T̃ ) → C

(dg(t), ζ) 7→ |t|sε(ζ),

extended (trivially) to a maximal abelian subgroup A of T̃ , and let (ρs, IndT̃Aχs) be

the corresponding unique (up to isomorphism) genuine irreducible representation of

T̃ , obtained by applying the Stone-von Neumann theorem.

Let fi, for 0 ≤ i < n, be a function in IndT̃Aχs whose support is in the coset

Aι($i), so that fi(ι($
i)) = 1. We fix the basis {f0, . . . , fn−1} for IndT̃Aχs. We identify

the space IndT̃Aχs with Cn via the following map:

f 7→ (f(1), f(ι($)), . . . , f(ι($)n−1)). (6.1.1)
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The basis {f0, . . . , fn−1} is mapped to the standard basis of Cn under the above

identification. We write the action of T̃ as matrices with respect to this basis. Since

T̃ is generated by A and ι($), this action is completely determined by ρs(a), a ∈ A

and ρs(ι($)). Recall that A = {(dg(a), ζ) | a ∈ F×, n|val(a), ζ ∈ µn}.

Lemma 6.1.1. Let a := (dg(a), ζ) ∈ A, and ι($) ∈ T̃ . Then

ρs(ι($)) =



0 1 0 0 . . .

0 0 1 0 . . .
...

...
...

...
...

0 . . . 0 1 0

0 . . . 0 0 1

|$n|s . . . 0 0 0


, (6.1.2)

and

ρs(a) = |a|sε(ζ)


1 0 . . . 0

0 ε (ϑ(a)−2) 0 . . .
...

...
...

...

0 . . . 0 ε
(
ϑ(a)−2(n−1)

)

 . (6.1.3)

Proof: For any f ∈ IndT̃Aχs, the map (6.1.1) takes ι($) · f to(
ι($) · f(1), . . . , ι($) · f(ι($n−1))

)
=

(
f(ι($)), . . . , f(ι($)n−1), f(ι($)n)

)
=

(
f(ι($)), . . . , f(ι($)n−1), |$n|sf(1)

)
.

The last equality uses the fact that ι($)n ∈ A, and hence f(ι($)n) = χs(ι($)n)f(1).

Hence, for any (z0, . . . , zn−1) ∈ Cn

ι($) · (z0, . . . , zn−1) = (z1, z2, . . . , zn−1, |$n|sz0),

which implies the matrix (6.1.2).

Now, suppose a = (dg(a), ζ) ∈ A. Then

ι($i)a =
(
dg(a), ϑ(a)−2iζ

)
ι($i).
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Hence, the map (6.1.1) sends a · f to

(a · f(1), . . . , a · f(ι($n−1))) = (f(a), . . . , f(ι($)n−1a))

= |a|sε(ζ)
(
f(1), . . . , ε

(
ϑ(a)−2(n−1)

)
f(ι($n−1))

)
.

So, the action of a on IndT̃Aχs with respect to our choice of basis is

a · (z0, . . . , zn−1) = |a|sε(ζ)
(
z0, ε

(
ϑ(a)−2

)
z1, . . . , ε

(
ϑ(a)−2(n−1)

)
zn−1

)
,

which gives the matrix (6.1.3).

Recall that for b = (( t n
0 t−1 ) , ζ) ∈ B̃, the modular character is δB̃(b) = |t|2. Let

(π̄s, indG̃
B̃
ρs) denote the normalized principal series representation of G̃. That is,

indG̃
B̃
ρs = {f : G̃→ IndT̃Aχs : f(bg) = δ

1/2

B̃
(b)ρs(b)f(g), b ∈ B̃, g ∈ G̃},

where b = (( t n
0 t−1 ) , ζ) ∈ B̃ and g ∈ G̃, and π̄s acts by right translation.

Remark 6.1.2. Note that, by definition, indG̃
B̃
ρs = IndG̃

B̃
δ

1/2

B̃
ρs, where “Ind” denotes

the non-normalized induction we considered in Chapter 5 and Chapter 4. Also, similar

to the proof of Lemma 5.1.12, it is not difficult to see that (δ
1/2

B̃
ρs, E(IndT̃Aχs)) and

(ρs+1, IndT̃Aχ−s+2) have the same central characters and therefore, by the Stone-von

Neumann theorem, are isomorphic. Hence, indG̃
B̃
ρs ∼= IndG̃

B̃
ρs+1.

It follows from Theorem 5.3.6 and Remark 6.1.2 that IndG̃
B̃
ρ πi

log q
+1
∼= indG̃

B̃
ρ πi

log q
de-

composes into two irreducible factors. In this chapter, we investigate the distribution

of K-types of indG̃
B̃
ρ πi

log q
into these two irreducible components.

Remark 6.1.3. For the rest of this chapter, we set s = πi
log q

and drop the subscript

s from the notation of χ and ρ. Note that under this assumption

|x|s = (−1)val(x) for all x ∈ F×,
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and from (6.1.2), it is not difficult to see that

ρi,j
(
ι($−k)

)
=


1, i− j = k

−1, j − i = n− k

0, otherwise.

(6.1.4)

6.1.1 The λ-Realization of indG̃
B̃
ρ

We continue identifying IndT̃Aχ with Cn (6.1.1). Consider the map

η : indG̃
B̃
ρ → L2(F,Cn) (6.1.5)

f 7→ ηf ,

where

ηf (x) := f (lt(x), 1) .

The next lemma gives the induced action of G̃ on L2(F,Cn).

Lemma 6.1.4. Let δ and γ ∈ F×, and ζ ∈ µn. The action of G̃ on η
(

indG̃
B̃
ρ
)
⊆

L2(F,Cn) is completely determined by the following formulas:

(dg(δ), ζ) · ηf (x) = ε(ζ)|δ|ρ(ι(δ))ηf (δ
2x), (6.1.6)

(lt(γ), 1) · ηf (x) = ηf (x+ γ), (6.1.7)

and

w̃ · ηf (x) = |x−1|ρ(ι(x−1))ηf (−x−1), (6.1.8)

for every x ∈ F×.

Proof: It follows from Bruhat decomposition in Lemma 3.3.8, and the fact that

ut(x) = w̃lt(−x)w̃−1 for all x ∈ F, that G̃ is generated by matrices

(dg(δ), ζ), (lt(γ), 1), w̃,
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where δ ∈ F×, γ ∈ F and ζ ∈ µn. Therefore, the action of G̃ on a function ηf ∈

L2(F,Cn) is completely determined by the action of the above matrices. These actions

can be expressed explicitly as follows. Let δ, γ and x be in F×.

• The action of (dg(δ), ζ): Note that

(lt(x), 1)(dg(δ), ζ) = (dg(δ), ζ)(lt(δ2x), 1).

So,

(dg(δ), ζ) · ηf (x) = f (lt(x), 1)(dg(δ), ζ))

= f
(
(dg(δ), ζ)(lt(δ2x), 1)

)
= ε(ζ)|δ|ρ(ι(δ))f

(
lt(δ2x), 1

)
.

Hence,

(dg(δ), ζ) · ηf (x) = ε(ζ)|δ|ρ(ι(δ))ηf (δ
2x). (6.1.9)

• The action of (lt(γ), 1): Note that

(lt(x), 1) (lt(γ), 1) =

(
lt(x+ γ), (

x+ γ

x
,
x+ γ

γ
)n

)
= (lt(x+ γ), 1) , by Corollary 2.2.5.

Therefore,

(lt(γ), 1) · ηf (x) = f ((lt(x), 1) (lt(γ), 1)) = f (lt(x+ γ), 1) .

Hence,

(lt(γ), 1) · ηf (x) = ηf (x+ γ). (6.1.10)

• The action of w̃: Note that

(lt(x), 1) w̃ = (

 0 1

−1 x

 , 1)
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= (

 x−1 1

0 x

 , 1)
(
lt(−x−1), (−x, x)n

)

= (

 x−1 1

0 x

 , 1)
(
lt(−x−1), 1

)
,

since (−x, x)n = 1. So,

w̃ · ηf (x) = f ((lt(x), 1) w̃)

= f

(

 x−1 1

0 x

 , 1)
(
lt(−x−1), 1

) .

Hence,

w̃ · ηf (x) = |x−1|ρ(ι(x−1))ηf (−x−1). (6.1.11)

For every h ∈ L2(F,Cn), let ĥ be the Fourier transform of h, defined in Defini-

tion 1.1.14 by

ĥ(u) :=

∫
F
λ(−ux)h(x)dx.

This defines the map

F : L2(F,Cn) → L2(F,Cn)

h 7→ ĥ.

Proposition 6.1.5. Let δ and γ ∈ F×, and ζ ∈ µn. The action of G̃ on F◦η
(

indG̃
B̃
ρ
)

is completely determined by the following formulas:

(dg(δ), ζ) · ĥ(u) = ε(ζ)|δ|−1ρ(ι(δ))ĥ(uδ−2),

(lt(γ), 1) · ĥ(u) = λ(uγ)ĥ(u),
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w̃ · ĥ(u) =

∫
F
Ju(y)ĥ(y)dy,

where ĥ ∈ F ◦ η
(

indG̃
B̃
ρ
)
⊂ L2(F,Cn) and u ∈ F, and

Ju(y) =

∫
F×
λ(−ux− yx−1)ρ(ι(x−1))

dx

|x|
.

Proof: We compute the action of G̃ on F ◦ η
(

indG̃
B̃
ρ
)

induced by F .

• The action of (dg(δ), ζ):

̂[(dg(δ), ζ) · h](u) =

∫
F
λ(−ux)ε(ζ)|δ|ρ(ι(δ))h(δ2x)dx (6.1.12)

= ε(ζ)|δ|ρ(ι(δ))

∫
F
λ(−ux)h(δ2x)dx

= ε(ζ)|δ|ρ(ι(δ))

∫
F
λ(−uδ−2y)h(y)|δ|−2dy, (y = δ2x)

= ε(ζ)|δ|−1ρ(ι(δ))ĥ(uδ−2).

• The action of (lt(γ), 1):

[ ̂(lt(γ), 1) · h](u) =

∫
F
λ(−ux)h(x+ γ)dx (6.1.13)

=

∫
F
λ (−u(y − γ)) h(y)dy (y = x+ γ)

= λ(uγ)

∫
F
λ(−uy)h(y)dy

= λ(uγ)ĥ(u).

• The action of w̃:

[̂w̃ · h](u) =

∫
F
λ(−ux)ρ(ι(x−1))h(−x−1)

dx

|x|

Applying the inverse Fourier transform, given in Definition 1.1.14, we have

[̂w̃ · h](u) =

∫
F
λ(−ux)ρ(ι(x−1))

(∫
F
λ(−yx−1)ĥ(y)dy

)
dx

|x|
(6.1.14)
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=

∫
F
Ju(y)ĥ(y)dy,

where

Ju(y) =

∫
F
λ(−ux− yx−1)ρ(ι(x−1))

dx

|x|
.

Remark 6.1.6. Notice the resemblance between Ju(y) in Proposition 6.1.5 and the

Bessel function defined in Definition 1.1.20. In fact Ju(y) is a matrix whose entries can

be explicitly expressed in terms of Bessel functions. We will calculate those entries

in Section 6.1.3.

Indeed, Proposition 6.1.5 defines an action of G̃ on L2(F,Cn), and F◦η(indG̃
B̃
ρ) ⊂

L2(F,Cn) with this action is a G̃-space isomorphic to indG̃
B̃
ρ via F ◦ η. We will refer

to the image of indG̃
B̃
ρ under F ◦η together with the above action as the λ-realization

of indG̃
B̃
ρ.

6.1.2 An Intertwining Operator

We say A is an intertwining operator on F◦η(indG̃
B̃
ρ) if A is a bounded linear operator

on the space L2(F,Cn) such that it commutes with the action of G̃, given in 6.1.5;

that is,

(A(g · h)) = (g · A(h)) , (6.1.15)

for every g ∈ G̃ and h ∈ L2(F,Cn). Since F ◦η(indG̃
B̃
ρ) is equal to the space of smooth

vectors in L2(F,Cn), A maps F ◦ η(indG̃
B̃
ρ) to itself.

It follows from Theorem 5.3.6 that indG̃
B̃
ρ, and equivalently its λ-realization, de-

composes into two inequivalent subrepresentations. In order to study the distribution

of K-types among these subspaces, we will realize these G̃-subspaces as the kernel of
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intertwining operators on F ◦ η(indG̃
B̃
ρ). So we would like to describe all the inter-

twining operators A ∈ EndG̃(L2(F,Cn)).

Definition 6.1.7. Fix k ≥ 1. Let z : F→ Mk(C) be a bounded, measurable function.

The multiplication operator Tz ∈ End
(
L2(F,Ck)

)
is defined by

Tz(h)(u) = z(u)h(u),

for all h ∈ L2(F,Ck) and u ∈ F.

For each γ ∈ F, define

kλγ : F→ Mk(C), x 7→ λ(γx)Ik. (6.1.16)

It follows from Proposition 6.1.5 that (lt(γ), 1), γ ∈ F, acts by the multiplication

operator Tnλγ . We state the following fact, the proof of which can be found in

Proposition [Rob83, 18.1].

Proposition 6.1.8. Let B be a bounded operator in L2(F,C) that commutes with all

multiplication operators by a bounded scalar-valued function. Then B itself is given

by multiplication by a bounded function. That is B = Tz for some z ∈ L∞(F,C).

We use Proposition 6.1.8 to show that A is a multiplication operator, given point-

wise by n× n matrices.

Lemma 6.1.9. Let A be as in (6.1.15). Then there exists a function a : F→ Mn(C)

such that A = Ta.

Proof: Note that L2(F,Cn) ' L2(F,C) ⊗ Cn ' L2(F,C)⊕n. Since A is in

End (L2(F,Cn)) ∼= End (L2(F,C)⊕n), we can write A = (Aij), where Aij ∈ End(L2(F,C)).

It follows from (6.1.13) and (6.1.15) that A commutes with the multiplication oper-

ator Tnλγ , for all γ ∈ F. Therefore, each Aij commutes with T1λγ , for all γ ∈ F.

Observe that the map

F→ F̂, γ 7→ 1λγ
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is an isomorphism. We deduce that the operator Aij commutes with Tz for all z ∈ F̂.

Hence, by Proposition 6.1.8, every Aij is given point-wise by a multiplication operator

Taij for some function aij ∈ L∞(F,C). Let a = (aij). It follows that A = Ta.

Proposition 6.1.10. Suppose A is an intertwining operator, as in (6.1.15), and write

A = Ta, as in the previous lemma. Then a : F → Mn(C), is uniquely determined by

its values on F×/F×2
via

a(uδ2) = ρ(ι(δ))a(u)ρ(ι(δ−1)), (6.1.17)

for all δ ∈ F× and u ∈ F, and satisfies

a(u)Ju(y) = Ju(y)a(y), (6.1.18)

for all u, y ∈ F.

Proof: Let δ ∈ F× and set g = ι(δ−1). By Proposition 6.1.5,(
A(g · ĥ)

)
(u) = a(u)(g · ĥ)(u) = a(u)ρ(ι(δ−1))|δ|ĥ(uδ2),

whereas (
g · A(ĥ)

)
(u) = ρ(ι(δ−1))|δ|a(uδ2)ĥ(uδ2).

Since A commutes with the action of g, we conclude

a(uδ2) = ρ(ι(δ))a(u)ρ(ι(δ−1)), (6.1.19)

for all δ ∈ F× and u ∈ F. Therefore, the intertwining operator A is determined

completely by the values of a on the square classes of F×.

Because A commutes with the action of w̃, it follows from (6.1.14) that∫
F
a(u)Ju(y)ĥ(y)dy =

∫
F
Ju(y)a(y)ĥ(y)dy,
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for all ĥ ∈ L2(F,Cn). This implies that

a(u)Ju(y) = Ju(y)a(y), (6.1.20)

for all u, y ∈ F.

In order to realise the subrepresentations of F ◦ η(indG̃
B̃
ρ) as the kernel of an in-

tertwining operator A, we need to calculate a, which is completely determined by its

values on F×/F×2
. We start by calculating a(1). We will see that a(1) gives us enough

information to determine the distribution of some of the first level K-types.

6.1.3 Calculating the Matrix a(1)

The next lemma shows that, to calculate a(1), we first need to calculate J1(y).

Lemma 6.1.11. The matrix a(1) commutes with the matrices J1(δ2)ρ(ι(δ)) for any

δ ∈ O×.

Proof: Let u = 1 and y = δ2 in (6.1.17) and (6.1.18) in Proposition 6.1.10. Note

that δ ∈ O× implies that ρ(ι(δ−1)) = ρ(ι(δ))−1. Then,

a(1)J1(δ2)ρ(ι(δ)) = J1(δ2)a(δ2)ρ(ι(δ))

= J1(δ2)ρ(ι(δ))a(1)ρ(ι(δ−1))ρ(ι(δ))

= J1(δ2)ρ(ι(δ))a(1).

Recall that

Ju(y) =

∫
F
λ(−ux− yx−1)ρ(ι(x−1))

dx

|x|
. (6.1.21)
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Set L := {x ∈ F | n|val(x)}, so that $kL is the set of all elements of valuation k

mod n. Then

F× =
n−1⋃
k=0

$kL.

We will calculate the integral in (6.1.21) over each $kL, 0 ≤ k < n. Let ρi,j denote

the (i, j)-th matrix coefficient of ρ.

Lemma 6.1.12. Let x ∈ F×, then

ρi,j(ι(x
−1)) =

 (−1)val(x)+i−jε (ϑ(x)−2+i+j) , if i− j ≡ val(x) mod n

0, otherwise.
(6.1.22)

Proof: Fix k. If x ∈ $kL, then $kx−1 ∈ L. So,

ρ(ι(x−1)) = ρ(ι($−k))ρ
(
dg($kx−1), (x,$)−kn

)
.

It follows from (6.1.3) in Lemma 6.1.1 that

ρ
(
dg($kx−1), (x,$)−kn

)

= (−1)val(x−1)+k


ε
(
ϑ(x)k

)
0 . . . 0

0 ε
(
ϑ(x)k+2

)
0 . . .

...
...

...
...

0 . . . 0 ε
(
ϑ(x)k+2(n−1)

)

 .

The result follows from (6.1.4) and matrix multiplication.

Let ε be a fixed element of order n inO×/O×n. Observe that (ε,$)n is a primitive n-th

root of unity. Without loss of generality, we can choose ε such that ε ((ε,$)n) = e
2πi
n .

Set ξ = ε ((ε,$)n) = e
2πi
n . Define,

Λk(x) :=
1

n

n−1∑
i=0

ξi(val(x)−k)ρ(ι(x−1)). (6.1.23)

Since

n−1∑
i=0

ξil =

n, if l ≡ 0 mod n

0, otherwise,
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we have

Λk(x) =

ρ(ι(x−1)), if val(x) ≡ k mod n

0, otherwise.

(6.1.24)

Therefore,

Ju(y) =

∫
F
λ(−ux− yx−1)ρ(ι(x−1))

dx

|x|
(6.1.25)

=
n−1∑
k=0

∫
$kL

λ(−ux− yx−1)ρ(ι(x−1))
dx

|x|
,

which by property (6.1.24) of Λk equals

n−1∑
k=0

∫
F
λ(−ux− yx−1)Λk(x)

dx

|x|
.

If follows from (6.1.25), (6.1.23) and Lemma 6.1.12 that the (i, j)-th entry of Ju(y) is

1

n

∫
F

n−1∑
k=0

ξk(val(x)−i+j)(−1)val(x)+i−jε
(
ϑ(x)−2+i+j

)
λ(−ux− yx−1)

dx

|x|
. (6.1.26)

For each 0 ≤ i, j, k ≤ n, define

Θk,i,j(x) := ξkval(x)(−1)val(x)ε
(
ϑ(x)−2+i+j

)
. (6.1.27)

Lemma 6.1.13. The character Θk,i,j has the following properties.

1. Let pk := (1− 2k
n

)s. Then

Θk,i,j(x) = |x|pkε
(
ϑ(x)−2+i+j

)
. (6.1.28)

2. For all x ∈ F×, Θk,i,j(−x) = Θk,i,j(x).

3. If 2− i− j ≡ 0 mod n, then Θk,i,j is unramified; otherwise Θk,i,j is ramified of

ramification degree one.
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Proof: Note that ξval(x) = |x|
−2πi
n log q and (−1)val(x) = |x|

πi
log q . Hence,

Θk,i,j(x) = |x|pkε
(
ϑ(x)−2+i+j

)
, (6.1.29)

where

pk : = k
−2πi

n log q
+

πi

log q

=
πi(n− 2k)

n log q
= (1− 2k

n
)s.

Part (2) follows from observing that, because n is odd, (−1, $)n = 1; hence, (−x,$)n =

(x,$)n for all x ∈ F. Finally, note that −2 + i+ j ≡ 0 mod n implies that Θk,i,j =

|x|pk , and hence is unramified. Otherwise, using Definition 2.2.2, it is easy to see that

Θk,i,j|1+p = 1 and Θk,i,j|O 6= 1, and hence the character is ramified of degree one.

Using Lemma 6.1.13, the (i, j)-th entry of Ju(y) in (6.1.26) can be written as

(−1)i−j

n

[
n−1∑
k=0

ξk(−i+j)
(∫

F
Θk,i,j(x)λ(−ux− yx−1)

dx

|x|

)]
. (6.1.30)

Note that the integral in (6.1.30) is a Bessel function JΘk,i,j(−u,−y) defined in Defini-

tion 1.1.20, and can be expressed in terms of the Gamma function, by Theorem 1.1.21.

Set α = 2− i− j. Then by Lemma 6.1.13, Θk,i,j(x) = |x|pkε (ϑ(x)−α). It follows from

Theorem 1.1.19 that if Θk,i,j is ramified, whence by Lemma 6.1.13 ramified of de-

gree one, then there exists a constant in C depending on ε ◦ ϑ−α, which we denote

by Cα, such that |Cα| = 1 and CαC−α = 1, and that Γ(Θk,i,j) = Cαq
pk− 1

2 , where

pk = (1 − 2k
n

)s. The next proposition gives the values of JΘk,i,j(−u,−v) in terms of

Cα and C−α, when u, y ∈ O×.

Proposition 6.1.14. Let u, y ∈ O×, and let α = 2 − i − j. Then JΘk,i,j(−u,−v) =∫
F Θk,i,j(x)λ(−ux− yx−1) dx|x| is equal to

• −q− 1
2

[
ε (ϑ(y))−αC−αξ

k + ε (ϑ(u))αCαξ
−k], if α 6≡ 0 mod n
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• 1 + q−1ξ−k
ξ3k + 1

1 + ξk
, if α ≡ 0 mod n.

Proof: Set Θ := Θk,i,j. It follows from Theorem 1.1.21 and Lemma 6.1.13 that

for u, y ∈ O×,∫
F

Θ(x)λ(−ux− yx−1)
dx

|x|
= Θ(y)Γ(Θ−1) + Θ−1(u)Γ(Θ). (6.1.31)

By (6.1.29) in Lemma 6.1.13, Θ(x) = |x|pkε (ϑ(x)−α), where pk = (1 − 2k
n

)s. Then,

Theorem 1.1.19 implies that there exists a Cα satisfying |Cα| = 1 and CαC−α = 1

such that

Γ(Θ) =

 Cαq
pk− 1

2 , α 6≡ 0

1−qpk−1

1−q−pk , α ≡ 0.
(6.1.32)

The result is obtained by substituting (6.1.32) in (6.1.31), and observing that q−pk =

−ξk.

Proposition 6.1.15. If u, y ∈ O× then the (i, j)-th entry of Ju(y) is

(−1)i−j+1q−
1
2Cαε (ϑ(u)α) , if −i+ j ≡ 1 mod n and i 6= n+1

2

(−1)i−j+1q−
1
2C−1

α ε (ϑ(y)−α) , if −i+ j ≡ −1 mod n and i 6= n+3
2

1− 1
q
, if i = j = 1

−1
q
, if {i, j} = {n+1

2
, n+3

2
}

0, otherwise,

(6.1.33)

where α = 2− i− j.

Proof: First assume α 6≡ 0 mod n. By (6.1.30) and Proposition 6.1.14, the

(i, j)-th entry of Ju(y) is

(−1)i−j+1

n

[
q−

1
2 ε ((y,$)αn)C−1

α

n−1∑
k=0

ξk(−i+j+1) + q−
1
2 ε
(
(u,$)−αn

)
Cα

n−1∑
k=0

ξk(−i+j−1)

]
.
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The first summand of the sum above vanishes if n - −i + j + 1 and is equal to

nq−
1
2 ε ((y,$)αn)C−1

α otherwise. The second summand vanishes if n - −i + j − 1 and

is equal to nq−
1
2 ε ((u,$)−αn )Cα otherwise.

Now suppose α ≡ 0 mod n. By (6.1.30) and Proposition 6.1.14, the (i, j)-th

entry of Ju(y) is

(−1)i−j

n

[
n−1∑
k=0

ξk(−i+j)
(

1 + q−1ξ−k
ξ3k + 1

1 + ξk

)]
. (6.1.34)

Observe that ξ3k+1
1+ξk

= (1+ξk)(1−ξk+ξ2k)
1+ξk

= 1− ξk + ξ2k. Hence, (6.1.34) simplifies to

(−1)i−j

n

[
n−1∑
k=0

ξk(−i+j) + q−1

n−1∑
k=0

ξk(−i+j−1) − q−1

n−1∑
k=0

ξk(−i+j) + q−1

n−1∑
k=0

ξk(−i+j+1)

]
.

Because α ≡ 0 mod n, either i = j = 1 or 2 ≤ i ≤ n and j = 2 − i + n. So, under

the hypothesis α ≡ 0, we have

n−1∑
k=0

ξk(−i+j) =

 n, i = j = 1

0, otherwise,

n−1∑
k=0

ξk(−i+j+1) =

 n, i = n+3
2
, j = n+1

2

0, otherwise,

and
n−1∑
k=0

ξk(−i+j) =

 n, i = n+1
2
, j = n+3

2

0, otherwise.

If follows that the (i, j)-th entry of Ju(y) is equal to 1 − 1
q

for i = j = 1, and to −1
q

for i = n+3
2
, j = n+1

2
or i = n+1

2
, j = n+3

2
and zero otherwise.

Example 6.1.16. Let us spell out the case for n = 3 explicitly. We will use the

formulas (6.1.30) and Proposition 6.1.14 directly to calculate the entries of Ju(y) for
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u, y ∈ O×. Note that, for n = 3, we have pk = (1− 2k
3

)s. We will frequently use the

following equalities, which are easy to verify,

qp0 = q−p0 = −1, q−p1 = qp2 = −ξ, qp1 = q−p2 = −ξ2.

• (1, 1)-entry: Note that in this case α = 2− 1− 1 = 0. Hence the (1, 1)-th entry

of Ju(y) is equal to

1

3

2∑
k=0

[∫
F
|x|pkλ(−ux− yx−1)

dx

|x|

]

=
1

3

2∑
k=0

[
1 + q−1ξ−k

ξ3k + 1

1 + ξk

]

=
1

3

2∑
k=0

[
1 + q−1(ξ−k − 1 + ξk)

]
= 1− 1

q
.

• (2, 2)-entry: Note that α ≡ 1 mod 3, Hence the (2, 2)-th entry is

1

3

2∑
k=0

[
−q−

1
2

[
ε ((y,$)3)C2ξ

k + ε
(
(u,$)2

3

)
C1ξ

−k]]
= −q−

1
2 (1 + ξ + ξ2) (ε ((y,$)3)C2)− (1 + ξ2 + ξ)

(
ε
(
(u,$)2

3

)
C−1

2

)
= 0.

Similarly, the (3, 3)-entry is zero.

• (1, 2)-entry: Here, α ≡ 2 mod 3 and i− j = −1. Hence, the (1, 2)-the entry is

−1

3

2∑
k=0

ξk
[
−q−

1
2

[
ε
(
(y,$)2

3

)
C−1

2 ξk + ε ((u,$)3)C2ξ
−k]]

= −1

3

[
(−1− ξ2 − ξ4)ε

(
(y,$)3

2)C−1
2 q−

1
2 + (−1− 1− 1)ε ((u,$)3)C2q

− 1
2

]
= ε ((u,$)3)C2q

− 1
2 .
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• (1, 3)-entry: Here α ≡ 1 mod 3 and i− j = −2. Hence, the (1, 3)-th entry is

1

3

2∑
k=0

ξ2k
[
−q−

1
2

[
ε ((y,$)3)C2ξ

k + ε
(
(u,$)2

3

)
C−1

2 ξ−k
]]

=
1

3

[
ε ((y,$)3)C2q

− 1
2 (−1− ξ3 − ξ6) + ε

(
(u,$)2

3

)
C−1

2 q−
1
2 (−1− ξ − ξ5)

]
= −(y,$)3C2q

− 1
2 .

• (2, 1)-entry: Here α ≡ 2 mod 3 and i− j = 1. Hence, the (2, 1)-th entry is

−1

3

2∑
k=0

ξ−k
[
−q−

1
2

[
ε
(
(y,$)2

3

)
C−1

2 ξk + ε ((u,$)3)C2ξ
−k]]

= −1

3

[
ε
(
(y,$)2

3

)
C−1

2 q−
1
2 (−1− 1− 1) + ε ((u,$)3)C2q

− 1
2 (−1− ξ − ξ−1)

]
= ε

(
(y,$)2

3

)
C−1

2 q−
1
2 .

• (2, 3)-entry: Here α ≡ 0 mod 3 and i− j = −1. Hence, the (2, 3)-th entry is

−1

3

2∑
k=0

ξk
[
1 + q−1ξ−k

ξ3k + 1

1 + ξk

]

= −1

3

2∑
k=0

[
ξk + q−1 − ξk + ξ2k

]
= −1

q
.

• (3, 1)-entry: Here α ≡ 1 mod 3 and i− j = 2. Hence, the (2, 1)-th entry is

1

3

2∑
k=0

ξk
[
−q−

1
2

[
ε ((y,$)3)C2ξ

k + ε
(
(u,$)2

3

)
C−1

2 ξ−k
]]

=
1

3

[
ε ((y,$)3)C2q

− 1
2 (−1− ξ2 − ξ4) + ε

(
(u,$)2

3

)
C−1

2 q−
1
2 (−1− ξ3 − ξ3)

]
= −ε

(
(u,$)2

3

)
C−1

2 q−
1
2 .

• (3, 2)-entry: Here α ≡ 0 mod 3 and i− j = 1. Hence, the (3, 2)-th entry is
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−1

3

2∑
k=0

ξ−k
[
1 + q−1ξ−k

ξ3k + 1

1 + ξk

]

= −1

3

2∑
k=0

(
ξ−k + q−1(ξ−2k − ξk + 1)

)
= −1

q
.

Hence, for u, y ∈ O×,

Ju(y) =


1− 1

q
ε (ϑ(u)2)C2q

− 1
2 −ε (ϑ(y)2)C2q

− 1
2

ε (ϑ(y))C−1
2 q−

1
2 0 −1

q

−ε (ϑ(u))C−1
2 q−

1
2

1
q

0

 .

Example 6.1.17. Similarly one can see that for n = 5, Ju(y) is equal to
1− 1

q
ε
(
ϑ(u)4

)
C4q

− 1
2 0 0 −ε

(
ϑ(y)4

)
C−1

1 q
− 1

2

ε (ϑ(y))C−1
4 q

− 1
2 0 ε

(
ϑ(u)3

)
C2q

− 1
2 0 0

0 ε
(
ϑ(y)3

)
C−1

2 q
− 1

2 0 −q−1 0

0 0 −q−1 0 ε
(
ϑ(u)3

)
C3q

− 1
2

−ε (ϑ(u))C1q
− 1

2 0 0 ε
(
ϑ(y)2

)
C−1

3 q
− 1

2 0

 .

Next, we calculate a(1). Recall that by Lemma 6.1.11, a(1) commutes with

the matrices J1(δ2)ρ(ι(δ)) for any δ ∈ O×. In particular, it commutes with linear

combinations of the matrices M(k) := J1(ε2k)ρ(ι(εk)), 1 ≤ k ≤ n. Define

Ω(m) :=
n∑
k=1

ξm(k−1)M(k), (6.1.35)

for 0 ≤ m < n. In the next lemma, we will calculate the Ω(m), which will be used in

the calculation of a(1). Let Ωi,j(m) denote the (i, j)-th entry of Ω(m).

Lemma 6.1.18. Let Ω(m) be as defined in (6.1.35). Then

Ωi,j(0) =



n(q
1
2 − q− 1

2 ), i = j = 1

−C−1
1 n, i = 1, j = n

−C1n, i = n, j = 1

0, otherwise,

(6.1.36)
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Ωi,j(1) =


nC2−nξ

−1, i = n−1
2
, j = n+1

2

−nq− 1
2 ξ−1, i = n+3

2
, j = n+1

2

0, otherwise,

(6.1.37)

Ωi,j(n− 1) =


nξC−1

2−n, i = n+1
2
, j = n−1

2

−nξq− 1
2 , i = n+1

2
, j = n+3

2

0, otherwise,

(6.1.38)

and for 1 ≤ l ≤ n−3
2

,

Ωi,j(2l) =


nC−1

2−2l−1ξ
−2l, i = l + 1, j = l

nC2+2l−1ξ
−2l, i = n− l, j = n− l + 1

0, otherwise,

(6.1.39)

and

Ωi,j(n− 2l) =


nC2−2l−1ξ

2l, i = l, j = l + 1

nC−1
2+2l−1ξ

2l, i = n− l + 1, j = n− l

0, otherwise,

(6.1.40)

and the above matrices exhaust {Ω(m) | 0 ≤ m < n}.

Proof: Using Proposition 6.1.15 and (6.1.3), it is not difficult to see that

Mi,j(k) =



q
1
2 − q− 1

2 , i = j = 1

(−1)i−j+1Cαξ
2ik, −i+ j ≡ 1 mod n, i 6= n+1

2

(−1)i−j+1C−1
α ξ−2jk, −i+ j ≡ −1 mod n, i 6= n+3

2

−q− 1
2 ξk, i = n+1

2
, j = n+3

2

−q− 1
2 ξ−k, i = n+3

2
, j = n+1

2

0, otherwise,

(6.1.41)

where α = 2− i− j. If i = j = 1 then

Ω1,1(m) = (q
1
2 − q−

1
2 )ξ−m

n∑
k=1

ξmk



6. On the K-Type Distribution 147

=

 (q
1
2 − q− 1

2 )nξ−m, m = 0

0, otherwise.

Assume that −i+ j ≡ 1 mod n, and i 6= n+1
2

. It follows from (6.1.41) that

Ωi,j(m) =
n∑
k=1

ξm(k−1)Mi,j(k)

= (−1)i−j+1Cαξ
−m

n∑
k=1

ξ(2i+m)k

=

 (−1)i−j+1nCαξ
−m, n|2i+m

0, otherwise.

Now assume that −i+ j ≡ −1 mod n and i 6= n+3
2

. Similarly, if follows that

Ωi,j(m) = (−1)i−j+1C−1
α ξ−m

n∑
k=1

ξ(−2j+m)k

=

 (−1)i−j+1nC−1
α ξ−m, n| − 2j +m

0, otherwise.

For i = n+1
2

and j = n+3
2

, we get

Ωi,j(m) = −q−
1
2 ξ−m

n∑
k=1

ξ(m+1)k

=

 −q−
1
2nξ−m, n|m+ 1

0, otherwise,

and for i = n+3
2

and j = n+1
2

Ωi,j(m) = −q−
1
2 ξ−m

n∑
k=1

ξ(m−1)k

=

 −q−
1
2nξ−m, n|m− 1

0, otherwise.

The final result is a direct implication of the above calculations.
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Let B be an n× n matrix with entries given below.

Bi,j =



q−
1
2 , i = j and i < n− j + 1

q
1
2 , i = j and i > n− j + 1

C−1
2i−1, i = n− j + 1 and i < j

C2(n−i)+1, i = n− j + 1 and i > j

0, otherwise.

(6.1.42)

Theorem 6.1.19. Write A = Ta as in Lemma 6.1.9. Then there exist α, β ∈ C such

that

a(1) = αIn + βB,

where B is defined in (6.1.42).

Proof: We start by showing that all, except for the diagonal and anti-diagonal,

entries of a(1) are zero. Lemma 6.1.11 implies that a(1) commutes with M(k) for

1 ≤ k ≤ n, and therefore it commutes with the algebra generated by these matrices,

including Ω(m) for 0 ≤ m < n, which are calculated in Lemma 6.1.18.

The conditions a(1)Ω(m) = Ω(m)a(1) gives a system of linear equations for the

entries of a(1). Let ai,j be the (i, j)-th entry of a(1). First, assume that i 6= j and

i 6= n− j + 1. We are in one of the following situations:

1. i = 1, 1 < j < n: Consider the (n, j)-th entry of a(1)Ω(0). We see that

(Ω(0)a(1))n,j = Ωn,1(0)a1,j whereas, since the j-th column of Ω(0) is zero,

(a(1)Ω(0))n,j = 0. So, since these matrices commute, a1,j = 0.

2. j = 1, 1 < i < n: By a similar argument, computing the (i, n)-th entry of

a(1)Ω(0) = Ω(0)a(1) yields ai,1 = 0.

3. j = n, 1 < i < n: Then the (i, 1)-th entry of Ω(0)a(1) is zero. So, the (i, 1)-th

entry of a(1)Ω(0) is

n∑
k=1

ai,kΩk,1(0) = ai,1Ω1,1(0) + ai,nΩn,1(0) = 0,
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which implies ai,n = 0.

4. i = n, 1 < j < n: By a similar argument, computing the (1, j)-th entry of

a(1)Ω(0) yields an,j = 0.

5. 2 ≤ j < n+1
2

, 2 ≤ i ≤ n− 1, i 6= j and i 6= n− j+ 1: Then the (i, j− 1)-entry of

Ω (2(j − 1)) a(1) is zero. Computing the (i, j − 1)-th entry of a(1)Ω (2(j − 1))

yields ai,j = 0.

6. n+1
2

< j ≤ n − 1 and 2 ≤ i ≤ n − 1, i 6= j and i 6= n − j + 1: By a similar

argument, computing the (i, j+1)-entry of Ω (2(n− j)) a(1) = a(1)Ω (2(n− j))

yields ai,j = 0.

7. j = n+1
2

and 2 ≤ i ≤ n−1 and i 6= n+1
2

: Then the (i, n−1
2

)-th entry of Ω(n−1)a(1)

is zero. Computing the (i, n−1
2

)-th entry of a(1)Ω(n− 1) gives ai,n+1
2

= 0.

Hence, the only non-zero entries are those ai,j’s satisfying i = j or i = n− j + 1.

Commuting with Ω(2l) for 1 ≤ l ≤ n−3
2

implies

al,l = al+1,l+1, an−l+1,n−l+1 = an−l,n−l,

and

an−l,l+1 = an−l+1,lC2l+1C
−1
2l−1, al+1,n−l = al,n−l+1C2l−1C

−1
2l+1. (6.1.43)

The equation (6.1.43) implies that for 2 ≤ i ≤ n−1
2

ai,n−i+1 = a1,nC1C
−1
2i−1,

and for n+3
2
≤ i ≤ n− 1,

ai,n−i+1 = an,1C
−1
1 C2(n−i)+1.
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Moreover, commuting with Ω(0) implies

a1,n = an,1C
−2
1 ,

and commuting with Ω(n− 1) implies

a1,1 = an+1
2
,n+1

2
+ C−1

1 q−
1
2an,1, an,n = an+1

2
,n+1

2
+ C−1

1 q
1
2an,1.

Let α = an+1
2
,n+1

2
and β = an,1C

−1
1 . The result follows from the above relations.

Let {e1, · · · , en} denote the standard basis for Cn.

Lemma 6.1.20. The eigenspaces of the matrix B defined in (6.1.42) are

E1 = Span

[{
−eiC−1

2i−1q
1
2 + en−i+1 | 1 ≤ i <

n+ 1

2

}
∪
{
en+1

2

}]
and

E2 = Span

{
eiC

−1
2i−1q

− 1
2 + en−i+1 | 1 ≤ i <

n+ 1

2

}
,

with eigenvalues 0 and q−
1
2 + q

1
2 respectively.

Proof: It is easy to see that the eigenvalues of B are 0 and q−
1
2 +q

1
2 of multiplicities

n+1
2

and n−1
2

respectively, and after a simple calculation, one can see that E1 is the

eigenspace for the eigenvalue 0 and E2 is the eigenspace for the eigenvalue q−
1
2 + q

1
2 .

Recall from Theorem 5.3.6 that indG̃
B̃
ρ = V1 ⊕ V2, where the Vi are two inequivalent

subrepresentations of indG̃
B̃
ρ. Let V̂1 and V̂2 be the corresponding irreducible subspaces

in the λ-realization of indG̃
B̃
ρ. The next proposition shows that each V̂i, i ∈ {1, 2}

corresponds to either E1 or E2.

Proposition 6.1.21. Let i ∈ {1, 2}; there exists j ∈ {1, 2} such that for all h ∈ V̂i,

h(1) ∈ Ej.
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Proof: Let i ∈ {1, 2}; since F ◦ η(indG̃
B̃
ρ) = V̂1 ⊕ V̂2, there exists an intertwining

operator A ∈ EndG̃(F ◦ η(indG̃
B̃
ρ)) such that ker(A) = V̂i. We write A = Ta, as in

Lemma 6.1.9. Then by Theorem 6.1.19, a = αIn + βB, for some α, β ∈ C. Let

h ∈ V̂i. Then A(h)(u) = a(u)h(u) = 0, ∀u ∈ F. In particular, a(1)h(1) = 0, whence

by Theorem 6.1.19, with β 6= 0, h(1) = −α/βh(1). Therefore, h(1) is an eigenvector

for B and by Theorem 6.1.19, there exists j ∈ {1, 2}, such that h(1) is in Ej.

Remark 6.1.22. We choose to denote the irreducible component corresponding to

the eigenspace E1 by V̂1 and the one to the eigenspace E2 by V̂2.

Because the eigenvalues of B are 0 and q−
1
2 + q

1
2 , it follows that the two possible

forms of A = Ta satisfy a(1) = βB or a(1) = βB − (q−
1
2 + q

1
2 )In for some β ∈ C.

These matrices are illustrated in the following examples.

Example 6.1.23. For n = 3,

a(1) = β


q−

1
2 0 C−1

1

0 0 0

C1 0 q
1
2

 , or a(1) = β


−q 1

2 0 C−1
1

0 −(q−
1
2 + q

1
2 ) 0

C1 0 −q− 1
2

 ,

where β ∈ C. Let i ∈ {1, 2}; then for every h ∈ V̂i, we have

h(1) ∈ Span




0

1

0

 ,


−√qC2

0

1


 , or h(1) ∈ Span




C2√
q

0

1


 .

Example 6.1.24. For n = 5, we obtain

a(1) = β



q−
1
2 0 0 0 C4

0 q−
1
2 0 C2 0

0 0 0 0 0

0 C−1
2 0 q

1
2 0

C−1
4 0 0 0 q

1
2


,
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or

a(1) = β



−q 1
2 0 0 0 C4

0 −q 1
2 0 C2 0

0 0 −(q−
1
2 + q

1
2 ) 0 0

0 C−1
2 0 −q− 1

2 0

C−1
4 0 0 0 −q− 1

2


,

and

E1 = Span





−q 1
2C4

0

0

0

1


,



0

−q 1
2C2

0

1

0


,



0

0

1

0

0




,

E2 = Span





C4q
− 1

2

0

0

0

1


,



0

C2q
− 1

2

0

1

0




.

6.2 Distribution of K-Types

In this section, our goal is to investigate the distribution of K-types of indG̃
B̃
ρ. Note

that the unramified character χ = χs, s = πi
log q

is primitive mod one. Recall from

Section 5.1.1 that χ0 is a fixed extension of χ to A, and that χ0|T̃∩K̃(dg(t), ζ) = ε(ζ),

for all t ∈ O× and ζ ∈ µn. Moreover, recall from Lemma 4.2.1 that the χi, 0 ≤ i < n,

are characters of T̃ ∩ K̃ defined by

χi(dg(t), ζ) = ε
(
ζϑ(t)2i

)
,
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for t ∈ O× and ζ ∈ µn. It follows from Theorem 4.4.19 that

ResK̃IndG̃
B̃
ρ ∼=

n−1⊕
i=0

(
(IndK̃

B̃∩K̃χk)
K1

)
⊕
⊕
l>1

(
W̃+

0,l ⊕ W̃
−
0,l

)⊕n
, (6.2.1)

using the notation in Section 4.2. Because χ0|(T∩K)2 is trivial, by Theorem 4.4.19,

(IndK̃
B̃∩K̃χ0)K1 appears in (6.2.1) with multiplicity one, and decomposes into two ir-

reducible constituents.

Evidently, one of the irreducible constituents of
(

IndK̃
B̃∩K̃χ0

)K1

is
(

IndK̃
B̃∩K̃χ0

)K̃0

,

a K̃0-invariant one-dimensional subspace, which we call the spherical K-type. We

call the complement of (IndK̃
B̃∩K̃χ0)K̃0 in (IndK̃

B̃∩K̃χ0)K1 the Steinberg representation,

because of the close relationship to the Steinberg representation of finite groups, and

denote it by St. Next, we pick a function in each of these K̃-spaces, and calculate their

images under F ◦ η, evaluated at 1; then we determine to which of the eigenspaces

E1 or E2, given in Lemma 6.1.20, they belong. This allows us to determine the

irreducible subrepresentation of indG̃
B̃
ρ to which the K̃-spaces belong.

6.2.1 The Spherical K-Type

In this section, we will determine the subrepresentation of indG̃
B̃
ρ to which (IndK̃

B̃∩K̃χ0)K̃0

belongs. Recall that fi, 0 ≤ i < n, is a function in IndT̃Aχ whose support is in the

coset Aι($i), and fi(ι($
i)) = 1. Observe that we can identify fi with ei+1 ∈ Cn,

0 ≤ i < n, via the map in (6.1.1). Recall from Section 5.1.2 that

π̄K̃0 = (IndK̃
B̃∩K̃χ0)K̃0 = Span{φ},

where the normalized spherical function φ is given by

φ : G̃ → IndT̃Aχ

ntk 7→ |t|ρ(t)f0,

for n ∈ N , t ∈ T̃ and k ∈ K̃0.
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Note that φ, and hence π̄K̃0 , lies in one of the two irreducible components of

indG̃
B̃
ρ. By Proposition 6.1.21, we can determine which of the G̃-subspaces V1 and V2

the function φ belongs to, by determining which of the eigenspaces E1 and E2 the

(F ◦ ηφ)(1) belongs to. Over the course of the next few lemmas, we will calculate

(F ◦ ηφ)(1).

Lemma 6.2.1. Let η be the map defined in (6.1.5) and φ be the normalized spherical

function. Then,

ηφ(x) =

 f0, if val(x) ≥ 0

(−1)b
rsd2n(val(x))

n
cqval(x)ε

(
ϑ(x)val(x)

)
frsdn(val(x)), if val(x) < 0.

Proof: Recall from the definition of η (6.1.5) in Section 6.1.1 that ηφ(x) =

φ (lt(x), 1). Let x = x0$
m for x0 ∈ O× and m ∈ Z. We have two possibilities:

• If x ∈ O, then (lt(x), 1) ∈ K̃0, and because φ is fixed by K̃0

φ (lt(x), 1) = φ(1) = f0.

• If x /∈ O, then x−1 ∈ O and hence, (ut(x−1), 1) ∈ K̃0. Recall from the decom-

position in (5.1.5) that for all x ∈ F,

(lt(x), 1) =
(
ut(x−1), 1

)
ι(−x−1)w̃

(
ut(x−1), 1

)
. (6.2.2)

Therefore, φ (lt(x), 1) = | − x−1|ρ (ι(−x−1)) f0. Observe that | − x−1| = qm with

m < 0, and

ρ
(
ι(−x−1)

)
f0 = ρ

((
dg($−m), ϑ(x0)m

)
ι(−x−1

0 )
)
f0

= ε (ϑ(x0)m) ρ
(
ι($−m)

)
ρ
(
ι(−x−1

0 )
)
f0.

Recall from Lemma 5.1.5 that ρ
(
ι(−x−1

0 )
)
f0 = f0. Note that ρ (ι($−m)) =

ρ (ι($))−m is the matrix calculated in (6.1.4). Observe that ρ (ι($−m)) f0 is the

first column of ρ (ι($−m)). It follows directly from (6.1.4) that the first column

of ρ (ι($−m)) is (−1)b
rsd2n(m)

n
cfrsdn(m).
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Because n is odd, ϑ(x0) = ϑ(x), where x = x0$
m for x0 ∈ O×. Hence,

ηφ = φ(lt(x), 1) = (−1)b
rsd2n(m)

n
cqmε (ϑ(x)m) frsdn(m).

As in Section 6.1.3, set L = {x ∈ F× | n|val(x)}.

Lemma 6.2.2. Let ϕ̂ = F ◦ ηφ be the λ-realization of φ. Then

ϕ̂(1) = f0 − C1q
− 1

2fn−1.

Proof: Recall that λ|O = 1. Therefore, using Lemma 6.2.1,

ϕ̂(1) =

∫
F
λ(−x)ηφ(x)dx =

∫
O
f0dx

+
n−1∑
i=0

∫
{x∈$iL|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)qval(x)ε

(
ϑ(x)val(x)

)
fidx.

Observe that∫
{x∈F|val(x)=m}

λ(−x)(−q)val(x)ε (ϑ(x)α) dx = (−q)m
∫
O×

λ(−x0$
m)ε (ϑ(x)α) dx.

(6.2.3)

It follows from Lemma 1.1.18 that for α ∈ {1, · · · , n− 1}, the integral (6.2.3) is only

non-zero when m = −1. Therefore, the above sum can be simplified to

ϕ̂(1) = f0 +

∫
{x∈L|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)(q)val(x)f0dx

−
∫
{x∈F|val(x)=−1}

λ(−x)(
1

q
)ε
(
ϑ(x)n−1

)
fn−1dx.

Let us calculate the second and third summand of the above expression separately.

For the second term, observe that∫
{x∈L|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)(q)val(x)dx = lim

r→−∞

r∑
k=−1

(−q)nk
∫
{x∈L | val(x)=nk}

λ(−x)dx.
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For each k < 0, by Lemma 1.1.12 we have∫
{x∈L | val(x)=nk}

λ(−x)dx =

∫
pnk

λ(−x)dx−
∫
pnk+1

λ(−x)dx = 0.

Now, let us calculate the third term.∫
{x∈F|val(x)=−1}

λ(−x)(
1

q
)ε
(
ϑ(x)n−1

)
dx

=

∫
{x∈F|val(x)=−1}

λ(−x)ε
(
ϑ(x)−1

)
|x|−1dx

=

∫
{x∈F|val(x)=−1}

λ(x)ε
(
ϑ(x)−1

)
|x|−1dx change of variable

= q−
1
2

∫
{x∈F|val(x)=−1}

λ(x)ε
(
ϑ(x)−1

)
|x|

1
2 |x|−1dx

= q−
1
2 Γ(x,$)n(

1

2
) by Definition 1.1.17

= q−
1
2C1 by Theorem 1.1.19.

Therefore,

ϕ̂(1) = f0 − C1q
− 1

2fn−1.

Theorem 6.2.3. The K̃-irreducible representation
(

IndK̃
B̃∩K̃χ0

)K̃0

is a K̃-subrepresentation

of V1.

Proof: The space
(

IndK̃
B̃∩K̃χ0

)K̃0

is generated by the spherical vector φ. By

Lemma 6.2.2, the λ-realization of φ evaluated at 1 is a scalar multiple of −e1C
−1
1 q

1
2 +

en, that is, by Lemma 6.1.20, a vector in the basis of E1. Hence, by Lemma 6.1.21,(
IndK̃

B̃∩K̃χ0

)K̃0

is a subspace of V1.



6. On the K-Type Distribution 157

6.2.2 The Steinberg K-Type

Recall that

I =


 a b

c d

 ∈ G, | a, b, d ∈ O, c ∈ p


is the Iwahori subgroup of G, and Ĩ is its inverse image in G̃. Note that since

for all g ∈ G̃, we can write g = ntk for some n ∈ N, t ∈ T̃ and k ∈ K̃0, and

f(g) = |t|ρ(t)f(k), for every f ∈ indG̃
B̃
ρ, the value of f over K̃0 determines the

function completely. Define the function ψ ∈ indG̃
B̃
ρ by

ψ(k) =


f0, k ∈ Ĩ ∩ K̃0

−f0, k ∈
(
wĨ
)
∩ K̃0

0, otherwise,

(6.2.4)

where k ∈ K̃0. It is not difficult to see that ψ is in St. Next, by calculating F ◦ ηψ,

we will determine to which irreducible component of indG̃
B̃
ρ the function ψ belongs.

Lemma 6.2.4. Let η be the map defined in (6.1.5) and ψ be as in (6.2.4). Then,

ηψ(x) =


f0, val(x) > 0

0, val(x) = 0

−(−1)b
rsd2n(val(x))

n
cqval(x)ε

(
ϑ(x)val(x)

)
frsdn(val(x)), val(x) < 0.

(6.2.5)

Proof: Let x = x0$
m for x0 ∈ O× and m ∈ Z. We have two possibilities:

• If x ∈ O, then by (6.2.4)

ψ (lt(x), 1)) =

 f0, if val(x) > 0

0, if val(x) = 0

• If x /∈ O then x−1 ∈ O and hence, (ut(x−1), 1) ∈ K1. Therefore, by decomposi-

tion (5.1.5)

ψ (lt(x), 1) = ψ
((

ut(x−1), 1
)
ι(−x−1)w̃

)
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= | − x−1|ρ(ι(−x−1))ψ(w̃)

= −|x−1|ρ(ι(−x−1))f0.

Observe that |x−1| = qm, with m < 0 and

ρ(ι(−x−1))f0 = ε (ϑ(x0)m) ρ
(
ι($−m)

)
ρ
(
ι(−x−1

0 )
)
f0

= ε (ϑ(x0)m) ρ
(
ι($−m)

)
f0.

Hence, because by (6.1.4) we have ρ (ι($−m)) f0 = (−1)b
rsd2n(m)

n
cfrsdn(m), we

obtain

ηψ(x) = −(−1)b
rsd2n(val(x))

n
cqval(x)ε

(
ϑ(x)val(x)

)
frsdn(val(x)).

Lemma 6.2.5. Let ψ̂ be the λ realization of ψ. Then

ψ̂(1) = q−1f0 + q−
1
2C1fn−1.

Proof: It follows from Lemma 6.2.4 that

ψ̂(1) =

∫
F
λ(−x)ηψ(x)dx

=

∫
O
λ(−x)ηψ(x)dx

−
n−1∑
i=0

∫
{x∈$iL|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)qval(x)ε

(
ϑ(x)val(x)

n

)
fidx.

Observe that ∫
O
λ(−x)ηψ(x)dx =

∫
O×

0dx+

∫
p

f0dx

= µ(p)f0

= q−1f0,
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and it follows from Lemma 1.1.18 that for α ∈ {1, · · · , n− 1},∫
{x∈F|val(x)=m}

(−1)b
rsd2n(val(x))

n
cλ(−x)qval(x)ε ((ϑ(x)α) fidx

is only nonzero when m = −1. Therefore, ψ̂(1) can be simplified to

ϕ̂(1) = q−1f0 −
∫
{x∈L|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)(q)val(x)f0dx

+

∫
{x∈F|val(x)=−1}

λ(−x)(
1

q
)ε
(
ϑ(x)n−1

)
fn−1dx.

Lemma 1.1.12 implies that∫
{x∈L|val(x)<0}

(−1)b
rsd2n(val(x))

n
cλ(−x)(q)val(x)f0 dx = 0.

Plus, ∫
{x∈F | val(x)=−1}

λ(−x)q−1ε
(
ϑ(x)n−1

)
fn−1dx

= q−
1
2

∫
{x∈F | val(x)=−1}

λ(−x)q
1
2 ε
(
ϑ(x)n−1

)
fn−1

dx

|x|
= q−

1
2 Γ(x,$)n(

1

2
)fn−1

= q−
1
2C1fn−1.

Hence, ∫
F
λ(−x)ηψ(x)dx = q−1f0 + q−

1
2C1fn−1.

Theorem 6.2.6. The K̃-irreducible representation St is a K̃-subrepresentation of V2.

Proof: By Lemma 6.2.5, the λ-realization of ψ ∈ St evaluated at 1 is a scalar

multiple of e1C
−1
1 q−

1
2 + en, and therefore, by Lemma 6.1.20, a vector in the basis of

E2. Hence, by Lemma 6.1.21, St is a subspace of V2.
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We have determined the distribution of the two irreducible constituents of the

first level representations in the K-type decomposition in (6.2.1). With a similar

technique, we can determine the irreducible constituent to which the rest of the first

level representations in the K-type belong. Further, we hope to determine the K-type

distribution completely in the interests of describing the irreducible constituent of

indG̃
B̃

.



Part II

Faithful Representations of

Chevalley Groups over O/p
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Chapter 7

Minimal Degree Problem

In this chapter, in addition to basic knowledge of local fields, we assume knowledge

of Lie algebra and Chevalley groups, as can be found in [Hum78] and [Ste68].

Given a finite group G, the minimal degree problem is to find (a lower bound

for) the smallest possible dimension of a representation of G. This chapter presents a

joint paper with Mohammad Bardestani, Keivan Mallahi-Karai and Hadi Salmasian,

in which we consider the minimal degree problem for a family of Chevalley groups,

as described in the abstract:

Let F be a non-Archimedean local field with the ring of integers O and

the prime ideal p and let G = Gad (O/pn) be the adjoint Chevalley group.

Let mf(G) denote the smallest possible dimension of a faithful represen-

tation of G. Using the Stone-von Neumann theorem, we determine a

lower bound for mf(G) which is asymptotically the same as the results

of Landazuri, Seitz and Zalesskii for split Chevalley groups over Fq. Our

result yields a conceptual explanation of the exponents that appear in the

aforementioned results.( [BKMKS15, Abstract])

The history and applications of the problem can be found in Section 7.1. Instead,

here I mention the link between the ideas in this paper and Part I of the thesis. First

162
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of all, the groups considered in this chapter are finite and hence, their representation

theory follows that reviewed in Chapter 1. The main idea of this paper is to use the

Stone-von Neumann theorem to calculate the dimension of certain subrepresentations

of a given faithful representation. Namely, given a faithful representation (ρ, V ) of

(an adjoint) Chevalley group G over O/pn, we construct a Heisenberg subgroup U of

G and show that the decomposition of ρ|U into irreducible representations contains

at least one constituent (σ1, V1), to which the Stone-von Neumann theorem applies.

Hence, the unique (up to isomorphism) construction of V1 allows us to compute the

dimension of V1. The lower bound is then obtained by calculating the size of the orbit

of the action of the normalizer of U on (σ1, V1).

As it is with the nature of a joint work, most of the sections were written jointly.

My role in this paper was mainly centred on the construction of the Heisenberg sub-

group of Chevalley groups, and applying the Stone-von Neumann theorem, that is

Sections 7.3, 7.4, 7.5, and 7.6, which led to calculating the dimension of the subrep-

resentation V1.

The rest of the chapter is a verbatim copy of the paper titled “Faithful represen-

tations of Chevalley groups over quotient rings of non-Archimedean local fields”.
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7.1 Introduction

For a finite group G, let Repf(G) denote the set of all finite-dimensional faithful

representations of G over complex vector spaces, and set

mf(G) := min{dρ : ρ ∈ Repf(G)},

where dρ denotes the dimension (also called the degree) of ρ. Lower bounds on mf(G)

can be found in group theory literature as old as the work of Frobenius [Fro]. Indeed,

by constructing the character table of PSL2(Fp), Frobenius showed that

mf (PSL2(Fp)) ≥
p− 1

2
for every prime p ≥ 5.

Apart from its intrinsic interest, the Frobenius bound has applications in many ques-

tions in number theory and additive combinatorics. To name a few, Sarnak and

Xue [SX91] were the first to use this bound to obtain a lower bound for the small-

est non-trivial eigenvalue of the Laplace-Beltrami operator on the hyperbolic space.

This idea was subsequently used by Bourgain and Gamburd [BG08b] to answer the

1-2-3 question of Lubotzky on the uniform expansion bounds for the Cayley graphs

of SL2 (Fp).

The Frobenius bound has been generalized by Landazuri, Seitz and Zalesskii [LS74,

SZ93] to other families of finite simple groups of Lie type. These bounds play an essen-

tial role in the theory of expander graphs and approximate groups [BGT11, Lub12].

The finite simple groups of Lie type are canonically obtained by reduction mod p of

the group G(O) of O-points of a Chevalley group, where O is the ring of integers of a

local field. However, despite interesting applications (see below), little work has been

Keywords: Chevalley groups; faithful representation; Heisenberg subgroups; Local fields; Stone-
von Neumann theorem.

2010 Mathematics Subject Classification: Primary 20C33; Secondary 20G35.
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done to extend the aforementioned bounds to reduction mod pn of G(O). Bourgain

and Gamburd [BG08a] considered this problem for SL2 (Z/pnZ) in order to show that,

for any sufficiently large prime p and any symmetric set S generating a Zariski-dense

subgroup of SL2(Z), the family of Cayley graphs {Cay (SL2 (Z/pnZ) , πpn(S))}n≥1 is

an expander family (here πpn is the reduction map modulo pn). Indeed, they proved

mf (SL2 (Z/pnZ)) ≥ pn−2(p2 − 1)

2
for n ≥ 2.

Motivated by the works of Bourgain and Gamburd mentioned above, the first and

third authors of this paper studied mf (SLk (Z/pnZ)) and mf (Sp2k (Z/pnZ)) [BMK15].

The same problem for mf (SLk (Z/pnZ)) has been considered by de Saxcé [dS13].

Let F be a non-Archimedean local field with the ring of integers O and the prime

ideal p. The order of residue field O/p is denoted by q = pl where p is a prime number.

Our aim in this paper is to obtain a bound for the minimal dimension of all faithful

complex representations of adjoint Chevalley groups over the ring O/pn where n is

a positive integer. Indeed for the Chevalley group Gad(O/pn) associated to a simple

Lie algebra g we will obtain the following bound

mf(Gad(O/pn)) ≥ Cq
n(r+1)

2 , (7.1.1)

where r is the dimension of the nilpotent radical of the Heisenberg parabolic subal-

gebra of g, and C > 0 is an absolute constant (independent of q and r).

We remark that all adjoint Chevalley groups over O/p (except for a few cases) are

simple groups, and so all of their non-trivial representations are faithful. Therefore,

our Theorem 7.1.1 below for n = 1 yields lower bounds for non-trivial representations

of Gad(Fq), which are asymptotically the same as the results of [LS74, SZ93] for

split Chevalley groups over Fq. By being asymptotically the same we mean that the

exponents that appear in (7.1.1) are the same as those in the work of Landazuri, Seitz

and Zalesskii. For a corrigendum to [LS74] the cases F4(q), q odd, and 2E6(q), we

refer the reader to [SZ93].
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Let us briefly sketch the idea of this paper. For a given simple Lie algebra g,

following Gross and Wallach’s idea [GW96], we consider its Heisenberg parabolic

subalgebra whose nilpotent radical is a two step nilpotent subalgebra. This nilpotent

subalgebra gives rise to a two step nilpotent subgroup of the adjoint Chevalley group

associated to g (this is the general 2n+ 1-dimensional Heisenberg group for some n).

The irreducible representations of a Heisenberg group are classified by their central

characters via the Stone-von Neumann theorem. Given a faithful representation ρ

of Gad(O/pn), we consider its restriction to the aforementioned Heisenberg subgroup

and we find the polarizing subgroup of the generic character of the center. Our bound

is then obtained by orbit counting of the action of a certain subgroup on an irreducible

component of the representation ρ. Our main theorem is the following:

Theorem 7.1.1. Let F be a non-Archimedean local field with the ring of integers O,

prime ideal p, and residue field O/p ∼= Fq, where q = pl for a prime number p. Let g

be a finite-dimensional complex simple Lie algebra with root system Φ. Let

Gad (O/pn) := Gad (O/pn,Φ)

be the adjoint Chevalley group associated to g. Then mf (Gad (O/pn)) ≥ hf(Φ, q, n),
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where hf(Φ, q, n) is given in the following table:

Φ hf(Φ, q, n)

A1 p ≥ 3 1
2

(qn − qn−1)

Am m ≥ 2, p ≥ 3 (qn − qn−1) q(m−1)n

Bm m ≥ 3, p ≥ 3 (qn − qn−1) q(2m−3)n

Cm m ≥ 2, p ≥ 3 1
2

(qn − qn−1) q(m−1)n

Dm m ≥ 4, p ≥ 3 (qn − qn−1) q(2m−4)n

G2 p ≥ 5 (qn − qn−1) q2n

F4 p ≥ 3 (qn − qn−1) q7n

E6 p ≥ 3 (qn − qn−1) q10n

E7 p ≥ 3 (qn − qn−1) q16n

E8 p ≥ 3 (qn − qn−1) q28n

Remark 7.1.2. Ree [Ree57] (see also [Car89], Theorem 11.3.2) proved that the

groups Gad(Fq) are indeed what one would expect to obtain, namely, PSLm(Fq) if

g is of type Am−1; PSp2m(Fq) if g is of type Cm; PΩ2m(Fq) if g is of type Dm and

PΩ2m+1(Fq) if g is of type Bm and q ≥ 3.

Remark 7.1.3. For simplicity of presentation we just consider the adjoint Chevalley

groups. However, the result can also be extended to the simply connected Chevalley

groups. Chevalley proved that the group Gad(Fq) is simple except for A1(2), A1(3),

B2(2) and G2(2) (see [Car89], Theorem 11.1.2).

Remark 7.1.4. Let us point out that the idea of restriction to nilpotent subgroups

was also used in [LS74]. Nevertheless, the arguments in [LS74] are long and case by

case. One of our main goals in writing this paper is to give a uniform argument based

on the idea of Heisenberg parabolic subalgebras to obtain lower bounds which, in

the special case of O/p, are asymptotically the same as those given in [LS74]. (See
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the discussion after (7.1.1) for a precise meaning.) Such bounds are enough for the

existing applications. Another important technical detail that has been worked out

in our paper is to verify that many facts about Chevalley groups over fields remain

valid for Chevalley groups over rings of our interest (see Section 7.4).

7.2 Notations and preliminaries

In this section we set some notation which will be used throughout this paper. We

also recall some basic facts about local fields that can be found in [Neu99, Ser79a].

If X is any set, f any function on X, and Y ⊆ X any subset, then f |Y is

the restriction of f to Y . |X| is the cardinality of a finite set X. We will use the

shorthand e(x) := exp(2πix). For a given group G, its identity element is denoted

by 1. Moreover char(F ) is the characteristic of a given field.

By the well-known classification of local fields, any non-Archimedean local field

is isomorphic to a finite extension of Qp (p is a prime number) or is isomorphic to the

field of formal Laurent series Fq((T )) over a finite field with q = pl elements. For a

non-Archimedean local field F with the discrete valuation ν, we will denote its ring

of integers and its unique prime ideal by O and p, respectively. We will also fix a

uniformizer $ ∈ p. For any integer m ∈ Z, we write

pm := {x ∈ F : ν(x) ≥ m}.

Then pm/pm+n ∼= O/pn as additive groups, for every m,n ∈ Z with n > 0.

Let n be a positive integer. Our goal in this section is to describe all additive

characters of the finite local rings O/pn using the ring structure.

From now on, if char(F ) = 0 we set E = Qp and if char(F ) = p > 0 we set

E = F . Now we define

Tr := TrF/E : F → E,
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the trace map of F over E. The Dedekind’s complementary module, (or inverse

different) is defined by

O∗ := {x ∈ F : ν(Tr(sx)) ≥ 0 for all s ∈ O}.

One can show that O∗ is a fractional ideal of F and hence for some ` ≥ 0 we have

O∗ = $−`F O = p−`. Throughout this paper ` designates this exponent. Note that

` = 0 when char(F ) > 0.

We now fix an additive character ψ : F → C∗ as follows. First assume char(F ) =

0. For every x ∈ Qp, let nx be the smallest non-negative integer such that pnxx ∈ Zp.

Let rx ∈ Z be such that rx ≡ pnxx (mod pnx). It is easy to see that the following

map (known as a Tate character)

ψ : Qp → C∗, x 7→ e(rx/p
nx), (7.2.1)

is a non-trivial additive character of Qp with the kernel Zp.

Now assume F = Fq((T )), so that O = Fq[[T ]] and $ = T . We now set

ψ : Fq((T ))→ C∗,
∑
i≥N

aiT
i → e

(
TrFq/Fp(a−1)/p

)
. (7.2.2)

Notice that the trace map from Fq to Fp is surjective. Hence, ψ|O = 1 but ψ|p−1 6= 1

(sometimes we say that the conductor of ψ is O = Fq[[T ]]).

Lemma 7.2.1. Let F be a local field with the ring of integers O and prime ideal p.

All additive characters of the ring O/pn are given by

ψb̄ : O/pn → C∗, x+ pn 7→ ψ(Tr(bx)),

where b̄ = b+ p−` ∈ p−(n+`)/p−`.

Proof: First assume that char(F ) = 0, that is, F is a p-adic field. Let b̄1 = b1+p−`

and b̄2 = b2 + p−` be distinct elements and assume that ψb̄1 = ψb̄2 . Then for all

x ∈ O we have ψ(Tr((b1 − b2)x)) = 1, which implies that Tr((b1 − b2)x) ∈ Zp.
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Thus b1 − b2 ∈ p−`, which is a contradiction. This construction provides exactly

|p−(n+`)/p−`| distinct additive characters. Since |O/pn| = |p−(n+`)/p−`|, we are done.

Next assume that char(F ) > 0. It is clear that the map ψb̄ is well-defined.

Now suppose for some b ∈ p−n we have ψ(bx) = 1 for all x ∈ O. Hence the frac-

tional ideal bO is a subset of ker(ψ). Therefore b ∈ O since the conductor of ψ is

O. This construction provides exactly |p−n/O| distinct additive characters. Since

|O/pn| = |p−n/O|, we are done.

7.3 The Stone-von Neumann theorem

In this section, we state a version of Stone-von Neumann theorem that suits our

purposes in this paper. The Stone-von Neumann theorem holds in a broader set-

ting [How08, McN12, MVW87]. However, we only present it in the finite group case,

which is needed in this paper.

Let U be a finite two step nilpotent group. If A is any subgroup of U containing

Z(U), we will denote Ā := A/Z(U). Let χ : Z(U) → C∗ be a one-dimensional

representation of Z(U). We define a pairing

U/Z(U)× U/Z(U)→ C∗ , 〈xZ(U), yZ(U)〉χ := χ ([x, y]) .

We call χ a generic character of Z(U) if the above pairing is non-degenerate, in the

sense that for every x ∈ U , if 〈xZ(U), yZ(U)〉χ = 1 for every y ∈ U , then x ∈ Z(U).

Assuming χ is generic character of Z(U), we say that a subgroup Z(U) ≤ A ≤ U is

isotropic if Ā ⊆ Ā⊥, where

Ā⊥ :=
{
xZ(U) : 〈xZ(U), yZ(U)〉χ = 1 for all y ∈ A

}
.

We say that A is polarizing if Ā = Ā⊥.

For the next theorem we refer the reader to [Bum97], §4.1.
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Theorem 7.3.1 (Stone-von Neumann theorem). Let U be a finite two step nilpo-

tent group, and let χ be a generic character of Z(U). Then there exists a unique

isomorphism class of irreducible representations of U with central character χ. Such

a representation may be constructed as follows: Let A be any polarizing subgroup of

U , and let χ̃ be any extension of χ to A. Then the representation IndUA(χ̃) is of this

class.

7.4 The Heisenberg parabolic subalgebra

This section is devoted to a rapid review of some basic facts in the theory of simple

Lie algebras. We closely follow Gross and Wallach’s paper [GW96], Sections 1 and 2

(see also [Sal07], §3).

Let g be a complex finite-dimensional simple Lie algebra. Fix a Cartan subalge-

bra h of g. Let Φ ⊆ h∗ be the root system of g with respect to h. Then, we have the

Cartan decomposition

g = h⊕
⊕
α∈Φ

gα, (7.4.1)

where gα = {x ∈ g : [H, x] = α(H)x, ∀H ∈ h}. Let E = SpanR{α | α ∈ Φ}. Note

that E is equipped with a symmetric positive definite inner product ( , ) obtained

from the Killing form of g via the isomorphism between h and h∗. For α, β ∈ Φ,

set 〈α, β〉 = 2(α, β)/(β, β). Let β 6= ±α be two independent roots. Assume that

‖β‖ ≥ ‖α‖. Then the values of 〈α, β〉 and 〈β, α〉 are given by Table 7.1 (see [Hum78],

Table 1, §9.4).
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Table 7.1: Root structure

〈α, β〉 〈β, α〉 (‖β‖/‖α‖)2

0 0 undetermined

1 1 1

−1 −1 1

1 2 2

−1 −2 2

1 3 3

−1 −3 3

Let ∆ be a base of Φ. Let Φ+ ⊆ Φ the set of positive roots with respect to ∆,

and let β̃ be the highest root. It is known that β̃ is a long root and mα ≥ nα, where

β̃ =
∑

α∈∆ mαα and γ =
∑

α∈∆ nαα is any γ ∈ Φ. Given the above notation, we

define the Heisenberg parabolic subalgebra q = l ⊕ u. The Levi subalgebra and the

nilpotent radical of q are:

l = h⊕
⊕
α∈Φ
〈α,β̃〉=0

gα, and u =
⊕
α∈Φ
〈α,β̃〉>0

gα.

Lemma 7.4.1. The inequality 〈α, β̃〉 > 0 implies that α ∈ Φ+, and either α = β̃ or

〈α, β̃〉 = 1. Moreover, if 〈α, β̃〉 = 1, then β̃ − α ∈ Φ+ and 〈β̃ − α, β̃〉 = 1.

Proof: If 〈α, β̃〉 > 0 then β̃ − α ∈ Φ (see [Hum78], Lemma of §9.4). This

implication, along with the fact that β̃ is the highest root, implies α ∈ Φ+.

Note that for any α ∈ Φ+, |〈α, β̃〉| ≤ |〈β̃, α〉|. Assume α 6= β̃. Then by applying

Table 7.1 and a simple calculation we deduce that 〈α, β̃〉〈β̃, α〉 ∈ {1, 2, 3}. Hence,

〈α, β̃〉 > 0 implies 〈α, β̃〉 = 1. The last claim in the statement follows from the

linearity of 〈 , 〉 in the first component.

Let Σ+ := {α ∈ Φ+ : 〈α, β̃〉 = 1}. Lemma 7.4.1 allows us to define a fixed-point free

involution of Σ+ defined by α 7→ β̃ − α. We pick one element from each equivalence
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class. Therefore, we have the following disjoint decomposition:

Σ+ = {αi : 1 ≤ i ≤ d} ∪ {β̃ − αi : 1 ≤ i ≤ d}. (7.4.2)

Hence, |Σ+| = 2d, where the value of the integer d is explicitly calculated in Propo-

sition 1.3 of [GW96]. In particular, Table 7.2 is given in [GW96]:

Table 7.2: Values of d

g d

Am m ≥ 1 m− 1

Bm m ≥ 2 2m− 3

Cm m ≥ 2 m− 1

Dm m ≥ 3 2m− 4

G2 2

F4 7

E6 10

E7 16

E8 28

Lemma 7.4.2. The subalgebra u is a two-step nilpotent Lie algebra with center gβ̃.

Proof: It follows from Lemma 7.4.1 that [u, u] ⊆ gβ̃ ⊆ Z(u), which implies u is

a two-step nilpotent Lie algebra. For γ1, γ2 ∈ Σ+, notice that [gγ1 , gγ2 ] = 0 unless

γ2 = β̃ − γ1, and in this case we have [gγ1 , gβ̃−γ1 ] = gβ̃. Using these equalities, one

can see that gβ̃ = Z(u).

Notice that u = gβ̃ ⊕
⊕

α∈Σ+ gα is of dimension 2d + 1. Let us choose a (d + 1)-

dimensional maximal abelian subalgebra a of u, defined to be

a = gβ̃ ⊕
d⊕
i=1

gαi . (7.4.3)
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The maximality can be seen with the help of Lemma 7.4.1, specifically the fact that

gβ̃ = [gβ̃−αi , gαi ]. In Section 7.5, we show that this subalgebra produces a polarizing

subgroup of a Heisenberg subgroup.

Lemma 7.4.3. Let α ∈ Φ be an arbitrary root. There exists a simple root γ ∈ ∆

such that 〈α, γ〉 = ±1 or ± 2.

Proof: The statement is clear if α ∈ ±∆ (since we can set γ = ±α) and so we can

assume that α ∈ Φ \ ±∆. In this case there exists a root γ ∈ ∆ such that 〈α, γ〉 6= 0.

For root systems other than G2, the lemma follows from Table 7.1. For G2, the lemma

can be verified by a direct examination of the roots.

Set

F (Φ) := min
{
〈β̃, α〉 > 0 : α ∈ Φ

}
. (7.4.4)

Obviously F (Φ) ≤ 2. For the root systems Am,Dm,E6,E7 and E8 have only one root

length and so a similar argument as above shows that F (Φ) = 1 unless Φ = A1 which

in this case we have F (A1) = 2. For Bm,F4, and G2, we observe that these root

systems have non-perpendicular long roots and so for these root systems we also have

F (Φ) = 1.

We show that F (Cm) = 2. If 〈β̃, α〉 = 1 then α is a long root, but in Cm all

non-proportional distinct long roots are perpendicular. Hence F (Cm) = 2. Therefore

we have

F (Φ) =

 1, Φ 6= A1;Cm, m ≥ 2

2, Φ = A1;Cm, m ≥ 2.
(7.4.5)

7.5 Heisenberg subgroups of Chevalley groups

In this section we review the construction of elementary adjoint Chevalley groups and

we define Heisenberg subgroups of Chevalley groups which are obtained by exponen-

tiating the nilpotent radical of the Heisenberg parabolic subalgebra q defined in the
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previous section. Moreover, we verify that the construction of Chevalley groups over

fields given in [Car89, Ste68] can be extended to elementary Chevalley groups defined

over O/pn. One way to approach this is to use the language of group schemes [Bor70].

However, in this paper we consider the explicit construction of Chevalley groups using

Chevalley bases. The theory of elementary Chevalley groups over rings has also been

presented in detail in [VP96].

As before F is a non-Archimedean local field with the ring of integers O, the

prime ideal p and the residue field Fq, q = pl. Here we assume that p ≥ 3 and

we set R = O/pn, n ≥ 1. We will use the standard notation, which can be found

in [Car89, Ser01, Ste68]. Let

{Hα : α ∈ ∆} ∪ {eα : α ∈ Φ}

be a Chevalley basis, with respect to our choice of base ∆. Let gZ ⊆ g be the free

Z-module generated by the Chevalley basis. One can show that gZ is indeed a Lie

algebra over Z. For any α ∈ Φ and ξ ∈ C, adξeα = ξadeα is a nilpotent derivation of

g. Hence, the exponential map

xα(ξ) := exp(ξadeα)

is a Lie algebra automorphism of g. Moreover, the entries of the matrix of xα(ξ),

with respect to the Chevalley basis, are of the form aξi, where a ∈ Z and i is a non-

negative integer. Let us denote this matrix by Aα(ξ). Consider the R-Lie algebra

gR := gZ ⊗Z R with the Chevalley basis

{Hα = Hα ⊗ 1 : α ∈ ∆} ∪ { eα = eα ⊗ 1 : α ∈ Φ}.

For every t ∈ R, we obtain a new matrix Āα(t) from Aα(ξ), by replacing the entries aξi

by āti, where ā is a reduced modulo pn. The linear transformation x̄α(t) associated

with the matrix Āα(t) is a Lie algebra automorphism of gR. The subgroup of the

automorphism group of gR, generated by transformations x̄α(t) for each α ∈ Φ and
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t ∈ R, is called the elementary adjoint Chevalley group. We denote it by Gad (R) :=

Gad (R,Φ). Let α ∈ Φ be an arbitrary root. The one-parameter subgroup Xα of

Gad (R) is defined by

Xα = 〈x̄α(t) : t ∈ R〉 .

Lemma 7.5.1. The subgroup Xα is isomorphic to the additive group of R.

Proof: The map t → x̄α(t) gives the desired group isomorphism. Note that the

injectivity can be seen through the action of x̄α(t) on the Chevalley basis for the Lie

algebra gR. More precisely, we have (see [Car89], §4.4) x̄α(t)Hγ = Hγ −〈α, γ〉teα. By

Lemma 7.4.3, if x̄α(t) = 1, then t = 0 since p ≥ 3.

Let us define the Heisenberg subgroup U of Gad (R)

U =
〈
x̄α(t) : 〈α, β̃〉 ≥ 1, t ∈ R

〉
. (7.5.1)

Here the right hand side of (7.5.1) is the subgroup of Gad(R) generated by the given

elements x̄α(t). This subgroup is an analogue of the nilpotent radical of the Heisenberg

parabolic subalgebra. This analogy will be apparent in Proposition 7.5.4. From now

on, we fix a total ordering ≺ of Φ which is compatible with the height function ht,

i.e. α ≺ β implies ht(α) ≤ ht(β). We recall a theorem due to Chevalley (the proof

over R is similar to [Car89], Theorem 5.2.2) that expresses the commutator of two

generators of Gad(R) as a product of generators. Let α, β ∈ Φ such that α 6= ±β,

and let t1, t2 be elements of R. Let us define the commutator [x̄α(t2), x̄β(t1)] :=

x̄α(t2)−1x̄β(t1)−1x̄α(t2)x̄β(t1). The Chevalley commutator formula states that

[x̄α(t2), x̄β(t1)] =
∏
i,j>0

x̄iβ+jα

(
Ci,j,β,α(−t1)itj2

)
, (7.5.2)

where the product is taken over all pairs of positive integers i, j for which iβ + jα is

a root, and the terms of the product are in increasing order of i + j. The constants

Ci,j,β,α are in the set {±1,±2,±3}.
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Next, we point out that every element of U can be expressed uniquely in the

form ∏
〈α,β̃〉≥1

x̄α(tα), (7.5.3)

where the product is taken over positive roots α, increasing in the chosen total or-

dering. Indeed, given an element of U in the form of a product of x̄α(t)’s, the desired

order can be achieved by performing a rearrangement as follows: if there is a pair of

consecutive terms x̄α(tα)x̄β(tβ) with β ≺ α, we swap them by use of (7.5.2):

x̄α(tα)x̄β(tβ) = x̄β(tβ)x̄α(tα)
∏
i,j>0

x̄iβ+jα

(
Ci,j,β,α(−tβ)itjα

)
. (7.5.4)

In this fashion, x̄β(tβ)x̄α(tα) is in increasing order, and all the extra terms introduced

by the use of the commutator formula are in the desired order because the total

ordering ≺ is compatible with the height function. This rearrangement terminates

after finitely many iterations. The uniqueness of such an expression of elements in

U is proved by an argument similar to the proof of [Car89], Theorem 5.3.3(ii). The

following lemma can be proved easily.

Lemma 7.5.2. Let Φ be a root system different from G2. Then for any αi, chosen

from the decomposition (7.4.2) and t ∈ R, we have

x̄αi(1)x̄β̃−αi(t) = x̄β̃−αi(t)x̄αi(1)x̄β̃(Ct),

where C ∈ {±1,±2}.

Proof: From (7.5.4) we have

x̄αi(1)x̄β̃−αi(t) = x̄β̃−αi(t)x̄αi(1)x̄β̃(−C1,1,β̃−αi,αit).

But (see [Car89], Theorem 5.2.2) C1,1,β̃−αi,αi = ±(r + 1), where

(β̃ − αi)− rαi, · · · , (β̃ − αi), · · · , (β̃ − αi) + sαi,
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is the αi-chain through (β̃ − αi). Since β̃ is the highest root, (β̃ − αi) + sαi is not a

root for s > 1, and therefore s = 1. Also, it is known that 〈β̃ − αi, αi〉 = r − s. It

follows that

r + 1 = 〈β̃, αi〉.

Notice that 〈β̃, αi〉 ∈ {1, 2}, since otherwise ‖β̃‖/‖αi‖ = 3, which is impossible when

the root system is different from G2.

Lemma 7.5.3. Let G be a finitely generated group generated by gi, 1 ≤ i ≤ n. Let

AEG and assume that [gi, gj] ∈ A for any 1 ≤ i, j ≤ n. Then [G,G] ⊆ A.

Proposition 7.5.4. Let p ≥ 3 if G is not of type G2 and p ≥ 5 otherwise. Then the

group U is two-step nilpotent and [U,U ] = Xβ̃.

Proof: With the help of (7.5.2) and Lemma 7.4.1, one can see that the commu-

tators of the generators of U are in Xβ̃. Hence by applying Lemma 7.5.3 we conclude

that the commutator subgroup of U is contained in Xβ̃. Conversely, by Lemma 7.5.2,

any element in Xβ̃ can be obtained from commuting suitable elements of Xαi and

Xβ̃−αi , for 1 ≤ i ≤ d. Hence, [U,U ] = Xβ̃. On the other hand, the fact that β̃ is the

highest root implies that for every α satisfying 〈α, β̃〉 > 0, we have iβ̃ + jα 6∈ Φ for

all i, j > 0. Hence, by (7.5.2) we have [Xα, Xβ̃] = 1 which implies that Xβ̃ ⊆ Z(U)

and hence U is a two step nilpotent subgroup.

We now recall that by a theorem of Chevalley (whose proof over R is similar

to [Car89], Theorem 6.3.1), for any root α there exists a surjective homomorphism

φα : SL2 (R) −→ 〈Xα, X−α〉, (7.5.5)
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such that

φα

1 t

0 1

 = x̄α(t), φα

1 0

t 1

 = x̄−α(t).

For any invertible element λ ∈ R, we denote

hα(λ) := φα

λ 0

0 λ−1

 . (7.5.6)

Let α, β ∈ Φ be any roots, then one can show that (see [Car89], Chapter 7)

hα(λ)x̄β(t)hα(λ)−1 = x̄β
(
λ〈β,α〉t

)
. (7.5.7)

7.6 Faithful representations and generic charac-

ters

Let (ρ, V ) be a faithful representation of Gad (R). Let σ := ρ|U , be the restriction

of ρ to the Heisenberg subgroup U , defined in (7.5.1), and let (σi, Vi), 1 ≤ i ≤ k, be

the irreducible factors in the decomposition of the U -representation (σ, V ). Then by

Schur’s lemma, for any z ∈ Z(U) and v ∈ Vi, we have σi(z)v = χi(z)v, where χi is a

one-dimensional representation of Z(U). By Lemma 7.2.1 for each 1 ≤ i ≤ k there

exists b̄i = bi + p−` ∈ p−(n+`)/p−` such that for any s ∈ O,

χi
(
x̄β̃(s+ pn)

)
= ψ(Tr(bis)). (7.6.1)

With this observation we prove the following proposition. As before the characteristic

of the residue field O/p is p.

Proposition 7.6.1. Let p ≥ 3 when Φ 6= G2 and p ≥ 5 when Φ = G2. Let χi,

1 ≤ i ≤ k be defined as above, and let bi ∈ p−(n+`) correspond to χi by Lemma 7.2.1.

Then ν(bi) = −(n+ `) for some 1 ≤ i ≤ k. In particular, χi is a generic character of

Z(U).
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Proof: Suppose that for each 1 ≤ i ≤ k we have $n−1bi ∈ p−`. Then χi(x̄β̃($n−1+

pn)) = 1. This in particular implies that ρ(x̄β̃($n−1+pn)) = 1 which is a contradiction

since ρ is assumed to be a faithful representation. This proves the existence of 1 ≤

i ≤ k such that ν(bi) = −(n+ `).

Next we prove that if ν(bi) = −(n + `) then χi is a generic character of Z(U).

For u ∈ U let χi([u, y]) = 1 for all y ∈ U . By (7.5.3),

u =
∏
〈α,β̃〉≥1

x̄α(sα + pn) sα ∈ O, (7.6.2)

where the product is taken over positive roots α, increasing in the chosen total or-

dering. We will show that the only term that contributes to (7.6.2) is the term that

belongs to Xβ̃. It follows that u ∈ Z(U). Note that, for any x ∈ U , the map y 7→ [x, y]

is a group homomorphism, since U is a two-step nilpotent group.

We remark that for α, β ∈ Σ+ we have [Xα, Xβ] = 1 unless β = β̃ − α. For any

α 6= β̃ in (7.6.2) and arbitrary s ∈ O, from the Chevalley commutator formula (7.5.2)

we have

[u, x̄β̃−α(s+ pn)] = x̄β̃(Csαs+ pn),

where by Lemma 7.5.2, C ∈ {±1,±2} if Φ is different from G2 and C ∈ {±1,±2,±3}

when Φ = G2. Since for any s ∈ O we have

1 = χi
(
[u, x̄β̃−α(s+ pn)]

)
= χi

(
x̄β̃(Csαs+ pn)

)
= ψ(Tr(Cbisαs)), (7.6.3)

then

Cbisα ∈ p−`,

which implies that ν(sα) ≥ n since ν(bi) = −(n + `) (when Φ = G2 we must assume

p ≥ 5 since C can be ±3). Hence sα ∈ pn. This shows that u = x̄β̃(sβ̃ + pn) for some

sβ̃ ∈ O and so u ∈ Xβ̃ ⊆ Z(U) which shows that χi is a generic character of Z(U).

In order to apply the Stone-von Neumann theorem, we then need to find the polarizing
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subgroup of U . Define

A =
〈
x̄β̃(t), x̄αi(t) : 1 ≤ i ≤ d, t ∈ R

〉
, (7.6.4)

where the αi are chosen with respect to the decomposition (7.4.2). We will show that

A is a polarizing subgroup of U with respect to the generic character χi defined above.

Notice that for any αi and αj, 1 ≤ i, j ≤ d, chosen from the first disjoint component

of the decomposition (7.4.2), neither αi + αj nor αi + β̃ is a root. Hence, the right

hand side of (7.5.2) is always zero for elements in A, and therefore A is an abelian

subgroup of U containing Xβ̃.

Proposition 7.6.2. Let p ≥ 3 when Φ 6= G2 and p ≥ 5 when Φ = G2. Let χ1 be

a one-dimensional representation of Z(U) corresponding to b1 ∈ p−(n+`) via Lemma

7.2.1. Assume that ν(b1) = −(n + `). Then A is a polarizing subgroup with respect

to χ1.

Proof: We have shown that A is an abelian subgroup and so A is an isotropic

subgroup of U . Assume A is not a polarizing subgroup. Each u ∈ U has a unique

presentation (7.6.2). By the length of u ∈ U we mean the number of terms in (7.6.2).

Let u ∈ U \ A be an element with the shortest length such that

χ1 ([u, a]) = 1, ∀a ∈ A. (7.6.5)

Let us denote the unique presentation of u as follows

u =
∏
〈α,β̃〉≥1

x̄α(sα + pn) sα ∈ O. (7.6.6)

We claim that the leftmost term in the product in (7.6.6) cannot belong to either of

Xβ̃ and Xαi , 1 ≤ i ≤ d. That is because otherwise, one can eliminate this term and

obtain another element in U \ A with shorter length that satisfies (7.6.5). We again

remark that for α, β ∈ Σ+ we have [Xα, Xβ] = 1 unless β = β̃ − α. Without loss of

generality we can write

u = x̄β̃−α1
(sα1 + pn)u′ sα1 ∈ O \ pn,
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where α1 is taken from the decomposition (7.4.2). Notice that none of the elements

of Xβ̃−α1
appear in the factorization of u′. Hence for an arbitrary s ∈ O we have

[u, x̄α1(s+ pn)] = [x̄β̃−α1
(sα1 + pn), x̄α1(s+ pn)][u′, x̄α1(s+ pn)]

= [x̄β̃−α1
(sα1 + pn), x̄α1(s+ pn)] = x̄β̃(Csα1s+ pn)

where C ∈ {±1,±2,±3}. Hence from (7.6.5) we deduce that for any s ∈ O

1 = χ1 ([u, x̄α1(s+ pn)]) = ψ(Tr(Cb1sα1s)). (7.6.7)

Therefore we should have Cb1sα1 ∈ p−`. By Lemma 7.5.2, for all root systems other

than G2, the contradiction sα1 ∈ pn is obtained when p ≥ 3. However, for the root

system G2 the further assumption p ≥ 5 is required in order to obtain a contradiction.

We now compute the index of A in U .

Lemma 7.6.3. Let d be as in Table 7.2. Then [U : A] = qnd.

Proof: Recall that |Σ+| = 2d. From (7.5.1) and the uniqueness of the product

in (7.5.3) we deduce that |U | = q(2d+1)n and |A| = q(d+1)n. Therefore, [U : A] = qnd.

7.7 Proof of Theorem 7.1.1

In what follows the group of units of a given ring R is denoted by R×. Let (ρ, V )

be a faithful representation of Gad (R). Let σ := ρ|U be the restriction of ρ to

the Heisenberg subgroup U , and let (σi, Vi), 1 ≤ i ≤ k, be the irreducible factors

in the decomposition of the U -representation (σ, V ) with central characters χi. By

Proposition 7.6.1, we can assume that χ1 is a generic character of Z(U), such that

the element b1 ∈ p−(n+`) associated to χ1 in Lemma 7.2.1 satisfies ν(b1) = −(n + `).
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Then, by Proposition 7.6.2, A is a polarizing subgroup with respect to the generic

character χ1. Therefore, by the Stone-von Neumann theorem and Lemma 7.6.3, we

have

dim(V1) = [U : A] = qdn.

For any λ̄ = λ+pn ∈ R×, and any root α ∈ Φ, consider the element hα(λ̄) introduced

in (7.5.6). It follows from (7.5.7) that hα(λ̄) normalizes any one-parameter subgroup.

Therefore, hα(λ̄) normalizes U . Define the U -representation σλ̄,α to be the conjugation

of σ by hα(λ̄):

σλ̄,α : U → GL(V ), u 7→ σ
(
hα(λ̄)uhα(λ̄)−1

)
.

Notice that the U -intertwining operator ρ(hα(λ̄)) gives a U -isomorphism between

(σ, V ) and (σλ̄,α, V ). Therefore, (σλ̄,α1 , V1) is also an irreducible subrepresentation of

(σ, V ). Hence for any z ∈ Xβ̃ ⊆ Z(U) and v ∈ V1 we have

χ1(hα(λ̄)zhα(λ̄)−1)v = σ1(hα(λ̄)zhα(λ̄)−1)v = σλ̄,α1 (z)v = χλ̄,α1 (z)v,

where χλ̄,α1 is the one-dimensional representation of Z(U) which is the central char-

acter of σλ̄,α1 . Then for s+ pn ∈ R ∼= Xβ̃, from (7.5.7), we obtain

χλ̄,α1

(
x̄β̃(s+ pn)

)
= χ1

(
x̄β̃(λ〈β̃,α〉s+ pn)

)
= ψ

(
Tr
(
b1λ
〈β̃,α〉s

))
.

Next, we count the number of mutually distinct one-dimensional representations of

χλ̄,α1 . We consider two cases:

1. The root system Φ is not A1 or Cm for m ≥ 2: Equation (7.4.5) implies that

there exists a root α ∈ Φ such that 〈β̃, α〉 = 1. Hence, for this particular root

α we have

χλ̄,α1 (x̄β̃(s+ pn)) = χ1(λx̄β̃(s+ pn)) = ψ (Tr (b1λs)) , ∀s ∈ O.

Since χ1 corresponds to b1 ∈ p−(n+`) with ν(b1) = −(n+`) then we can conclude

that χλ̄1,α1 6= χλ̄2,α1 when λ̄1 6= λ̄2 ∈ R×, since otherwise b1(λ1 − λ2) ∈ p−` which
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implies λ1 − λ2 ∈ pn. Hence, there are qn − qn−1 distinct one-dimensional

representations χλ̄,α1 and therefore, there are at least qn − qn−1 non-isomorphic

irreducible subrepresentations of V , each of dimension qdn. Hence,

dim(V ) ≥ (qn − qn−1)qdn,

where d is given in Table 7.2.

2. The root system Φ is either Cm or A1: Equation (7.4.5) implies that for no root

in Φ, 〈β̃, α〉 = 1; but a root α can be chosen such that 〈β̃, α〉 = 2. Then for

s+ pn ∈ R ∼= Xβ̃ we have

χλ̄,α1 (x̄β̃(s+ pn)) = χ1

(
x̄β̃(λ2s+ pn)

)
= ψ

(
Tr
(
b1λ

2s
))
.

Hence, we can construct |R×|/2 = (qn−qn−1)/2 distinct one-dimensional repre-

sentations χλ̄,α1 , which leads to obtaining (qn − qn−1)/2 non-isomorphic factors

in the decomposition of (σ, V ), each of dimension q(m−1)n. Hence

dim(V ) ≥ 1

2
(qn − qn−1)q(m−1)n.
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