A SURVERY OF TWO APPLICATIONS OF REPRESENTATION THEORY
IN QUANTUM COMPUTATION

YUHAD OLARTE IBRAHIM

1. A SELF-CONTAINED INTRODUCTION TO QUANTUM COMPUTING

1.1. Postulates of quantum mechanics. In what follows, we introduce the standard postulates
of quantum mechanics. Throughout these notes, we will see that the main idea of a quantum
state is a superposition of classical states, described by a vector of complex amplitudes. Such a
state can be manipulated through either measurements or unitary transformations. This section
is mainly based on [8, 6, 5].

Postulate 1. The set of all quantum states of a given quantum system forms a complex vector
space equipped with an inner product, i.e it is a Hilbert Space denoted as #, called the state
space.

In our setting, we take H = CV with N = 2", where n is a non-negative integer called the number
of quantum bits (or qubits). Is common to find in the literature the name of qudit whereas n := d.
A quantum state [¢)) € CV can be expressed as a column vector, and its Hermitian conjugate
corresponds to a row vector, as shown below

Yo
wy=1 |, @l="'= @ dva)
UN-1
Here, ¢ denotes the complex conjugate of a complex number ¢ € C. The notation |-) and (|, called

ket and bra respectively, used to represent quantum states is known as Dirac notation. The inner
product between two states corresponds to the dot product between a bra and a ket vector

(Ylp) = (v, ) = Z Vi

i€{0,...,N—1}

The outer product of two states, denoted by [¢)) (|, corresponds to the N x N matrix whose
(4,7)-th entry is given by the product ¢;5;. We may assume that quantum states are normalized,
meaning [¢) is a unit vector satisfying (¢|¢) = 1.

Example 1.1. A single qubit corresponds to the state space H = C?. We define the computational
basis vectors as

Since these vectors form an orthonormal basis of H, any qubit state |¢)) € H can be expressed as
a linear combination |¢)) = «|0) + §|1) ensures that |¢) is a unit vector. We refer to {|0),|1)} as

the computational basis.
1
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In the above example, we say that |¢) is in a superposition of the basis states |0) and |1), with
complex amplitudes o and 3. The concept of superposition depends on the chosen basis: a state
that is a superposition in one basis might be a basis vector in another.

Postulate 2. The time evolution of a closed quantum system is described by a unitary transfor-
mation on the Hilbert space. That is, if a quantum system is in the state |¢)) at some initial time,
then at a later time its state is given by

W) =Uly).

where U is a unitary operator on the state space H, meaning U'U = UU' = I.

Example 1.2. The following are popular quantum operations

D D () G

These are called the Pauli matrices. Another important quantum operation is the Hadamard

matrix defined as
1 1 1
#-50 )

Postulate 3. When we perform a measurement on a quantum system, the outcome is random and
described by a set of measurement operators { M,,} acting on the state space . These operators
tell us both the possible outcomes and how the state changes when we observe it. The index
m refers to the measurement outcomes that may occur in the experiment. This operators must
satisfy

(1) > MM, =1.

If the system is in state |¢)) before the measurement, then the probability of obtaining outcome m
is given by

p(m) = (Y| M Mn|d) |
then the state collapses after measurement to

WML M)

Note that the equation (1) implies that that probabilities, indeed sum to one as

1= p(m) = 37 (WML M)

m

Before presenting our first example, let us make the following remark. Consider the state
) = €t |1), where |¢)) is a state vector and 6 € R is a real number. The state |+)) differs from |¢)
only by a global phase factor.Importantly, this global phase has no physical consequences: it does
not affect the outcomes of any measurement. To see this, let M, be a measurement operator
corresponding to outcome m. Then, the probability of obtaining m when measuring |1) is

(WM M) = (Ple™ MY Mye® ) = (| M, My |0)

Therefore, from an observational point of view, |)) and e? |+)) are indistinguishable. This is why
global phase factors are considered physically irrelevant and are often ignored.
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Example 1.3. In this example we explicit the measurement of a qubit in the computational
basis. Define My = |0) (0] and M; = |1) (1]. Since this two matrices are Hermitian and Mg = M,
M} = M, thus [ = M&Mo + MfMl = My + M,. Now suppose the state being measured is
|Y) = «|0) + |1) with easy calculation we see that the probability of obtaining measurement
outcome 0 is

p(0) = (| Mg Mo [¢) = ()| Mo [v) = (@ (0] + B (L]) Mo (|0) + B]1)) = |l

Analogous, the probability of obtaining measurement outcome 1 is |3|°. The state after measure-
ment in the two cases is therefore |0) and |1).

Postulate 4. The state space of a composite quantum system is the tensor product of the state
spaces of its subsystems. Explicitly, if two systems have state spaces H 4 and H then the joint
system has state space Hp = Ha @ Hp.

Note that this postulate aligns with the notion of a qudit introduced earlier. Specifically, taking
the state space of a single qubit to be C?, the composite system of d qubits has the state space

Cw---0C= ((C2)d:(CN.
d qubits
Here we make several important remarks. Following the previous postulate, we can generalize the
calculation of measurement outcomes to systems of multiple qubits. For instance, consider a two-
qubit state expressed in the computational basis as |¢)) = a|00) +b|01) + ¢ |10) +d [11) € C* ® C=.
We define the measurement operators corresponding to each computational basis state as

Then the probability of each outcome is given by p(00) = |a|?, p(01) = |b|?, p(10) = |¢|* and
p(11) = |d|? as can be verified by direct computation, analogously to Example 1.3. More generally,
for an n-qubit system in a state of the form |¢) = Z;V: ' a;|j) where {|5)} is the computational
basis for CV and N = 2", the probability of obtaining outcome j under measurement is p(j) =

|a;|*. This formula is known as Born’s Rule.

Remark 1.4 (Partial measurement). In quantum mechanics, we often perform partial mea-
surements as follows. Consider the two-qubit state expressed in the computation basis |¢)) =
> ijli) ) and 4, j € {0,1}. To measure only the first qubit, without disturbing the second,
we define the measurement operators M/ = |i) (il ® I. Note that (Mf‘)2 = M and thus

(MZ-A)T = M. Then, with straightforward calculations, we see that the probability of measure i
in the first qubit is given by

p(measure 0 in the first qubit) = (| M [¢) = |ago|” + |aoi]” .
Analogously, to measure the second we define the operators M = I ® |j) (j| and then the

probability of measure of measure j in the second qubit is given by |ao|” + |ay1|*. From this and
Postulate 3, is easy to calculate the state after the measurement.

1.2. Quantum Circuits. A quantum circuit is a model for quantum computation that describes
how quantum information (qubits) is initialized, transformed, and measured. The general process
consists of four main steps:
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(1) Initalization: Each quantum circuit begins with a well-defined quantum state, which are
represented individually by lines, or cables. The times goes from left to right.

(2) Quantum Gates (Unitary Evolution): Apply quantum operations, like the one we
introduce in the Example 1.2 this gates can act on one or more qubits. This operations
are denoted by boxed indicating their corresponding name. In the Table 4 we describe
the most common quantum gates in detail.

(3) Measurement: We measure the states result by the Quantum gates. This will be denoted

as |—X

Example 1.5 (Superdense coding protocol). The following example is called Superdense coding
protocol which allows sending 2 classical bits using 1 qubit, provided that the sender (traditionally
named Alice) and receiver (Bob) share an entangled Bell pair beforehand. The superdense coding
protocol is defined via the following quantum circuits

where [)*) = 25 [01) + 5 |10).

1.3. Density matrices. So far we have described quantum states using state vectors |¢)). This
corresponds to the ideal situation in which we have complete knowledge of the system. However,
in practice, a quantum system might be in one of several possible states with some probability
distribution. To handle this situation, we use the density operators (also called density matrices).
A density operator is a positive semidefinite, Hermitian operator p on the Hilbert space H with
unit trace

P:Zpi Vi) (il pi =0, Zpizl-

Here, the system is in the pure state |1;) with probability p,. If one of the probabilities p; = 1,
the system is said to be in a pure state, and we have p = |¢)) (4|, if more than one probability is
nonzero, the system is in mixed state. A density operator p satisfies:

(1) Hermitian: p' = p.

(2) Positive semidefinite: (4| p |¢) for all |p) € H.

(3) Trace one: Tr(p) = 1.

An important remark is that Postulate 3 can be restated using density operators. If {M,,} is a
collection of measurement operators satisfying > M M,, = I, then the probability of obtaining
outcome m when the system is in state p is

p(m) = TI’(MLMm p)-
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If the outcome m occurs, the post-measurement state is given by
r_ MmerTn
Tr (MM, p)
Example 1.6. Consider the pure qubit state |¢)) = «|0) + 3|1). The corresponding density matrix

is
_ _ (laP? 043)
p=to)tol= (12 &%),
If instead the system is in |0) with probability p and in |1) with probability 1 — p, the density
matrix is

p

p=p)ol+a-pa=(h 0 ).

0 1—p
This shows how the density operator formalism generalizes the description of quantum states and
naturally incorporates both classical randomness and quantum superposition.

2. BASIC FACTS ABOUT REPRESENTATION THEORY OF S,, AND GL

In this section, we introduce basic ideas and facts from representation theory, focusing on the
representations of S,, and GL. For the references, we will mainly follow [3, 4].

A representation of a finite group G on a finite-dimensional complex vector space V' is a group
homomorphism p: G — GL(V). When the context is clear, we often abuse notation by referring
to V itself as the representation of G and write gv for p(g)(v) if it does not lead to confusion.
The degree of V, as a representation of GG is dim V. A subspace W of V is a subrepresentation
if W is G-invariant, this is, gw € W for all w € W and g € G. Note that 0 and V itself are
subrepresentations of V. We say that V' is irreducible if it contains no proper nonzero invariant
subspaces, this is, 0 and V' are the unique subrepresentations of V.

Example 2.1. The following are basics examples of representations.

(1) Let G be a finite group. The trivial representation C defined as gv = v for all g € G and
v € C. Note that this is a degree 1 representation.

(2) Let V = C" with standard basis {e,...,e,}. Define a representation of the symmetric
group S,, on V called permutation representation by permuting the basis vectors ge; = €.
This representation is not irreducible: the vector vy = ¢; + - - - + ¢, is fixed by all of 5,,,
so the subspace () is invariant and gives the trivial representation. The orthogonal
complement

Vida = {(z1,...,2,) €C" 2y + -+ + 2, =0}
is also S, -invariant, and is called the standard representation. For n > 2, this representa-
tion is irreducible and has degree n — 1.

As a concrete example, for n = 3, the standard representation p: S3 — GL(C) can be
specified on the generators by

w2y = (3 1) mazn= ().

(3) Let V' = C. Define a representation of the symmetric group S, on V called sign rep-
resentation as gv = sgn(g)v for all ¢ € 5, and v € C. Note that this is a degree 1
representation.
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Note that given a representation p: G — GL(V') of a finite group G, we can define a G-action
on V by setting g - v = p(g)(v). Conversely, a G-action on a complex vector space V' defines a
representation via p(g)(v) = g - v.

Let VV and W be representations of a finite group G. A G-map f is a linear map f: V — W
that commute with the action of G, this is, gf(v) = f(gv) for all ¢ € G and v € V. Additionally
we say that a G-map [ is a isomorphism of representation if it is an isomorphism of vector
spaces, in this case we say that IV and W are equivalent representations and write V' ~ W. The
set of all G-maps is denoted by Homg(V, W). We write Ends (V) := Homg(V, V). Note that
Homeg(V, W) C Homc(V, W).

Proposition 2.2 (Schur’s Lemma). Let f: V — W be a non-zero G-map. Then
(1) If V is irreducible, then f is injective.
(2) If W is irreducible, then f is surjective.
(3) If V =W, then f = tI for some nongero t € C.

Example 2.3. Let GG be an abelian group and V' a irreducible representation of G. Consider h € GG
and define f,: V. — V as f,(v) := hv. Note that gf,(v) = g(hv) = (gh)v = h(gv) = fr(gv) and
thus f;, € Endg(V) then by Schur’s lemma f;, = ¢, for some nonzero ¢, € C. Fix a nonzero
v € V then f,(v) € Cv showing that the span of any nonzero v is invariant subspace of V' and
hence VV = Cv. Therefore, all irreducible representations of an abelian group are 1-dimensional.

Now, recall the definition of complex group algebra C[G| which corresponds to a |G|-dimensional
complex vector space with basis G where multiplication is inherited from group multiplication,

this is
(Z ng) (Z Chh) = Z Cqq where c¢,c;, = ¢, and gh = ¢

gea@ heG Pete:
which is well-defined since G is finite. Note that this algebra is associative, in general a represen-
tation V' of an associative algebra A over C is an algebra homomorphism p: A — End(V). An
important remark is that any representation V' of a finite-group G can be extended, by linearity,
to a representation of the group algebra C[G]. And conversely, we can restrict any representation
of C[G] to GG and get a representation of G. So we get a bijection

Homg.a1g(C[G], End(V')) «— Homgrp (G, GL(V)).

This establishes an equivalence between representations V' of ¢ and C[G]-modules, where
irreducible representations correspond to simple modules and subrepresentations to submodules.

As we can build new vectores spaces from old using basic operations, the same methodology
applies in representation theory. Let V, W be representations of a group G we can define the
representations V & W,V @ W, Sym”™ V, A" V, Hom(V, W) and V* where each is endowed with its
usual underlying vector space structure, and the G-actions are obviously defined.

2.1. Isotypic decomposition. A natural question involving these operations and irreducible
representations then arises: when can a general finite-dimensional representation be expressed
as a direct sum of irreducible subrepresentations? This is answered by Maschke’s Theorem, which
states: If W is a subrepresentation of V' of a finite group G, then there exists a complementary
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subrepresentation W’ of V so that V =W & W'. From this result we obtain the following useful
corollaries.

Corollary 2.4. Every representation of a finite group can be decomposed as a direct sum of irreducible
representations.

Corollary 2.5 (Isotypic decomposition). For any representation V of a finite group, we can write
Ve VMg gV ™

where V; are distinct irreducible representations. The number of factors k and the V; that occur (up
to isomorphism) along with their multiplicities n; are all unique.

In this context, a decomposition of the form V ~ W, @ - - - & W,,, where W; ~ V;°™  is called the
isotypic decomposition of V. The subspace WW; is called the V;-isotypic component, and the integer
n; is called the multiplicity of V; in V.

Remark 2.6. The V;-isotypic component of V' can be characterized as the image of the evaluation
map ¢: V; ® Hom(V;,V) — V, (v, f) — f(v). Consequently, the isotypic decomposition can be
written as V' ~ EBf:l V; @ Hom(V;, V). In this case, V; ® Hom(V;, V') correspond to the i-th isotypic
decomposition.

Let V be a representation of a finite group GG and consider the isotypic decomposition of V'
made in the previous remark it can be proven that the projection of V' onto the i-th isotypic
decomposition is given by the formula

dimV; x\~——
) P=—g > xilg)g € C[G)

where x;(g) = Tr(pi(g): Vi — Vi) correspond to the character of V;. The characters of S, are
extremely well-studied, as for example in [2].

2.2. Irreducible representations of S,. Lets start by recalling that two permutation g, h € S,
are conjugate if there exits a permutation 7 € S,, such that ¢ = 7hr~!. This conjugacy classes are
completely determined by cycle type which can be encoded as a partition. A partition A of n is an
integer sequence A = (\y,..., A;) such that A, > --- > \; > 1and ) . \; = n. Let P(n) denote the
number of partitions of n We introduce the notation |\| = k for a given A = (\q, ..., \x) and £(\)
denote the number of nonzero )\;. We introduce an order between partitions as follows, given
two partitions A = (A1, ..., \n), o = (1, ..., pt,) We say that u is dominated by p writing o < A if for
every k > 1, iy + po + -+ g < A1+ Ao+ -+ - + M. It is a well-known fact that the number of
distinct irreducible representations of G is equal to the number of its conjugacy classes, so P(n)
correspond to the number of irreducible representations of S,,.

Given any partition \ of n may be represented as Young diagram this is collection of n boxes, or
cells, arranged in left-justified rows with ); in the i-th row. A Young Tableau is a labeling of a
Young diagram with the numbers {1, ...,n}. For example, the following is a Young tableu for the
partition A = (3, 3,2, 1) with the canonical labeling corresponds to

1123
5

4
67
8
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From now on, all Young tableaux will be considered with the canonical labeling. Given a Young
tableau corresponding to a partition A of n, we define two subgroups of S, as

P, :={g € S,.: g preserves each row}, @, :={g € S,: g preserves each column}.

Now, in the group algebra C[S, ], define the elements

ax=> g, b= sen(g)g.

geEP) geQ

The Young symmetrizer is defined as the product ¢, = a,b,. We denote by V) := C[S,|c, the image
obtained by left multiplication of C[S,] on c,. The following theorem characterizes the irreducible
representations of S, via the modules V.

Theorem 2.7. For any given partition \ of n the subspace C[S,|c, by left multiplication on C[S,,] is
an irreducible representation of S,,. Furthermore, every irreducible representation of .S,, is isomorphic
V\ for some partition X of n.

Example 2.8. We will compute the irreducible representation of S;. The following are the
canonical Young tableu for n = 3

11213 112

For A\ = (3), we have Py = S5 and Q(3) = {1}. Hence, the corresponding Young symmetrizer
is @ =, ges, - One can verify that for all h € S;, we have hc(s) = c(3), so the corresponding
module V{3, is the trivial representation.

For A = (1,1,1), we have P11y = {1} and Q1,1 = S5. Thus, c(11,1) = dess sgn(g)g and for
any h € Ss, we find hcq 11y = sgn(h) ¢1.1,1). Therefore, V{4 1 1) is the sign representation.

The case A = (2,1) is slightly more involved. We have Py = {1,(12)} ~ S, and Q1) =
{1,(13)} = S,. Then, is ¢,y = (14 (12))(1 — (13)) = 14 (12) — (13) — (132). It can be shown that
Vi2,1) is spanned by c(, 1y and (13)c(2,1), S0 it is a 2-dimensional irreducible representation. Since S
has exactly three irreducible representations (as seen from its character table), the representation
V(2,1) must be the standard representation.

The dimensional of the irreducible representations V), can be calculated with the formula

|
3) dimVy = —

[1AG,J)
where the hook length h(i, j) corresponds to number of cells directly to the right of the cell (7, j)
+ number of cells directly below of the cell (i, j) + 1. For example for the partition A = (4,3,1,1)
of n = 9 we have that dim V), = 216.
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2.3. Schur-Weyl duality. Let VV be a complex vector space and denote as V*" the n-th tensor
power. Over this space we have two canonical actions defined as follows. For v; ® - - - ® v,, € V&"
and g € S, define the (right) action of S,, as (V1 ® - - ®vy,)g = V(1) @ - - @ Vy(n) and for f € GL(V)
define the (left) action as f(v; ® - - ®v,) = f(v1) ® -+ ® f(v,), extending by linearity we induce
a structure of (GL(V)-S,,)-bimodule over V.

For the following let A\ be a partition of n and consider the operators ay: V®* — V®" and
by: V& — VO given by (right) multiplication. The following lemma characterize the image of
this operators.

Lemma 2.9. Let V be a finite dimensional complex vector space and A\ = (A, ..., ;) be a partition
of n. Then ax(V®") = SymMV @ --- @ Sym™ V and by(V®") = NNV @ --- @ A%V, where
N = (A, ..., \,) correspond to conjugate partition obtained by swapping the rows and the columns of
A

As we do for a, and b, let \ be a partition of n. Define the Young symmetrizer as the product
cx = ayby and consider the operator cy: V" — V" and denote their image as Sy(V) = ¢, (V®").
This assignment define a functor S,: Vecte — Vectc to the category of complex vector spaces
to itself. Moreover, it turns out that S,(V) is irreducible as GL(V')-module, although not every
irreducible representation of GL(V') can be decomposed into the images S, of VV under Schur
functors. We can prove that the actions provided above for V®" commute each other and their
span in End(V®") are centralizers of each other, then the Double Commutant theorem applies
together with Corollary 2.5 we get a decomposition of VV®" into irreducible representations of
Sn x GL(V) as follows.

Theorem 2.10 (Schur-Weyl duality). Let V be a finite dimensional complex vector space. Then the
n-fold tensor power V®" can be decomposed as

Ve ~ @ Vi@ S\(V)
Al=n
e(x|)§|dimv
as a representation of S,, x GL(V') where V) runs through all the irreducible representations of S,
and each Sy, (V') is an irreducible representation of GL(V') or is zero.

As in Equation (3), we can provide an explicit formula for the irreducible representations S, of
GL(V), known as the hook—content formula:

@ dim S, (V) = dimHVhE C;; J)

where h(i, j) denotes the hook length of the box (i, j) in the Young diagram of )\, and the content
c(i,7) is given by ¢(7, j) = j — i. n particular, ¢(i, j) = 0 for boxes on the main diagonal, it equals
+k for boxes on the k-th diagonal above the main diagonal, and —k for boxes on the k-th diagonal
below the main diagonal.

In order to present a basic example we first note the following basic fact: Note that if U is a
complex vector space of dimension m (without any group action) and W is a representation of a
group G, then U @ W ~ W®™ as representations of G. Applying this to V*" with only the action
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of GL(V'), we obtain the decomposition

(5) ver ~ @B (Sa(v))FhH

[Al=n

where f\, = dim V). For further details in the following examples we refer [2].

Example 2.11. We compute the decomposition of V®" given by Schur-Weyl duality for a specific
values of n.

(1) For n = 2, the partitions of 2 are (2) and (1, 1). Analogous to Example 2.8 the irreducible
representations V(;) and V/; 1y of S, correspond to the trivial and sign representations,
both of dimension 1. On the other hand, we can compute the corresponding Schur functor
images S(»)(V) and S(;;)(V), note that in this case ¢y = a2 and cq,1y = b1y, now
Lemma 2.9 applies and thus following the equation (5) we got V2 ~ Sym?V & A*(V).

(2) For n = 3, the partitions of 3 are (3),(2,1) and (1, 1,1). By Example 2.8 the irreducible
representations V|3 and V{1 1) of S correspond to the trivial and sign representations,
both of dimension 1. As we already mentioned, V|, 1) has dimension 2 so fy1) = 2.
Now we claim that S, 1)(V') = span {(v1 A v3) ® vy + (v2 A vs3) ® vy}, for that consider the
isomorphism ¢: V® — V# @ V and the natural embedding i: N’V @V — V2@V
defined as (v; A v3) ® vy = V] ® V9 ® V3 — V3 @ vy @ vy, under the composition ! o7 we
can see

0 loi((vi Av3) @y + (13 Avg) ® ;) = 2,1y (V1 ® V2 @ v3),

which proves the claim. Furthermore, this vector also spans the kernel of the canonical
map A’V @V — AV, so we have S5 3)(V) =~ ker(A’V @ V — A*V). Finally, by Lemma
2.9 and following the equation (5) we got V® ~ Sym? Ve N\’ Vaker(A* VoV — N\ V)2

3. SCHUR TRANSFORMATION AND SPECTRUM ESTIMATION THEOREM

In this section we explore the Schur basis arising from Schur-Weyl duality on the system of n
d-dimensional quantum systems, i.e., n-qudits (C?)®". In this case restrict the action from GL4(C)
to U(d) where denote the group of d x d unitary operators, because in quantum mechanics
the state space of a qudit is a Hilbert space with an inner product, and the physically allowed
evolutions must preserve that inner product.

In the following we will restrict the irreducible representations of U(d) to the group of orthogonal
matrices with determinant 1, SU(d). In representation theory, the group SU(2) has irreducible
representations indexed by a half-integer J, each spin-J representation having dimension 2.J + 1,
corresponding to the familiar addition of angular momentum in quantum mechanics, where
the fundamental representation (spin—%) is 2-dimensional. Following Example 2.11 and taking
(n = 2,d = 2), the two-qubit space decomposes as

((C2)®2 = (Ql 0%y Hriv) SP) (QO ® Psign)

where Py, and Psg, denote the 1-dimensional symmetric and antisymmetric irreducible represen-
tations of S,, and ), and (), are the spin-1 (triplet) and spin-0 (singlet) subspaces, respectively.
Similarly, the Hilbert space of three qubits (n = 3, d = 2) decomposes as

(C*® = (Q3/2 ® Puiv) ® (Qu)2 ® Pay),
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where @3/, and Q) are the spin-3/2 and spin-1/2 subspaces, and P, denotes the 2-dimensional
mixed-symmetry irrep of S;. This illustrates how the total spin of multiple qubits arises from
combining the fundamental spin-; representations while keeping track of permutation symmetries.

This previous decomposition, obtained from the Schur-Weyl duality is natural to introduce a
basis that respects both the SU(d) and S,, symmetries. This is the Schur basis, whose elements
are labeled as |\, py,q\), where )\ indexes the irreducible representations of SU(d), p labels
a basis within the S, irrep corresponding to the symmetry type, and ¢ labels a basis within
the SU(d) irrep. Now, we introduce some notation. We fix the standard computational basis
{li)}&_, for the state space C? of each qudit. From this, the basis for the system (C?)®" is then
li1) @ -+ @ |in) = |i1...i,) Where i, =0, ..., d.

We define a circuit called schur transformation, denoted as Ug,, which is constructed recursively
using the Clebsch-Gordan (CG) transformation for U(d). The core mathematical step is the
decomposition of the tensor product of an irrep of U(d) with the fundamental representation. Let
V), be the irrep of U(d) associated with partition A. The tensor product with the standard module
C? decomposes as
nec'=@yv,
o

where the direct sum is over all partitions ; obtained from A\ by removing a single box in
accordance with the branching rules for U(d) O U(d — 1). This decomposition is multiplicity
free. The Clebsch-Gordan transform, U, is the unitary matrix whose matrix elements are the
Clebsch-Gordan coefficients. It performs the following basis change:

chi@VA®Cd—>®VH.
A B

In other words it maps the input state |\, ¢\) ® |i) (where |i) is a computational basis state for the
new qudit) to an output state which is a superposition over the valid p

Uca A ) 22055:, 1. 4u) -

The coefficients C}’ q;‘ are the Clebsch-Gordan coefficients, which are computed classically, and
well studied, as for example [1]. In the full Schur transform circuit, this Ucg step is applied
sequentially. One starts with the first two qudits, applies Uqg, then takes the resulting state and
the third qudit and applies Ucq again, and so forth for all n qudits.

For the following theorem we start by defining the relative entropy which is a measure of how
different two probability distributions are. For two discrete probability distributions p = (p;); and
q = (q;); over the same set, it is defined as

H(pllg) =) pi log%.

Equivalently, one may write

H(pllq) = - sz- 10g% =—H(p) - sz- log(g:),
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where H(p) = — ), pilog p; is the Shannon entropy of p. Relative entropy is always nonnegative,
and it vanishes if and only if p = ¢. It can be interpreted as some sort of distance between p and ¢,
quantifying how inefficient it is to assume that the distribution is ¢ when the true distribution is p.

Now we introduce the Spectrum Estimation Theorem which provides bounds on how a tensor
power p®" of a density operator p is distributed across the isotypic components of the Schur-Weyl
decomposition. In this setting the projector operator defined in (2) measures the weight of p®" in
the component associated to A\. Formally the theorem states:

Theorem 3.1 (Spectrum Estimation Theorem). Let dim V' = n, and let p: V' — V be a density
operator . Let |\| = d, assume ¢(\) < n and in what follows, if {(\) < n we add zero to is so we may
write A = (A1, ..., \,). Let Py: V& — V, @ S5(V) be the isotypic projection defined in (2). Write
spec(p) = (r1, ..., ), then

Tr(Py(p®4)) < (d + 1)(2)2=aHRlispec(o)
=(d+ 1)@)25”{(/\)22 Ailog(req)

Thus, the theorem shows that p®" is concentrated in those isotypic components V) @ Sy (V) for
which the partition 7 is close to the spectrum of p. In other words, the Schur-Weyl decomposition
acts as a tool to estimate the eigenvalues of p by examining which components 7 carry significant
weight.

Before providing a proof, we introduce some notation. Consider {ey, ..., e, } as a basis for V" and
thus we denote ¢; = ¢;, ® --- ® ¢;, the induced basis of V®?. The weight of e; is defined as
wt(es) = (w, ..., w,) where w, is the number of ¢,’s equal to j. As a toy example consider n = 3
and d = 4, choose e; = €1 ® e3 ® €1 ® €3 S0 wi(ey) = (2,1, 1).

Lemma 3.2. Let {ey,...,e,} and let e; = e;, ®- - -Qe;, the induced basis for V2. Let w = (wy, ..., wy,)
the weight of e; and fix a partition \ of d, then if w < X then Py(e;) # 0.

Sketch of the proof. To show that the projection is nonzero, it suffices to find one operator mapping
into the \-isotypic component that gives a nonzero result. Recall that the Young symmetrizer
¢y = a)by projects onto the corresponding Schur module. Thus, if there exists a tableau 7" of
shape A such that ¢y (e;) # 0, then e; has a nonzero component in the A\-isotypic subspace, and
hence P,(e;) # 0. It is known that cr(e;) # 0 precisely when any two entries &,/ in the same
column of 7" correspond to distinct indices in ¢;. Now, when the weight w = wt(e;) satisfies
w = A, there exists a semistandard Young tableau of shape A and content w, that is, a filling of A
whose rows are weakly increasing and columns strictly increasing.Such a tableau guarantees that
the column indices in e; are distinct, so ¢y (e;) # 0. Therefore e; has a nonzero projection onto
the \-isotypic component and so P, (e;) # 0. O

Proof Theorem 2.10. Write r = spec(p) = (r1,...,r,) With r; > r; ;. Since p is a density operator,
by the Spectral Decomposition Theorem [6, Theorem 2.1] we can write p = > | 7, |e;) (e;| and
hence
PP = Z Tiy o Tiglei @ ®e;,) (e, @ ®e| = Zm\eﬁ {eg]
T=(i1,.iq) 1
where r; = r;, ---7;, and |e;) = |e;,) ® --- ® |e;,). By the previous lemma, the eigenvectors
that do not project to zero in V; ® S; (V) are those satisfying wt(e;) < 7. If wt(e;) = 7 then
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rr=ri'---r™ and generally wt(e;) < 7 implies r; < r*---r™. Thus

Pr(p®) = Y riPallen) (erl) <ot ormm Y0 Peller) (er)-

wt(er) 3w wt(er)3m

Taking the trace and using positivity and monotonicity of trace we got

Tr(Pp®?) < 7™ Tr(P7r Z ler) (eﬂ) < 7" Tr(Py)

wt(ey)=<m

where r™ = [[7_, r;-rj . Since P, projects onto the 7-isotypic component V, ® S, (1), we have

Tr(P,) = dim(V, ® Sy (V) = dim V; - dim S, (V)
From [5, Exercise 7.1.21] and [5, Equation( 7.1.7)] we have dim S, (V') < (d+ 1)@) and dim V, <
24H(7) 50 that
Te(Prp®) < (d+ 1)(2) 2@y,
Letp=7=(m/d,...,m,/d). Thenlog,r™ =3 mlogyr; = d);pjlog,r; = —dH(p) — dD(pl|r)

hence ™ = 2~ ()9-dD@I")  Now substituting this into the previous bound cancels the entropy
factors and gives

T (P, p®%) < (d + 1)(2) 24P,

4. QUANTUM MACHINE LEARNING

In this section we introduce an application with all the representation theory machinery previously
developed for quantum computing. As a reference we will present the basic ideas introduced in
[7]. Before that we define some needed concepts about Lie algebra and lie groups representations.

We start by recalling some basic facts. A Lie algebra is a complex vector space g with a lie bracket
[,-]: g X g — g, which satisfies the following axioms: For X;, X, X3 € g and a,b € C we have

(1) Antisymmetry: [ X, Xs] = —[X2, Xi]. A direct consequence of this is that [X, X] = 0 for
any X € g.

(2) Bilinearity: [CLXl + bXQ,Xg] = CL[Xl,Xg] + b[XQ,Xg] and [Xl,an + ng] = a[X17X2] +
b[ X1, X3).

(3) Jacobi Identity: [ X1, [Xs, X3]] + [Xo, [ X3, Xi]] + [ X3, [X1, Xa]] = 0.

We say that two elements X, X, € g commute if their Lie bracket is zero. A Lie subalgebra is a
linear subspace h C g which is closed under the Lie bracket. The following are basic examples of
Lie algebras.

Example 4.1. (1) We define Trivial Lie algebra as any complex vector space V' by setting
[,y =0forall z,y € V.

(2) We define Matrix Lie algebras. We start first by defining General linear algebra gl,,(C),
the space of n x n matrices with the bracket [A, B] = AB — BA. As a Lie subalgebras
we got Special linear algebra, sl,, = {A € gl,,(C): Tr(A) =0} and Orthogonal algebra,
50,(C) = {A € gl,(C): AT = —A}.
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Next we define (Matrix) Lie groups as a closed subgroup of GL,;(C) where by closed we mean
that if {A,,} C G is a sequence of matrices with lim, ,,, A,, = A € GL4(C), then A € G. The
following are basic examples of Matrix Lie groups.

Example 4.2. (1) Special linear group, SLqs(C) = {A € GL4(C): det(A) = 1}.
(2) Orthogonal group, O4(C) = {A € GL4(C): ATA=1}.
(3) Special orthogonal group, SO4(C) = O4(C) N SLy(C).
(4) Unitary group, Uy(C) = {A € GL4(C): A*A =1}.

Given any (matrix) lie group G we define the associated lie algebra algebra as
(6) g={X € M,(C): e e Gforallt € R}

with bracket [X,Y] = XY — Y X. In the above definition, we note that we can recover any X € g
by starting with a one-parameter subgroup e¢'* and taking derivatives at the identity €°, this is,
X = %(etx )| .o~ The following are examples of associated lie algebras for given (matrix) lie
groups.

Example 4.3. Given,

(1) For G = GL,,(C), the Lie algebra is g = gl,,(C) = M, (C).

(2) For G = SL,(C), the Lie algebra is g = sl,,(C) = {X € M,,(C): Tr(X) = 0}.

(3) For G = S0,4(C), the Lie algebra is g = 504(C) = {X € My(C): XT + X = 0}.

(4) For G = SU,, the Lie algebra is g = su(d) = {X € My(C): X*+ X =0and Tr(X) = 0}.

Let g be a Lie algebra and V a finite dimensional complex vector space. A representation of g
action on V is a linear map r: g — gl(V') such that »([X,Y]) = [r(X),r(Y)] for all X,Y € g.
There are strategies to relate representations of Lie groups and their Lie algebras.

Theorem 4.4. Let R be a matrix Lie group representation of GG. One can always induce a repre-
sentation r of the associated Lie algebra defined in (6) by setting r(X) = LR(e™) ‘ ofor X €g.
Conversely, if G is simply connected, then every representation r of the Lie algebra g uniquely
determines a representation R of G, satisfying R(eX) = e"®) forall X € g.

In the last case, for a general matrix Lie group G, even if it is not simply connected, any Lie algebra
representation r can still be lifted locally to a representation of G near the identity element, via
the formula R(g) = ¢"X) whenever ¢°¥ close to the identity. So, if G is simply connected, there is
a one-to-one correspondence between their representations.

Example 4.5. Recall that SU(2) = {U € GL(C?): U'U =1and det(U) = 1}. Taking V = C?
we define the fundamental representatlon U: G — GL(V) is given by U = g. We illustrate the
Theorem 4.4 by inducing a representation of su(2). Following the fact that 5u(2) is a 3 dimensional
real vector space. It thus suffices to find 3 linearly independent tangent vectors, which we can do
by taking derivatives of parameterized paths and evaluating at the identity. We choose

i —i6X/2 — __ZX ie—iQY/Q — _—ZY ie—iGZ/Q — __ZZ

o |, 27 db o 2 do o 2

Since the Pauli matrices are linearly independent, these three resulting matrices form a basis for
the representation r: su(2) — gl(V).
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Example 4.6 (Adjoint representation of SU(2)). Let V' = M,(C) be the space of 2 x 2 complex
matrices. Consider the operator given by conjugation A — U, AU, g where U, = g € SU(2) is in
GL(V). The adjoint representation of SU(2) is defined as gA = U,AU]. It can be proven that
{X,Y,Z 1} C V forms an orthonormal basis of V' with respect to the Hilbert Schmidt inner
product (A, B))HS = 5 Tr[A'B]. This representation can be decomposed under two invariant
subspaces V' = span{X,Y, Z} @ span {1}. Since, su(2) = span {X,Y, Z} we got V = su(2) & ClI.
Then we can do the same as the previous example, to lift this representation to a lie algebra
representation of su(2) by taking derivatives.

With the representation theory developed so far, we now briefly introduce how these ideas can be
applied in the context of quantum machine learning. Quantum Machine Learning (QML) is an
emerging field at the intersection of quantum computing and machine learning (ML). The idea is
to use the principles of quantum mechanics, such that superposition, entanglement, and quantum
circuits, to design algorithms that can process and analyze data in ways that classical computers
cannot do efficiently. In the following we will describe supervised QML problem of classifying
labeled quantum data.

In a supervised QML classification task, one is given a dataset of the form {p;, v; } with p; = |p;) (i
and where |p;) € R C H are pure n-qubit quantum states in a set R belonging to the d-dimension
Hilbert space H (with d = 2™) and y; € ) are labels associated with each state p; according
to some unknown function f: R — ). Thatis, f(p;) = y;. We start by taking a data set
S ={pi,yi} fV: , in which we have repeated access to, sampling states from the dataset according
to a given i.i.d probability distribution over R x S. Then, one trains a model hy: R — S where 0
are trainable parameters where the objective is for the model’s prediction h4(p;), to match the
true label y; as closely as possible, this is, with hight probability.

Geometric Quantum Machine Learning (GQML) is a newer subfield of quantum machine learning
(QOML) that focuses on exploiting the geometric and symmetry structures of data and quantum
states, this is, the goal of the GQML is to embed about the symmetries of the data in S into the
model. In the following we will focuses in the QML model

) ha(pi) = Tr [Wa(p{*)M;] .

where W,: B(H®*) — B(H®") is a trainable parameterized quantum channel and M is a
Hermitian measurement operator. In general parameterized quantum channel is a family of
completely positive, trace-preserving of maps Wy: B(H;n:) — B(H..:) that depends smoothly on
a set of trainable parameters, where each Wjy(p) = >_; Kj(e)pK;(G) with . Kj(Q)K;(Q) =1

Now, a symmetry refers to a property of the data or of the target function which remains invariant
under a given transformation. In the quantum setting, such transformations are naturally modeled
by unitary operators acting on the state space, by maps of the form p — UpU' for some unitary U.
In order to study those symmetries we note that the set of all unitary symmetry transformations
has a structure where representation theory can help with; a group.

Proposition 4.7. Let GG be the set of all unitary symmetry transformations, such that for any U € G,
the map p — UpUT leaves some property of p unchanged. Then, G forms a group.

Furthermore, in the above definition, he action of the group G is said to leave the data labels y;
invariant if f(Up;U") = f(p;) = y; for all p; with label y; and for all U € G. Note that if the states
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themselves are invariant Up;U' = p; then label invariance is vacuously satisfied. Now we need to
ensure the compatibility of G in the QML hy as follows:
(1) Equivariance under G: W, (U®Fp&*(UT)EF) = USK Wy ((p;)®*)(UT)®* for all U € G and,
(2) Equivariance of the measurement operator: [M,U®*] = (0 forall U € G.

With these conditions now one can prove that the model hy is invariant under the action of G:
ho(Up,UT) = Tt [Wy(Up,UT)**) M;]
= Tr [U= W((p) ) (U1 0]
= Tr [Wa((p:)*) Mi] = ho(ps).

Lets introduce some basic examples of QML tasks.

Example 4.8 (Purity classification). The goal is to classify single-qubit states according to their
purity (pure vs. mixed). The label depends only on the eigenvalues of the density matrix p,
which remain invariant under any unitary conjugation p — UpU'. Hence, the symmetry group is
G = SU(2).

For a single copy, in a conventional experiment, we may classify the data by computing h(p;) =
Tr[p;M]. Here, SU(2) acts on C? through its fundamental representation (Example 4.5) which
is irreducible. Consequently, SU(2) admits no non-trivial block—diagonal structure on C?. By
Schur’s Lemma, any measurement operator commuting with all U € SU(2) satisfy [M, U] = 0 for
all U € SU(2) then M = cI. Therefore, the model h(p;) = Tr[p;M] cannot distinguish between
pure and mixed states, since every SU(2)-invariant measurement acts trivially.

For two copies, in a quantum—enhanced setting, we classify the data using h(p;) = Tr[p*>M].
Now SU(2) acts through the tensor representation U ® U, which is reducible and admits a
block—diagonal structure in the symmetric—antisymmetric basis (Example 2.11)

C? ® C? ~ Sym?(C*) @ A%(C?
—— ——
triplet, spin-1 singlet, spin-0
The operators M that commute with this SU(2) action have the form M = ¢y 15 @ ¢ 14, acting

independently on the triplet and singlet components. This explicit block—structure, absent in the
fundamental representation, allows the model to access information about purity.

Example 4.9 (Distinguish ferromagnetic from antiferromagnetic two-qubit states). The goal is
to distinguish between ferromagnetic (aligned) and antiferromagnetic (anti-aligned) two—qubit
states. The dataset consists of density operators p that are invariant under global SU(2) rotations,
that is
pr— (UeU)pU' U

so the symmetry group is G = SU(2) acting via the tensor-product representation U ® U. The
tensor product of two fundamental representations of SU(2) decomposes as U QU =~ Uyiplet®Usinglet
corresponding respectively to the spin-1 (symmetric) and spin-0 (antisymmetric) subspaces.
According to Schur—Weyl duality, any operator commuting with the global action of SU(2) must
be block-diagonal across these invariant subspaces.

Now we note that projectors onto the symmetric and antisymmetric subspaces are given by

Mferro = %(I + SWAP); Mantiferro = %([ - SWAP)
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The corresponding measurement probabilities Tr[p M., for ferromagnetic and Tr[p M,utiferro] fOr
antiferromagnetic provides the likelihood that a two—qubit state lies in either subspace.

In the following we relate all the representation theory of Lie groups/Lie algebras introduced
before to help in the tasks of QML.

Consider the task of classifying two-dimensional classical data points z = (2!, z%) into two classes.

Each coordinate is encoded into the state of a qubit via a single-qubit rotation R(z’), and the
two-qubit system is then processed by a parameterized quantum circuit (quantum neural network)
W (6). The problem exhibits a natural permutation symmetry: exchanging x! and z? leaves the
label unchanged. In this case we restrict the generators of unitaries to those that commute with
SWAP at the Lie algebra level [SWAP, H| = 0. Instead of solving this directly at the group level,
we work at the Lie algebra level, which is often easier. Consider a single-layer QNN W (§) = e~ ¥4,
As we would like to have [W (), U,] = 0 for all g € G. Using Taylor expansion around ¢ = 0 we
got
e =1 +0H + O

Then we can substitute into the commutator [W (), U,| = 0[H, U,] + O(#?*) wich is zero so we end
up requiring [H,U,] =0 Vg € G. Note that finding generators H that commute with U, is easier
because

e H is Hermitian

e The condition is linear: [H,U,] =0

e For Lie groups, we only need to check on a basis of the Lie algebra
Going back to the the original QML task we see that after enconding into two qubits, the
symmetry group is Gswap = {1, SWAP}. By the previous discussion we need generators H such
that [H, SWAP| = 0, these generators must be symmetric under qubit exchange and thus commute
with SWAP

Hespan{X®1+10X,Y®1+1RY,Z01+102Z,X®X,YR®Y,Z0 2}

Finally we build the quantum neural network as W(0) = [], e~*#:. This illustrates that: when we
have a problem with Lie group symmetry, pass to the Lie algebra, analyze it, and return to the Lie

group.
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