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Abstract

In this thesis, we consider the question of describing the eigenvalues of a distinguished
family of invariant differential operators associated to a Lie superalgebra g and a
g-module W called the “Capelli basis”, via evaluation of certain classes of super-
symmetric functions, called the interpolation super Jack polynomials. Finding the
eigenvalues of the Capelli basis is referred to the Capelli Figenvalue Problem. The
eigenvalue formula depends on the chosen parametrization of the highest weight vectors
in the decomposition of the superpolynomial algebra P(W), and consequently on the
choice of a Borel subalgebra. In this thesis, we give a solution for each conjugacy
class of Borel subalgebras, which we call a refined solution to the Capelli Eigenvalue
Problem.

Given the pair (g, W), we investigate the formulae for the eigenvalues of the
Capelli operators associated to the completely reducible and multiplicity-free modules
(gl(m|n) @ gl(m|n), C™" @ (C™)") and (gl(m|2n), 8% (C™2")). In the former case,
we show that we can express the eigenvalue of the Capelli operator on the irreducible
component W), of the multiplicity-free decomposition of P(W) as a polynomial function
of the b-highest weight of W), for any Borel subalgebra b.

In the latter case, we show with a concrete counterexample that we cannot expect

the results to be as strong as in the first case for all Borel subalgebras. We then

i
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express the eigenvalue of the Capelli operator on the irreducible component Wy of the
multiplicity-free decomposition of P(W) as a polynomial function of 74(2,), where 7 is
a piecewise affine map on the span of b-highest weights of the irreducible submodules

of P(W), with respect to different decreasing Borel subalgebras b.
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Chapter 1

Introduction

Let g be a Lie superalgebra. Let W be a g-module such that the superpolynomial
algebra P(W) is completely reducible and has a multiplicity-free decomposition which

is parametrized by a set €2, that is,

PW) = P Wa,

where the W, ’s are pairwise non-isomorphic irreducible g-modules. Then, Sahi showed
that the algebra of g-invariant polynomial-coefficient differential operators, denoted
PD(W), admits a natural basis D* where pu € 2 (see [Sah94]). By Schur’s Lemma,
each D" acts by a scalar on the irreducible module W) and finding the eigenvalue of
D# on W)y, for p, A € Q is referred to as the Capelli Eigenvalue Problem (abbreviated
as CEP).

Finding the eigenvalues of D" on W) has a long history. In 1991, Kostant and
Sahi constructed examples of Capelli-like operators associated to Jordan algebras in
[KS91]. In the early 1990’s, Sahi considered in [Sah94] the Capelli basis associated

to a Hermitian symmetric pair and proved that the eigenvalues of such operators
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are polynomials that are characterized by certain symmetry, vanishing and degree
constraints. In [KS96], Knop and Sahi found the connections between Sahi’s inter-
polation polynomials and the Jack polynomials. Sahi’s interpolation polynomials
were later studied by Okounkov and Olshanski in [O097], who referred to them as
shifted Jack polynomials. In 2020, Sahi, Salmasian and Serganova extended the
notion of Capelli operators to Lie superalgebras in [SSS20]. They described a family
of multiplicity-free representations that correspond to Jordan superalgebras. They
computed the eigenvalues of the resulting basis of invariant differential operators and
gave a formula in terms of Sergeev-Veselov polynomials, as defined in[SV05].

In particular, in [SSS20], Sahi, Salmasian and Serganova found a solution to
the CEP for Capelli operators associated to (gl(m|n) & gl(m|n), C"" @ ((Cm|”)*) and
(gl(m|2n), 8 (C™?2)). A priori their solution depends on the partition parametriza-
tion of the highest weights and is specific to the choice of the Borel subalgebra. Our
goal in this thesis is to prove a formula for this eigenvalue as a function of the b-highest
weight of W), for any Borel subalgebra b. That is, we provide a formula for this
eigenvalue that disregards this partition parametrization that lies in the background.

The outline of the thesis is as follows. In Chapter [2| we give an introduction to
the structure theory of the so-called basic classical Lie superalgebras g and the highest
weight theory of g. We also introduce the Weyl vectors with respect to different
Borel subalgebras of g. In Chapter [3] we study several algebras associated to W,
namely, supersymmetric algebras 8(W), P(W), PD(W), and D(W), the constant-
coeflicient differential operators on W. We also define carefully the Capelli Eigenvalue
Problem. In Chapter [, we give an introduction to supersymmetric polynomials,
and in particular, give precise definitions of Jack polynomials, interpolation Jack

polynomials and interpolation super Jack polynomials.
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Our new results start in Chapter [5} In Chapter [, we find a refined solution to
the CEP for g = gl(m|n) @ gl(m|n), W = C"" ® (C’”'”)* with respect to arbitrary
Borel subalgebras by using Weyl vectors defined in Chapter

In Chapter [6] we first give the explicit form of the solution to the CEP for g =
gl(m|2n), W = 8% (C™>") introduced in [SSS20], which depends on the parametriza-
tion of the highest weights with respect to b,p, the opposite standard Borel subalgebra
of gl(m|2n). Then we define decreasing Borel subalgebras. For each decreasing Borel
subalgebra b, we give an explicit formula for the corresponding highest weight A\, of
the irreducible component W) of the multiplicity-free decomposition of P(W). We
then define compatible and incompatible highest weights with respect to decreasing
Borel subalgebras. We show that the eigenvalue of D* on W), can be expressed as a

polynomial function composed with a piecewise affine map evaluated on .
Our main original contributions in this thesis are as follows.

In the setting of g = gl(m|n) ® gl(m|n) and W = C™" @ (C™")", let § =
Bimjn @ Bmjn be the standard Cartan subalgebra of g. Let b’ @ b be a Borel subalgebra
of g containing h. We define a map by, — C™"™ such that a — & in Remark .

We then prove the following theorem.

Theorem (Theorem and Corollary [5.2.5)). For any (n,n') € b*, define an affine

map Ty - T — C™" by

7o((n,1)) =0 + .

The eigenvalue of the Capelli operator D* on the submodule Wy with highest weight

(Aps Ap) with respect to b’ @ b is equal to

SPiiom (A X)),
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where SP; | is the interpolation super Jack Polynomial from Remark[4.4.5|

In the setting of g = gl(m[2n) and W = §? (C™/*"), we introduce the concepts of
very even Borel subalgebras, relatively even Borel subalgebras, generic and nongeneric
highest weights, compatible and incompatible highest weights with respect to decreas-
ing Borel subalgebras, which facilitate the understanding of representation theory of
gl(m|2n) and the CEP for gl(m|2n).

Let b be the standard Cartan subalgebra of g. Let b be a decreasing Borel
subalgebra of g containing h. We define a set C, of matrices of size (m +n) x (m+2n)
and a vector X, for each decreasing Borel subalgera of g in Definition and
Equation respectively. Then in the case of A being compatible with b, we prove

our refined solution to the CEP is as follows.

Theorem (Proposition [6.5.17)). Define 1, : h* — C™" by
Th(’l’]) = Mbn + Xb.

If X\ 1s compatible with b, then the eigenvalue of the Capelli operator D* on the

submodule Wy with highest weight A\, is

SP2, o (n (Ay)

where SP: , 15 the interpolation super Jack polynomial from Remark|4.4.5
2

We then give a surprising example in gl(2|2) to illustrate that in other cases, we
cannot find affine maps so that a refined solution to the CEP can be found.
We then go on to show that although there is not one single affine map that serves

our purposes, we can define 7, as a piecewise affine map. If A is incompatible with b,
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we define a unique value I and a set Cy 1, , of matrices of size (m +n) x (m + 2n).
For further clarity, we give the culmination of our results, which includes the
previous theorem as a special case, as a single theorem. Then the refined solution to

the CEP is given as follows.

Theorem. Retain the set-up as above. If

My, + X for any My, € Cy, if X\ is compatible with b
To(Ap) =
My 1, Ay + Xo  for any My 1, , € Cyr,,, if A is incompatible with b,

then the eigenvalue of the Capelli operator D* on the submodule Wy is equal to

P2 ((h).

’2

where SP: , 18 the interpolation super Jack Polynomial from Remark|4.4.5
2

There are also some minor original contributions in this thesis. We list them as

follows.

(i) We introduce the concept of increasing (decreasing) Borel subalgebras to under-
stand the structure theory of Lie superalgebras and solve the Capelli Eigenvalue

Problem in its refined version.

(ii) For a g-module (7, W), we give two explicit g-module structures of D(WV),
denoted (7mp, D(W)) and (75, D(W)). We then show in Section [3.3|that these g

actions on D(W) are the same.

(iii) For a decreasing Borel subalgebra b of gl(m|2n), we introduce two sets of indices

;v and jrp. We then in Section show that b in completely determined by
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either of these sets of indices.

(iv) For each irreducible submodule of the gl(m|2n)-module P (8 (C™")) and for
each decreasing Borel subalgebra of gl(m|2n), we provide an explicit formula in
Section for the highest weight in terms of its highest weight with respect

to the opposite standard Borel subalgebra.

In future work, it would be interesting to consider the remaining cases in [SSS20],
to see what kinds of solutions their refined versions admit. It would also be interesting
to establish a uniqueness result for the solution to the gl(m|2n) case solved here,
although we conjecture that the form of our solution is the simplest possible. At the
same time, we made a choice of X, = Xj, in Section in order to proceed and
have seen concretely in Section that other choices may be possible. Also, it is
interesting to understand the reason why the eigenvalues cannot be expressed as a
polynomial function evaluating at a single affine map of highest weights for the not

relatively even Borel subalgebras of gl(m|2n).



Chapter 2

On Lie superalgebras and their

modules

Let Zy = {0,1} be the additive group of two elements. A complex finite-dimensional
Lie superalgebra g = gg @ g7 is called classical if g5 is a reductive Lie algebra and g7
is a semisimple gg-module. A classical Lie superalgebra is called basic if it admits
an even nondegenerate invariant bilinear form. A classical Lie superalgebra which
is not basic is called strange. For example, the general Lie superalgebra gl(m|n) is
basic classical, the queer Lie superalgebra q(n) is classical strange, and the Cartan
type Lie superalgebra W (n) is not classical. In this chapter, let g be a basic classical
Lie superalgebra. We discuss the structure theory of g in Section and the highest
weight theory of g in Section [2.2]

In this thesis, we focus on basic classical Lie superalgebras, we refer the reader to

[KacT77] for a complete list of simple Lie superalgebras of any type.
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2.1 Structure Theory of basic classical Lie Super-
algebras

Let g = g5 @ g1 be a Lie superalgebra. A Cartan subalgebra b of g is a maximal
nilpotent subalgebra of g such that h = Ny(h) = {z € g | [z,h] C h}. When g is
finite-dimensional basic classical, a Cartan subalgebra h of g coincides with a Cartan
subalgebra of gg, and in turn, all the Cartan subalgebras are conjugate by the Weyl
group of gg. In particular, unless otherwise stated, we assume g = gl(m|n) or g is
a stmple basic classical Lie superalgebra. We first discuss the root system of g and,
introduce odd and even reflections. Unlike the case of simple Lie algebras, Borel
subalgebras are not all conjugate under the Weyl group. We introduce ej-sequences

as tools to classify the Weyl group conjugacy classes of Borel subalgebras.

2.1.1 Root systems

In this subsection we define the root systems of g. Then we compute a root system

for gl(m|n) explicitly.

Definition 2.1.1. Let § be a Cartan subalgebra of g5. For o € h*, define

8o ={9 €9|[h gl =alh)g, forall h € b}.

The root system for g with respect to by is

® = {aebh"\ {0} | go # 0}.
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Moreover, we define the set of even and odd roots to be

b5 ={ac®|g.Ngs#0} and O; ={ac®|g,Ngq #0}

respectively.

For a root system ®, we can define the set of positive, negative and simple roots
as follows. For any vector space, given a linear functional f : V' — R, we can define a

total ordering on V by a > b if and only if f(a —b) > 0 for all a,b € V.

Definition 2.1.2. Let ® be a root system of g. A positive system O is a subset of ®
consisting of roots a € ® such that o = 0 with respect to the total ordering > on the

vector space spanned by ®. Fix a positive system ®+. We define
1. the negative system by ®~ = —dT and

2. II C P to be the set of a € Pt such that o cannot be written as a sum of two

roots in ®*. Then II is called the simple system corresponding to ®.

Remark 2.1.3. Similar to classical Lie algebras, the simple systems and positive

systems of g are in one-to-one correspondence.

We finish this subsection by giving a matrix realization of gl(m|n) and in turn,
give an example of positive system of gl(m|n). Let V = V5 @ V; be a Zs-graded super
vector space. Then End(V) equipped with the standard Lie superbracket is a Lie
superalgebra called the general linear Lie superalgebra, denoted by gl(V') or gl(m|n)
if V.= C™". Let {e,...,en} and {€mi1,...,emen} be ordered bases for Vg and V;
respectively so that their union is a homogeneous ordered basis for V. Then any

element X € gl(m|n) can be written as an (m + n) x (m + n) complex matrix of the
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form

X = (2.1.1)

where A, B,C' and D are m x m, m X n, n X m and n X n matrices respectively.

Moreover, as a Lie superalgebra, the even part of gl(m|n) is

gl(m|n)s = gl(m) @ gl(n)

0

which consists of block matrices of the form and the odd part gl(m|n);
0 D

consists of block matrices of the form . Let b be the standard Cartan

c 0

{€i,9;}:; be the basis of h* dual to {E;;, Eyntjm+jtij- The standard root system

d = dg U P71 is given by

O ={t(e; —€),£(6; — ) |1 <i#j<m,1<k#l<n}, (2.1.2)

and

P ={t(e—9;)[1<i<m,1<j<n} (2.1.3)

The standard simple system for gl(m/|n) is

H:{51—5i+1,(5m—6176j—€j+1|1§i§m—1,1§j§n—1}.
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2.1.2 The Supertrace and Non-degenerate Bilinear Forms

In this subsection, we define the supertrace of gl(m|n), which gives rise to an even

supersymmetric nondegenerate bilinear form on gl(m|n).

Definition 2.1.4. Let V = V5@ Vi be a super vector space. We say a bilinear form
(,):VxV —=Cis

1. even if (V;,V;) = 0 whenever i+ j =1 for all i,j € Zs, and

2. supersymmetric if (-, -)v;xv; @5 symmetric and (-, -)v;xv; is anti-symmetric

When X € gl(m|n) is in the block matrix form given in Equation (2.1.1]), we

define the supertrace of X as

str(X) == tr(A) — tr(D) (2.1.4)

where tr denotes the usual trace of a matrix. The supertrace naturally defines the

following bilinear form on gl(m|n):

(+,-) : gl(m|n) x gl(m|n) — C such that (X,Y) — str(XY), (2.1.5)

where juxtaposition denotes the usual matrix product. Notice that the bilinear
form defined in Equation is even supersymmetric. Also notice that gl(m|n)g
and gl(m|n); are orthogonal with respect to (-,-). This bilinear form restricts to a
nondegenerate bilinear form on gl(m|n)g, which we recognize as the standard Killing
form on gl(m) @ gl(n).

Now we define a bilinear form on h* x h*, also denoted as (-,-). Let I': h — b*
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be the map given by h +— (h,-). For each x,y € h*, define (z,y) by

(z,y) = ([ (2), T (y)). (2.1.6)

Recall that {e;,d;};; is the basis of h* dual to {E;;, Eptjmtjti;- We may identify

€ = I'(Ei;) and 5 = =T (Emyjme;)

forall 1 <7 <m and 1 <j <n. Thus we have that

(EZ’, 67;) = 61'7]', ((Sk, 55) = —6]@4 and (Ei, 5]) = 0, (217)

where d; ; stands for the Kronecker delta function.

2.1.3 Weyl Group, Isotropic Roots and Odd Reflections

In this subsection, let h be a Cartan subalgebra of gy, and ® be the associated root
system of g. Recall that b coincides with the Cartan subalgebra of gz. This lets us
define the Weyl group W of g to be the Weyl group of gg. For example, the Weyl
group of gl(m|n) is isomorphic to §,, x 8,, where §,, denotes the symmetric group on

m letters.

Definition 2.1.5. Let o € ®5. The real reflection in «, r, s defined as

(6,a)
(o, q)

ra(B) =5 —2 a for all B € b™. (2.1.8)

where (-,-) is the bilinear form defined in Equation (2.1.6)

By definition, the real reflections generate the Weyl group. In the case of gl(m|n),
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they permute the roots within {e; — €;}1<izj<m and {0x — d¢}1<kri<n respectively.
The odd roots play a vital role in super Lie theory. In particular, we will define odd
reflections only for certain simple roots. Like real reflections, these reflections will
take simple systems to simple systems, but unlike real reflections, they are not linear
and their action will differentiate the highest weight theory of Lie superalgebras from

that of Lie algebras. To formally define odd reflections, we first define isotropic roots.

Definition 2.1.6. Let ® be the root system of g. A root a € ® is called isotropic if
(o, ) = 0.

Example 2.1.7. The isotropic roots for gl(m|n) are £(d; — ¢;) for some 1 <i <m

and 1 < j <n. In fact, they coincide with the set of odd roots in this case. [

Definition 2.1.8. Let II be a simple system of g. Let o be a simple isotropic root.

For any simple root 5 € 11, we define

—Q ifﬁ:a,
ra(9) =1 a+4 if (B,0) £0,
6] if (B,a) =0 and B # «a.

Then r,, is referred to as the odd reflection with respect to ce. Moreover, let 11, = r,(II).

Remark 2.1.9. In general, not all odd roots are isotropic. For example, d; is a
non-isotropic odd root in the root system of osp(2m + 1|2n). For the definition of
0sp(2m + 1]2n), we refer the readers to [CW13| Chapter 1].

However, as noted in [CW13, Theorem 1.18.], if a € ®71 is an odd non-isotropic
root, then 2o € @5 is a (non-isotropic) even root. In this case, following [CW13|

Chapter 1.4], one defines r, to be the reflection in the root 2a.
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Note that, an odd reflection is not linear on ®*. We illustrate this fact by the

following example.

Example 2.1.10. Let g = gl(m|n) and let II be the standard simple system. Take
a=[f=10,—¢ and v = 0,,_1 — 0. If 7, could be extended linearly to ®*, we would
have ro(8 +7) = ro(8) 4+ ra(v). However, by a straightforward calculation, we have

To(B) + 1ra(y) = and 7o (5 + ) = 6y + dm—1 — 2€; which is not even a root. 'Y

2.1.4 Borel subalgebras and ed-sequences

One natural question left from the previous subsection is how the odd reflections affect
the positive system of g. To answer this question, we first define the Borel subalgebras
of g. Let h be a Cartan subalgebra of g. Let ® = &+ U ®~ be the root system of g

relative to . We define

g = @ Oa and g = EB Oa. (2.1.9)

acdt acd—

Then we have a triangular decomposition of g:
g=g ©heg"

The solvable subalgebra b = h & g* is called the Borel subalgebra of g corresponding
to ®*. Notice that for different positive systems (or equivalently different simple
systems), one has different Borel subalgebras.

The following result assures us that odd reflections have the same impact on
positive systems as real simple reflections. It is given in [CW13, Lemma 1.30], where

it is proven case-by-case.
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Lemma 2.1.11. Let II be a simple system of g. Let o € 11 be an isotropic simple

root. Then the set 11, is a simple system whose positive system, ®F is given by

o = {—a} Ud*\ {a}. (2.1.10)

Unlike the Lie algebra theory, the Borel subalgebras of a Lie superalgebra do not
necessarily conjugate by the Weyl group W, since W is only generated by the real

reflections. However, all Borel subalgebras are still related in the following sense.

Definition 2.1.12. Let by and by be two Borel subalgebras of g. We say by and b
are related if there exists a sequence of odd and real reflections r,1a,...,7, Such that
TnTn—1-..71(01) = ba. The related positive system and simple system are defined in
the same way.

Example 2.1.13. Let g = gl(1]2). Then IT = {§; — €1, €1 — €3} is related to II' =

{€a —€1,61 — 01} DY e, —ey76,—e3Te;—ep- Lhe intermediate simple systems are

II; = Tel—eQ(H) = {51 — €2,€2 — 61},
II; = 7“51762(1_[1) = {62 - 51>51 - 61},

H/ = Tei—eq (HQ) ‘

Proposition 2.1.14. [CW]135, Proposition 1.32] Let g be a simple basic Lie superalge-

bras or gl(m|n). Then any two simple systems of g are related.

Now let us fix g = gl(m|n). Then there is another way to label the disctinct Borel

subalgebras containing a given Cartan subalgebra, namely, by ej-sequences.

Definition 2.1.15. Let b be an arbitrary Borel subalgebra of gl(m|n) containing b

with associated simple system 1. The €d-sequence of b or 11 is a sequence (i ... Cnin



2. ON LIE SUPERALGEBRAS AND THEIR MODULES 16

such that i, € {€;,0; | 1 <i<m,1 <j<n} foreach k€ {l,...,m+n}, and such

Example 2.1.16. The ed-sequence of the standard simple system of gl(m|n) is given
by €1 ...€6001...0,. 'Y

Moreover, for all o € §,, and s € §,,, the Borel subalgebras with ed-sequences
€a(1) - - - €o(m)Os(1) - - - Os(n) are all W-conjugate to the standard Borel subalgebra of
gl(m|n). Thus we can ignore the indices of an ed-sequence to get a VW-conjugacy class

of Borel algebras of gl(m|n). For example,

is the conjugacy class of the standard Borel subalgebra of gl(m|n). In fact, we have

the following proposition.

Proposition 2.1.17. [CW15, Proposition 1.27]Let g = gl(m|n). There exists a
one-to-one correspondence between conjugacy classes of Borel subalgebras of g and the

associated ed-sequences ignoring the index.

Thus in order to list representatives of all VW-conjugacy classes of Borel subalgebras
of g, it suffices to consider only the increasing Borel subalgebras in the sense that the

corresponding ed-sequences have increasing indices among € and ¢ respectively.

Remark 2.1.18. Notice that by Proposition any arbitrary increasing Borel
subalgebras can be obtained from the standard ej-sequence by only applying odd
reflections in the following way: Starting from € ...€,,0; ...d,, first move §; to the
left to the desired position through the simple odd reflections (that is, roots arising

from adjacent elements of the ej-sequences) 7, _s,,7c, 8- - -, and then, move d to
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the left to the desired position through the simple odd reflections r¢, —5,,7c,, 165y -

Continue this process until for all 1 < j < n, ¢; is lying in the desired position.

Example 2.1.19. The ed-sequence €101€209€3 is obtained from €;e3€36102 by applying

Tes—61,Tey—0, and Te,_s, to the standard Borel subalgebra of gl(3]2). [ )

2.1.5 The Weyl Vectors

For Lie algebras, the Weyl vector p is defined as one half of the sum of the positive

roots. We now introduce the Weyl vector for a Lie superalgebra.

Definition 2.1.20. Let g be a basic classical Lie superalgebra with a positive system

ot = CD%“ U @%’. The Weyl vector p is defined by

p=po— PI

where

N | —

p():%Za and pT = Za.

acdt acd?
Example 2.1.21. Let g = gl(m|n) with ®* being the standard positive system of g.

The set of simple even positive roots is
Cbg = {e; —€j,06 — o}
where 1 <i< j<mand1<k</{<n,and the set of simple odd positive roots is
of = {& — 9;}

where 1 <7 <m and 1 < j <n. It follows by direct calculation that the associated



2. ON LIE SUPERALGEBRAS AND THEIR MODULES 18

Weyl vector is

m n

m—-n—+1—2 m+n+1-—2j
pSt:Z 5 €Z+Z 5 ](5] ‘

=1 Jj=1

Proposition 2.1.22. Let b be an arbitrary Borel subalgebra of a basic Lie superalgebra
g with associated Weyl vector p. Let v be an isotropic simple root with respect to b.

Let o' = r,(b). Then the Weyl vector p’ with respect to b’ is given by p' = p + a.

Proof. Let p = pg — p1 and p' = pj — p} be the Weyl vectors with respect to b and
b’ respectively. Then by Lemma [2.1.11] it is clear that py = pj and 2p] = 2p1 — 2a.

Thus p' = pg — (p1 — @) = p+ « as claimed. O

We finish this section by giving a general formula for the Weyl vector corresponding

to any increasing Borel subalgebra.

Lemma 2.1.23. Let g = gl(m|n). Let py = > ;") E;di + >, F}6; be the standard
Weyl vector as in Example|2.1.21. Let by, be an arbitrary increasing Borel subalgebra
of g. Let pi be the associated Weyl vector of by. Let ¢; — d; be any isotropic simple

root with respect to by. The €; and ; coefficients of pi, are
E+j5-1 and F; —m+1

respectively.

Proof. Since €; — 0, is a simple isotropic root with respect to by, the ed-sequence of by,
contains the subsequence

EZ(;]

In order to get this sequence from the standard ed-sequence, we have to move
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d1,...,0,-1 to the left of ¢ and €4,...,€, to the right of §; by a sequence of
odd reflections applied to the standard Borel subalgebra. Note that the resulting Weyl
vector depends only on the Borel subalgebra and not on the particular sequence of
odd reflections. We may therefore take a moving path as described in Remark

Then the odd reflections which involve ¢; and d; are precisely
Tes—81s Tes—bar - - -+ Temby 1 (j — 1 €s in total)

and

. / .
Tem—6;> Tem-1—8; -+ Teir1—5; (m —i d%s in total)

respectively. Thus by Proposition [2.1.22] the ¢; coefficient of py is A; + (7 — 1) and

the 0, coefficient of py is B; — (m — i) as claimed. O

2.2 Highest Weight Theory

In this section we give a brief introduction to the representation theory of Lie superal-
gebras, and specifically including highest weight modules, Young diagrams and the
parametrization of irreducible finite dimensional highest weight modules by Young
diagrams. In particular, we give two examples of parametrizations in Section and

which play a vital role in the Capelli Eigenvalue Problem.

2.2.1 Lie Superalgbera Modules

In this subsection, we define Lie superalgebra modules, highest weight vectors and
the effects of odd reflections on highest weight vectors. Let g = g5 & g7 be a Lie

superalgebra over C. Let h a Cartan subalgbera of g and ® a root system of g with
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the positive system ®* and b = g™ @& b a Borel subalgebra of g, where g* is defined

in Equation (2.1.9).

Definition 2.2.1. A g-module is a complex super vector space V- = Vi ® Vi together
with a g-action

gxV =V, (z,v) = av
which is a bilinear map satisfying the following properties:
(i) If x € g; and v € V}, then xv € Viy; for all i,j € Zs,
(i) [z, ylv = z(yv) — (=1)Fly(z0), for all v € g;, y € g; and for allv € V.

Recall that a g-module V is called simple if it has no nontrivial Z,-graded

submodules.

Definition 2.2.2. Let V' be a g-module. A vector v in V is a b-highest weight vector
of weight A € b* if the following holds:

(i) Xw=0, for all X € g+,
(1) Hw = AH)w for all H € b.

Next we give two lemmas which will be used in computing the weight of highest

weight vectors with respect to different Borel subalgebras b of g.

Lemma 2.2.3. Let o be a simple isotropic root and v be a b-highest weight vector for

a module V' with respect to positive system ®. Let e, € go and fo € g_o. Then
(1) eafa(v) = lea, fol(v) and esfa(v) = [es, fal(v) = 0 for all § € @7\ {a};

(i1) f3(v) =0.



2. ON LIE SUPERALGEBRAS AND THEIR MODULES 21

Proof. We have

() [ea fu](6) = cafa(v) — (~1)lel foen(v) = eqfu(v) since v is highest weight
vector so that fieq(v) = fo(0) = 0. Similarly, we deduce that egf,(v) =
les, fa](v). Also by definition we have [eg, fo] € gs—o. Since « is a simple root

and f is a positive root, S — « is either not a root or it is in ®* \ {a}. Thus

[es; fal(v) = 0.

(ii) Notice that since a is odd, f, € g_, is odd. We have that

[far fal(0) = (fa (fav) = (=)VelFel £ (far) = 2fa (fav)

which implies that f, (fav) = 3[fa, fal(v). However, since [fa, fa] € g-24 = {0}
Thus, f2(v) = 0 as claimed. O

Lemma 2.2.4. Let V be a simple g-module. Let v € V' be a b-highest weight vector of
highest weight X\ with respect to some positive system ®*. Let a be a simple isotropic
root and r, be the odd reflection with respect to . Let hy, = [eq, fo] where €4 € go

and fo € g_o are nonzero weight vectors. Let b, = 14(b).
(i) If AM(ho) = 0, then v is a b,-highest weight vector with b,-highest weight \.
(1) If AM(ha) # 0, then fov is a by-highest weight vector with b, -highest weight X\ — cv.

Proof. First notice that [e,, fo]v = hav = A(hq)v. To show a vector w is a b,-highest

weight vector is equivalent to showing egw = 0 for all 5 € ®F.

(i) We first assume A(h,) = 0. Since by assumption v is a highest weight vector

with respect to @, we have egv = 0 for all 5 € &\ {a}. It suffices to show

fav = 0. Suppose f,v # 0. But by Lemma (1) we have e, (fo)v =
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[eas fa]v = A(hg)v = 0. Also by Lemma (77), we have eg (fo) v = 0 for all
B € @\ {a}. Thus f,v is another b-highest weight vector with weight A —a < .
This contradicts the uniqueness of highest weight. Therefore f,v = 0 and hence

v is a b,-highest weight vector with b,-highest weight \.

(ii) Now assume A(h,) # 0. Then e, (fov) # 0 implies f,v # 0. By Lemma
(i), we have eg(fov) =0 for all 3 € @\ {a}. Also by Lemma [2.2.3] (iii), we
have f,(fov) = 0 which implies that f,v is a b,-highest weight vector. Moreover,
as noted above, f, has weight —q, it is a simple calculation to see the weight of

favis A —a. n

In fact, we can compute the conditions of this lemma directly. With respect
to our bilinear form on b x b, there is an element h, in § such that for all A € b*,
(A, @) = A(hy), and up to scaling this coincides with [e,, f,]. Therefore we have the

following useful corollary.
Corollary 2.2.5. Retain the set-up in Lemma|2.2.4 We have
(i) If (A, ) = 0, then v is a b,-highest weight vector with b,-highest weight \.

(i1) If (A, ) # 0, then f,v is a by-highest weight vector with b,-highest weight X\ — cv.

2.2.2 Partitions and Young Diagrams

In this subsection, we define partitions and Young diagrams. We give an order on the
set of partitions which will be useful in later chapters. Then we define an important

class of partitions called hook partitions.

Definition 2.2.6. By a partition of k € Z>(, we mean a weakly decreasing sequence

of mon-negative integers A = (A1, Aa, ...) satisfying |\ = 3,50 Ai = k. We call |A| the
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size of X. Moreover, we denote the length of A, £(\) to be the index of the last nonzero

entry of \. We denote the set of all partitions such that ¢(X\) < n by P,.

By convention, we assume two partitions which differ only by a string of zeros
at the end are the same. For example, we regard (2,1),(2,1,0),(2,1,0,0,...) as the

same partition.

Definition 2.2.7. For any two partitions p and X\, we say X = w if |A| > |ul, or

|A| = |u| and the first non-vanishing difference \; — p; is positive.

For example, we have

g <(1)<(1,1)<(2) <(1,1,1) < (2,1) < (3).

There is also a partial order which will be useful later.

Definition 2.2.8. For any two partitions p and X\, we say X\ > w if |A| > |u|, or

Al =|p] and Ay + -+ X > pg + -+ p; for all i > 1.

Notice that it is straightforward that if A > u, then A > p. That is, the total

order > is compatible with >.

Definition 2.2.9. Given a partition A = (A1, Aa, ...), the Young diagram of shape X

is a top-left-aligned diagram with ¢(\) rows of boxes, and \; bozes in the i-th row.

Example 2.2.10. The Young diagram for A = (6,5,2,0,0) is
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It is straightward from the definition that there is a one-to-one correspondence
between the set of partitions and the set of Young diagrams. Therefore we abuse the
notation to let A indicate both partitions and Young diagram.

The set of partitions (thus Young diagrams) plays a vital role in the decomposition
of Lie algebra modules. In the super-setting, the set of hook partitions plays an

analogous role.

Definition 2.2.11. Let A = (A1, Ao, ...) be a partition. We say A is an (m,n)-hook

partition if A1 < n. We denote the set of all hook partitions by H(m,n).

Note that any Young diagram which can be fitted in Figure is called an
(m,n)-hook diagram. Thus the Young diagram in Example 2.2.10]is a (2, 3)-hook

tableau.

Im Trows

—
n columns

Figure 2.1: (m,n)-hook shape Young diagram frame

By [CWO01, Proposition 2.2], the complete list of pairwise non-isomorphic finite-

dimensional irreducible gl(m|n)-modules is indexed by their highest weights

A = Zl: )\iEi + 2u]5]
i= j=

such that \; — \ij1 € Z>o and pj — pjy1 € Zsp forall 1 <i <mand 1 < j <
n. Furthermore, the set of (m,n)-hook partitions parametrizes the class of finite-

dimensional irreducible gl(m|n)-modules of polynomial type by [CWO01, Proposition
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3.26]. We finish this chapter by giving this parametrization. We first give a formal

definition of the transpose of a partition.

Definition 2.2.12. Let A = (A1, Ag,...) be a partition size k and length (()\). The
transpose of X, denoted N = (N[, N}, ...) is a partition of size k and length {(N') = Ay,

where N = Card{i | \j —j > 0}, for all j > 1.

Let g = gl(m|n). Let b be the standard upper triangular Borel subalgebra of
g. Let A = (A1, Ao, ...) € H(m,n). Let V), denote the irreducible g-module with
b-highest weight A\. Then the highest weight A parametrized by A € H(m,n) is given
by

A= il Ai€i + i(& — m)d;
i= j=

where (z) = max{x,0} for all z € R. For more details, we refer the readers to [CWO01].

Example 2.2.13. Let g = gl(2|5). Let A = (6,5,2,0,0) € H(2,3). Then we have
that (A], Ny, A5, Nj, AL, Ag) = (3,3,2,2,2,1). Thus the highest weight ) of Vré‘n is given
by

661 + 562 + (51 + 52.
In this thesis, we often write such a highest weight as A = (6,5|1,1,0,0,0). [

We shall see that the set H(m,n) parametrizes the decomposition of a very
particular gl(m|n)-module into irreducible submodules in Chapter [f, and the subset
of H(m,2n), which consists all (m, 2n)-hook partitions such that each part is even is
the parameter set in Chapter [6]

We have now finished our preliminary chapters. From the next chapter and
onwards, we focus on the Capelli Eigenvalue Problem and finding the refined solution

to the CEP with respect to different Borel subalgebras.



Chapter 3

An introduction to the Capelli

Eigenvalue Problem

We begin this chapter with introducing the category of super vector spaces, the super
analogues of the symmetric and polynomial algebras in this category, and the constant
and polynomial coefficient differential operators. Then we carefully define the Capelli

Eigenvalue Problem.

3.1 Tensor Product of Super Vector Spaces

In this section, we briefly discuss the category of super vector spaces. We also extend
some general properties of tensor products to the super setting. Let V' and W be
two super vector spaces. Recall that a linear transformation f : V — W is called
grading preserving if f(V;) C W; for all i € Zy, that is f has parity 0. Denote SVect
the category whose objects are super vector spaces, that is, vector space graded by

Zo = {0,1}, and whose morphisms are the grading preserving linear transformations.

26
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Then SVect is a symmetric monoidal category. The category SVect is monoidal since

the tensor product V' ® W is an object in SVect with grading

(VeWw),= (V;e W) foralli,j k € Z. (3.1.1)
JHk=i

The category SVect is symmetric since V@ W = W ® V as vector super spaces by

the isomorphism

fV7WV®W—>W®V

v@w i (=)l @ o,

where we denote by |v| the parity of the homogeneous element v € V. Throughout this
paper, we may use |v| directly, which implicitly assumes that v is homogeneous. Also
notice that the map fyw clearly preserves the grading, and hence it is a morphism in
SVect. Moreover, Hom(V, W), the space of all linear transformations from V' to W is

also an object of SVect with grading
Hom(V, W), = {f € Hom(V, W) | f(V;) C W;y;} for all i, j € Zo.
Thus the dual space V* of a super vector space V' defined as
V* := Hom(V,C'°)

is also a super vector space.

We now show that W ® V* — Hom(V, W) is an isomorphism in SVect. Let
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Twews : V — W be the map defined by
Twew(v) = wv*(v) for all v e V (3.1.2)

extended by linearity. Then we have the following lemma.

Lemma 3.1.1. The map
W @ V* — Hom(V, W) such that w ® v* +— Ty (3.1.3)

18 an isomorphism in SVect.

Proof. The space V* ® W and Hom(V, W) have the same dimension, and the map is
surjective: let F' € Hom(V,W). Choose a basis {v1, ..., v} for V and let {v},... v}
be the dual basis of V*. Then for v € V, we have v = Y.F | ¢;v; where ¢; = v¥(v) for

each i =1,...,n. Thus we have

k k

k k
F(v)=F (Z Ci”i) = Z F(vi)e; = Flu)v(v) = (Z TF(vi)®v;> (v),

i=1 =1

and hence F' is in the image of the map defined in Equation [3.1.3. Moreover, we
observe that the map in Equation (3.1.3)) is grading preserving by noticing v; and v}

have the same parity if they are homogenous. O
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3.2 The Super Symmetric Algebra and The Super-
polynomial Algebra

Let S; be the symmetric group on d letters. Let V = V5 & Vi be a super vector space.
Then the natural representation of S; on V®? is defined by the following: let o € S,.

Then the representation is defined by
o~ Ty,
for Ty ; defined by
TS, (0 ® - @) = (—1)c(o m®0va) Vomr(1) ® -+ @ Vgt (a) (3.2.1)
for any homogenous simple tensor v; ® - -- ® vy € V¥, where

(0 n® - ®ug) = Z ‘UU(T)HUU(S)‘
1<r<s<d
o(r)>a(s)

for all o € Sy, homogenous v; € V and 1 < i < d. As usual we can extend this map

uniquely by linearity to a representation of S; on V%

Example 3.2.1. Consider o = (1,2) € Sy and V = C'!' with basis {eg, er}. Then

TG, (e ®@eq) = (—1)olle; @ e = 7 @ €. '
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Now define Sym{, : V&4 — V& by

1
Sym? = — 17 .
ymy, |Sd|z V.d

ogESy
That is Sym{, (V®d) is the space of supersymmetric tensors in V4.
Definition 3.2.2.

1. The super symmetric algebra S(V') of V is defined as

(V) = @Sd(V) where (V) = Sym{, (V).

d>0

2. The super polynomial algebra P(V') on V is defined as

P(V) = 8(V*) = P PUV) where PUV) = 84(V").
d>0
From the definition, we clearly have 8'(V) = V and P*(V') = V*. Now consider n
in V7. Then 7 extends to a linear functional on V¥4 by (n®@ -+ ®@n) (11 ® - @ vg) =
n(vy) - - - n(vy), where linearity follows from the linearity of . This implies that every

n € Vi extends to a homomorphism h,, : §(V) — C!° such that

1

Sl D n(wr) -+ n(va) = nv1) - - n(va).

ogESy

h, (Syn{. (1 ® -+ @ vy))

Now let g be a Lie superalgebra. Let (p, V') be a g-module. Then the g-invariant

subspace of V' is defined by

Vi={veV|plx)v=0}



3. AN INTRODUCTION TO THE CAPELLI EIGENVALUE PROBLEM 31

for all z in g. Let (7, W) be another g-module. Then, Hom(V, W), the set of all linear

transformations from V' to W is also a g-module with the g-module structure given by

z-T(v) = m(x) (T(v)) = (=1 (p(x)v) (3.2.2)

for all z € g,T € Hom (V, W) and v € V. The set of super intertwiners defined as

Homy, (V, W) == {T € Hom(V, W) | n(2)T(v) = (=) IT (p(z)v)}

is the set of homomorphisms from V' to W that respect their g-modules structures.
Lemma 3.2.3. As g-modules, we have Homy(V, W) = Hom(V, W)s.

Proof. Let (p,V) and (7, W) be two g-modules. For all z in g and v in V, we have

that

T € Hom(V,W)? if and only if - T'(v) =0
if and only if 7(z) (T'(v)) — (=)= T (p(x)v) = 0
if and only if 7(z) (T'(v)) = (=)= T (p(z)v)

if and only if 7" € Homy(V, W).

Thus we have Hom(V, W)® = Hom,(V, W), and in particular Endy(V') = End(V)8. O

Similarly as in Subsection [3.1], the category of g-modules is also a symmetric
monoidal category. For two objects in this category, the set of morphisms from V' to

W can be identified with Homg(V, W)s.
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3.3 Constant and Polynomial Coefficient Differen-

tial Operators

In this section, we define the superderivations of V', the algebra of constant and polyno-
mial coefficient differential operators of V', denoted as D(V') and PD(V') repsectively.
Next we construct an isomorphism PD(V) = P(V) @ §(V') as super vector spaces. We

first recall the definition of the contragredient module.

Definition 3.3.1. Let W be a g-module. The contragredient module of W is the super

vector space W* .= {f : W — C | f is a linear functional }, such that
1. the Zy-grading of W is defined by (W*);, = {f € W*| f(W;) =0 if i # j},

2. the g-action is defined on homogeneous elements by
(2f)(w) = =(=1)F W fzw).

Definition 3.3.2. Let W be a super vector space. Let P(W) be the algebra of
superpolynomials of W. For every homogenous w € W, the superderivation 0, of

P(W) with parity |0,| = |w| is defined uniquely by
dw (V) = (=Dl * w) for all homogenous v* € W* = PH(W). (3.3.1)
We then extend this definition to all polynomials in P(W) by
Ow(ab) = Oy (a)b + (—1)*lelag,, (b)

for all homogenous elements w € W and a € P(W).
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Remark 3.3.3. By Definition Ow(v*) is nonzero only if |w| = |[v*|. Thus
Equation (3.3.1]) can be rewritten as d,(v*) = (—1)*!(v*, w)

For homogenous w € W = 8 (W), we defined d,,. By the universality of the tensor
algebra T (W), we can extend the map 0 : W — End¢(P(W)) to a homomorphism
of associative algebras 0 : T (W) — Endc(P(W)). Therefore we have the following

lemma.

Lemma 3.3.4. The map 0 : T (W) — Endc(P(W)) descends to a homomorphism of
associative algebras 0 : (W) — End¢(P(W))

Proof. 1t suffices to check that the derivations are supercommutive. That is, we
show that 0,0y, = (—1)l1lv2lg, 8, for all elements in P(V), and hence the above
definition is well-defined. Let wy,wy € W and a,b € P(W) be homogenous. Then we

have

Oy, Oy (ab) = Oy, (awz (a)b+ (_1)|w2‘|alaaw2 (b))
= BB ()b + (— 10D, (0, ()

+ (_1)‘w2”a| (awl (a)an (b) + (_1)‘11“”&‘@81018102 (b>) :
Similarly, we have that (—1)Mllv219,, 9, (ab) equals to

(=1)lerle2l (9, (O, (a)b + (1) 9laa,, (b))
— (—1)wltesl (9,8, ()b + (= D)=l (0)d,, (b))
+ (=l ((—1)lenllal (9, (a) Dy, (b) + (—1)*21ad,, 0y, ()
— O, Doy (@) £ (—1)erllwzl (el lab g (), (b)

+ (=)l (=), (@)D, (0) + (=1)"1ad,, 0, (b))
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= awl awz (a)b + (_1)|w2||a\awl (a)aw2 (b)

+ (_1)Iw1\(lw2\+la\)aw2(a)awl(b) + (—1)"”2““'(—1)|w1‘|“|a8w18WQ(b).

Thus, we have that

O, Oy (ab) = (—1)Iwrllw2lg 9 (ab). (3.3.2)

Thus the result follows from an induction on the degree of f € P(V) and the fact

every polynomial f € P(V) is a linear combination of monomials. m

Lemma 3.3.5. Let D(W) be the algebra of all constant-coefficient differential operators

on W. Then the map

S(W) — D(W) that sends s +— O

15 an algbera isomorphism.
Proof. The result follows from Lemma [3.3.4] O

Recall that 8(W) is a g-module whose action is defined canonically from the
action of g on W and extended by the Leibniz rule defined in Definition [2.2.1] (ii).
Since D(W) = §(W) as vector spaces according to Lemma [3.3.5] D(W) inherits this

action. We make this precise in the following lemma.

Lemma 3.3.6. Let (7, W) be a g-module. Let D(W) be the algebra of all constant-
coefficient differential operators on W. Then (mp, D(W)) is a g-module with action
defined by 7p(x)0y = Or(z)w for all x € g and w € W. The action extends from W to

S(W) canonically.
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Proof. Because D(W) inherits the action of g on 8(W), it suffices to prove the lemma
for homogenous z,y € g and w € W. First since (m, W) is a g-module, we have 7(z)w
has parity |z| 4 |w|. Thus mp(2)0y = Ox(z)w has parity |z| 4 |w| as well. Let v* € W*

be homogeneous; we then have

7o ()7 (1) D (w*) — (= 1) W7y (y) 7 (2) Dy (w*)
= Or@ym(yw (V") = (=)D )y (v7)
= (_1)|v*|(\wl+\y|+lwl)<U*7ﬂ(x)ﬂ(y)w _ (_1)Iw\|y\(lml+|y\+lwl)<U*7W(y)w(x)w
— (_1)|v*|(\w|+\y|+|w|)<U*7 m(z)m(y)w — (_1)lelylﬂ(y)ﬂ($)w>
= (_1)Iv*|(\x|+\y|+|w|)<U*7ﬂ([a;,y])w
= Or(fzy))w (V") (by the fact that [x,y] has parity |z| + |y]|)

— 7o ([, ) Du(0").

which completes the proof. O]

Recall that in Lemma [3.3.5, we showed that §(W) = D(W) is an algebra
isomorphism. We then show that §(WW) = D(W) as g-modules.

Proposition 3.3.7. Let (m,W) be a g-module. Let D(W) be the algebra of all
constant-coefficient differential operators on W. Then

S(W) — D(W) such that s +— 0Os

gives a g-module isomorphism.

Proof. Since s € W and 0s € D(W) generate (W) and D (W) respectively, it suffices

to consider the action of homogenous = € g on homogenous elements s € W. Let f
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be the map defined in Lemma [3.3.5. Then we have
f(ﬂ'(l’)s) = 871’(x)8 = 7TD<I')85 = W@(l’)f(s). O

Definition 3.3.8. The associative super algebra of polynomial-coefficient differential

operators on W, denoted by PD(W), is the subalgebra of Endc(P(W)) given by
PD(W) = spanc{ady, | a € P(W), be §(W)}.

It is straightforward that if W is a g-module, then PD(W) C Endc(P(W)) is g-
invariant subspace under the action of g given by Equation . We next construct
an isomorphism PD(V) = P(V) ® §(V). We first give an action of g on D(W).

Notice that we can consider d,, as an element in Endc(P(W)). Thus D(W) is a
g-module whose action is given by Equation . Our next goal is to show that

this action and the action defined in Lemma [3.3.6] agree with each other.
Lemma 3.3.9. Let x € g, w € W and v* € W* be homogenous. Then with respect to
the action define in Equation (3.2.2)), (745, D(W)) is a g-module with

(mp()0w) (v) = (=) 1D (" 7 (2)w).

Proof. Let z € g, w € W and v* € W* be homogenous. Since 75 (z) € End(P(W)),
the action 7 and p defined in Equation (3.2.2)) are 7*, the contragredient module of

W . Thus we have

(75(2)0) (v7) = 7 (2) (D (v")) — (—1)10,, (x*(2)0") by
= 7*(2) ((_1)Iw|<v*7w>) _ (_1)\xllw|(_1)|w|(|:c|+|v*\)<7T*(x)v*’w) by
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where the first term of the right hand side is 0 by the fact (v*,w) = v*(w) is constant.
To simplify the second term, recall that the contragredient module (7*, W*) action
implies that

(m*(z)v*, w) = —(=1D)F" 1 7 (2)w). (3.3.3)

Thus by Equation (3.3.3]) , the second term simplifies to
_(_1)|$Hw\(_1)\w\(|$|+|v*|)(_1)(_1)|x\|v*\<7T*(l»)v*7w> = (_1)|U*||w|+|$HU*\<U*’W(x)w>
= (=)l (7 (2)w).

which completes the proof. m

Proposition 3.3.10. Let (m, W) be a g-module. The g actions on D(W) defined by
its isomorphism with (W) (Lemma coincides with the g-action it inherits as a

submodule of PD(W) (Lemmal3.3.9).

Proof. Let x € g, w € W and v* € W* be homogeneous. Then

(ﬂ-@ (x)aw) (U*> - aﬂ(x)u;(U*) Lemma
= (=)l (e (2)w) Equation (3.3.1)
= (75 (7)) (V7). Lemma ([3.3.9)

which proves that mp(2)0,, and 75 ()0, agree on the generators of P(W). Then we
assert that mp(2)0, and 75(x)0, agree on P(W). More precisely, we notice that

Tp(2)0w = Or(z)w is a derivation. Also

75 (2)0y = 7(2)8y — (= 1), 7% (2) = [r*(2), ]
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is a derivation as well by the fact that if D;, D, are derivations on a superalgebra A,
then so is [Dy, Dy]. Then the assertion follows from the fact that if two derivations
agree on generators of a superalgebra, they agree everywhere. To complete the proof,
we need to show that mp ()0, = 74 (2)0, for arbitrary b € §(W). Thus by Definition

3.3.4] it suffices to show that for homogenous wy, ..., w, € W, we have

where the second equality follows from Equation (3.2.2) and the fact the the parity of
Owy - - - O, 18 >y Jw;]. We proceed the proof by induction on n. The base case when
n = 1 is done by the first step of the proof of this lemma. Suppose that the result

holds for all » < n. We have

T () (O, -+ - O, ) = (T0(2) 0, ) Oy - - - O, ) + (= 1)1, (70 (2) (D - - - Du,))

= (1 ()0y) Oy - - D) + (=)D, (705 (D - - D))
which is

(7 ()0, — (=)0, 7% (2)) (Ousy - - Ou,)
+ (= 1)lellerlg, <7r*(x)aw2 By — (1)l Ty 8wn7r*(x))

which can by simplified to

T2) Dy, . . . O, — (=D Xy 9, ()
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as claimed. O

Lemma 3.3.11. The map
m: P(W)®8(W) — PD(W) such that p @ s — pds

gives an isomorphism between PD(W) and P(W) @ S(W) as g-modules.

Proof. 1t is suffices to only consider homogenous elements. Let z € g, p € P(W) and

s € 8§(W) be homogenous. Recall that the action of g on PD (W) is given by Equation
(3.2.2)). Then for arbitrary f € P(W), we have that

m(z-(p@s)) () =mn (" (@)p@s+ (~)"Fper(z)s) (f)
= (7'('*(1’)})) as(f) + (_1)|pHx| (paﬂ(x)s(f»
= (m*()p) 0,(f) + (=1)"lp (mp (2)0,) (f)

= (1*(2)p) 0s(f) + (=1)PIlp (x5 (2)d;) (f) by Proposition [3.3.10]

On the other hand we have

- (m(p®u) (f) =7*(2) (p0:) (f) = (DD pa,) (7 () f)
— (7" (@)p) 0(f) + (=) Mpr* (@) (D) — (= 1) 1D () (2 (2),)
— (7" (@)p) 0(f) + (=) (p* (2) (9 ) = (=100, (" (2)f) )
= (7 (@)p) 0(F) + (=) (2) (8,F) = (~1)(0,) (" (@) f) )
= (" (@)p) 0(F) + (=) Wlp (75 (),) (F):

which completes the proof. O]
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Remark 3.3.12. The map m : P(W) ® §(W) — PD(W) is an isomorphism of
g-modules, but not of superalgebras as PD(W) is not (super) commutative. Let

g€ P(W)y and z € Wy. Let f(x) = x. Then

0x(f9) = 0:(f)g + (=)W f0,(9) = g+ f0:(g)

by the fact f = x and |z| = |f| = 0. Thus 0, f = 1+ f0, which implies 9, f — f0, = 1.

However, P(W) ® §(WW) is (super) commutative algbera.

3.4 The Capelli Eigenvalue Problem

In this section, we define the Capelli Eigenvalue Problem. Let g be a Lie superalgebra
and W a g-module such that (W) has a multiplicity-free decomposition which is

parametrized by a set {2, that is,
S(W) = P Wi, (3.4.1)

where the W)’s are pairwise non-isomorphic irreducible g-modules such that the space
Homg (W), W)) is 1-dimensional. We are interested in the (super)algebra PD(W)?,

the algebra of g-invariant polynomial-coefficient differential operators.

Lemma 3.4.1. As a g-module, we have that

PD(W)* = € Cidy, (3.4.2)

AEQ

Proof. Recall that from Lemma[3.3.11, PD(W) = P(W) @ §(W) as g-modules. By
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Equation (3.4.1)) and the fact that P(W) = 8§(W*) as g-modules, we have that

PDW)E = (PW) @ §(W))* = (P(W) @ P(W7))?

g
~ (@m o)
AeQ HE

~ P Mew)
A e

= @ Homy (W, Wy) by Lemma [3.1.1] and [3.2.3]
A HES

= @ HOI’HB(W)\, W)\)
AEQ

=~ (P Cidy,
AEQ

where the last two isomorphisms follow from Schur’s lemma [CW13, Lemma 3.4]. O

Definition 3.4.2. The Capelli operator D* for X\ €  is the g-invariant differential
operator in PD(W)8 that corresponds to idy, in Homgy(Wy, W) via the isomorphism
B42).

Lemma 3.4.3. The set {D* | A € Q} forms a basis for PD(W)e.
Proof. The result follows from Lemma [3.4.1] O

Remark 3.4.4. From Lemma [3.4.1] it might look like the Capelli operator D,, acts
by 1 on W, and by 0 on the other Wy’s. However, this is not the case. The source for

this confusion might be the embedding

& Hom(W,,, W) C Hom (@ W, @WA) C End(P(W)). (3.4.3)

M UEQ =) AEQ

But the algebra PD (W) does not embed into End(P(1V)) under these isomorphisms.
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For example PD (W) is not isomorphic to P(W)® D (W) as algebras by Remark
Thus the action of the element idy, on P(W) arising from the identification is
not the same as the action of the Capelli operator D* on P(W). By g-invariance, D*
acts by scalars on each irreducible g-module W,,, as does each element of End(P(17))9,
but these scalars are not directly related. For example, idy, acts by 0 on all but

finitely many components, but no differential operator could act this way.

Example 3.4.5. Let g = gl,(C) x gl,(C). Let V = C?*®(C?)* be the natural g-module
of g, such that C? is the standard gl,(C)-module and (C?)* is the contragradient module
of C%. The by [CW0T, Theorem 3.2], P(V') has a multiplicity-free decomposition as a

g-module. By Lemma [3.4.1 we have that

PD(V)* = (P(V) @ 8(V))°
o~ @ (PUV) @ PI(V))?

~ (PPV)eP'(V)) e (P(V)eP (V) e

~Co(VaV) e .

Now we find the Capelli operator D* such that A corresponds to (V & V*)?. Let {ey, 2}
be the standard basis of C*. Let {e], e5}, {vi; = e;®€} }1<ij<o and {v]; = €;®e; }1<ij<o
be basis for (C?)", V and V* respectively. Recall that P1(V) is the ring of polynomials

of four indeterminates ({v;;}1<ij<2) of homogenous degree 1. Moreover, we have

that 0O,

vi; (Uke) = 0ix0je. Since a g-invariant vector X in V* ® V is of the form

X =3 1cij<a Vi ® v, we may identify X with D* = > i<ij<a VijOu, ;, Which clearly
belongs to PD(V), and by Lemma [3.4.1, D* € PD(V)?. Note that D* acts on P4(V)
by the degree d. [
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By Definition [3.4.3] the set of Capelli operators {D* | u € Q} forms a basis
for PD(W)9. Then each Capelli operator D" acts on each irreducible component
Wy C 8(W) by a scalar eigenvalue ¢, (). This allows us to define the Capelli

FEigenvalue Problem.
The Capelli Eigenvalue Problem. Find the eigenvalue ¢, () for each A, u € €.

We finish this chapter by clarifying the relation between previous work on the CEP
for Lie superalgebras and the work that is done in this thesis. The Capelli Eigenvalue
problem has been solved in many cases, including (g[(m]n) @ gl(m|n), C"" @ (Cm|”)*)
and (gl(m[2n), 82 (C™?")). In[SSS20], the authors first parametrize the representa-
tions of g by hook partitions. Then they fix a Borel subalgebra b (coming from the
standard Borel subalgebra or its opposite), and write down a formula for obtaining the
b-highest weights of irreducible components of P(V') from the hook partition. Finally
they show that the formula for the eigenvalue ¢, () can be computed as a polynomial
in the b-highest weight. The fixed choice of the Borel subalgebra (see [SSS20, Table
4]) essentially means that the formula for the eigenvalues of a Capelli operator is really
dependent on the parametrization of modules by partitions.

Our goal in this thesis is to solve the following problem for the particular pairs

(9(mln) @ gl(m|n), C™" & (C™1")") and (gl(m|2n), 8* (C"2")).

The Refined Capelli Eigenvalue Problem. For any Borel subalgebra b, find the

eigenvalue ¢, () as a polynomial function in the b-highest weight of W).

This is a more desirable solution to the CEP, and as we shall see, not always
possible. In the next chapter, we describe the interpolation polynomials that are the

key to the solution.



Chapter 4

Super Symmetric Polynomials

In this chapter, we give the definition of the interpolation super Jack polynomials,
which turn out to be the polynomials that arise in the solution to the Capelli Eigenvalue
Problem which was introduced in Section [3.4, We first define monomial symmetric
polynomials and power sum polynomials which will be used to define Jack polynomials.
Then we define an inhomogeneous variation of Jack polynomials called interpolation
Jack polynomials whose leading terms are precisely Jack polynomials. We extend this
class of polynomials by defining the interpolation super Jack polynomials, which are
the super-analogues of interpolation Jack polynomials. For further details on these

polynomials, we refer the reader to [Mac95|, [KS96] and [SV05].

4.1 Symmetric Polynomials

Let Clzy,...,z,] be the ring of polynomials in n indeterminates with coefficients
in C. The symmetric group §,, acts on Clzy,...,z,| by permuting the variables.
Let A, = C[zy,...,7,]*" be the subring of polynomials fixed by the action of the

symmetric group §,,, that is, the ring of symmetric polynomials in n variables. Then

44
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A, = D, A}, is a graded ring where A consists of the homogeneous symmetric
polynomials of degree r. For each a = (ay,...,a,) € N" we denote by z% the
monomial

«

¢ =it ann

n

We next give two commonly used symmetric polynomials, which also are two common
bases for A,. For more details of symmetric polynomials, we refer the readers to

[Mac95].

Definition 4.1.1. Let A = (A,...,\,) be a partition such that (X)) < n. The

monomial symmetric polynomial my is defined as

ma (T1,...,Tn) ::Zxo‘ (4.1.1)

where o ranges over all distinct permutations of the n-tuple formed by the parts of \.

Example 4.1.2. Consider the symmetric monomial polynomials m(z1,z2) in two
indeterminates and n = 2. First notice that my(x1,x9) = 1 for the empty partition @.

We also have
™m(1,0) (21, 22) = 21 + 22, m(1,1)($1, Ty) = X122, m(2,0) (21, 22) = l’% + l’% [ )

Definition 4.1.3. For each positive integer v and any number of indeterminates x;,

the r-th power sum polynomial is defined as

P = Z:L‘: = M.
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Moreover, for a partition A = (A1, ..., \m), the power sum polynomial py is defined by

Px=Dx " P

Example 4.1.4. Consider the power sum polynomials py(z1, x2) in two indeterminates.

First notice that pg(z1,x2) = 1 for the empty partition @. We also have

p(l)(xla Ta) = X1 + T2, p(1,1)($1, Ta) = (1 + I2)27 D) (21, 29) = ﬁ% + iU% [ )

Remark 4.1.5. In fact, {m)}icp, r= forms a basis of A],. Thus the set {my}ies,
forms a graded basis for A,. Similarly, {p,}rep, also forms a graded basis for A,. See

[Mac95, Section VI].

4.2 Definition of Jack Polynomials

In this section, we define Jack polynomials by introducing a scalar product on A,,. Let
us begin by defining a positive integer associated with each partition, as follows. For

any partition A, define

i>1

where m; = m;()\) is the number of parts of A equal to i. For example, we have
zan) = 1721 = 2 and zp) = 2'1! = 2. (4.2.2)

Let C(0) be the set of rational functions in one variable. We can define an C(6)-valued

scalar product (-,-}g on A, by requiring that the power sum polynomials are an
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orthogonal basis with respect to (-, -)g and such that

(Pr: D)o = (1/6)" OxuZr- (4.2.3)

Then we have the following definition.

Definition 4.2.1. [Mac95, Section VI.4]Let {J\}rcp, denote the set of symmetric
polynomials obtained by applying the Gram-Schmadt algorithm to the ordered basis

{my}rep, with respect to the scalar product (-,-)g. We call the Jy Jack polynomials.

Example 4.2.2. We compute the Jack polynomials in two indeterminates x1, zo. For
simplicity, we drop (z1,x2) in the following computation. Recall that from and

4.1.3 we have that

Mg = Pu, m(l) = p(l)

1
may = 5 (Pan —Pe) me) = Pe)-

Let Jg = mg. Since mgy, m(1) and m(y ;) are already orthogonal, we have J) = m(y

and J(l,l) = m(Ll) but

(m(1,1), M2))e

Foo — o —
@ =) T Ty, man e
L —
2\P(,1) P(2)7p(2)>9 1
— P~ = \Pa,1) —Pe)) -
I v ———— _p(2)>92( WLy — P)

By Equations (4.2.2)) and (4.2.3), the numerator becomes



4. SUPER SYMMETRIC POLYNOMIALS 48

and the denominator becomes

(e P + (P@)spe)e) = i (2 (%)2 +2 (%)) .

Thus by simplification, we have

|

B (%) 1 2 2 20
J(2) = D) — = (P(l 1) — p(z)) =x]+x5+ T1T2
FE6) ()7 s
which is
20
me) + 5 L

By Definition [4.2.1] the Jack polynomials are obtained from an ordered basis
of the algebra of symmetric polynomials by Gram-Schmidt algorithm. It follows
there exists a strictly upper unitriangular transition matrix that expresses the Jack

polynomial in terms of monomial symmetric functions. That is, J, is of the form

Iy=ma+ Y eaumy (4.2.4)

H=A

where ¢,y € C and < is the partial order defined in Definition 2.2.7, Even better,
as shown in [Sta89, Theorem 1.1], the transition matrix is upper unitrianguler with
respect to the coarser partial order < defined in Definition [2.2.8] That is, we can
replace p < A by u < A in Equation (4.2.4) .

In the next section, we give the definition of interpolation Jack polynomials whose

leading terms are Jack polynomials.
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4.3 Interpolation Jack Polynomials

In this section we define the interpolation Jack polynomials. Let 6 be a parameter.
Let

p=0(n-1,...,1,0) e C".

Recall that a partition can be represented by its associated Young diagram. Thus, we
may identify each box (7,7) € Z* with 1 <7 <mand 1 < j < )\, in a partition. We say
s € A if s is a box in the associated Young diagram of A. For each box s = (i,j) € A,

we define

A(s) = (N =+ 1) + (o = pxy)
=Ni—Jj+1)+0n—1i)—0(n—2X))

=N —J D)\ —0).

Therefore, ¢} (s) equals the number of boxes in the blue rectangle plus 6 times the
number of boxes in the red rectangle, as indicated in Figure [£.1] When 6 = 1, the

formula is known as the hook length of box (i, j).

Figure 4.1: £ ((2,7))

Example 4.3.1. Consider the partition A = (2,0) and p = 6(1,0). Then from Figure

[4.2] we derive ¢{(s1) = 2 and §(s2) = 1 as follows.
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51 52

Figure 4.2: The value of ¢} (s1) and ¢ (s2).

Definition 4.3.2. ([KS96] Section 2) For any partition X such that ((\) < n, the in-
terpolation Jack polynomial P% is the unique polynomial in n variables with coefficients

in C(0), which is characterized by the following properties
(i) PL e A,
(ii) deg(PY) < |Al;
(iit) PX(A+p) = [L,er ch(s)-
(iv) PL(u+ p) =0 for all partitions pu such that {(p) < n, |p| < |A| and p # .

Example 4.3.3. Let A = (2,0) and p = 6(1,0). We compute the corresponding

interpolation Jack polynomial of two variables. First notice that by Definition

we must have
P! (21, 22) = a(x] + 23) + b(z122) + c(z1 + 22) +d
for some a, b, c,d € R. Then by Definition and Example we have
PLA+p)=P(2+60,0)=a(24+60)°+c(2+0) +d=2. (4.3.1)

Now consider p! < p? < p? < X where p! = (0,0), ¢?> = (1,0) and p® = (1,1). We
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have P! (' + p) =0 for all i = 1,2,3 by . Thus we have that

P, (it +p)=a(@)’+c(@)+d=0 (4.3.2)
P, (12 +p)=a(l+0)>+c(1+06)+d=0, (4.3.3)
Py (W +p)=a((1+0)>+1)+b(1+0)+c(2+0)+d=0. (4.3.4)

After solving the linear system formed by Equations (4.3.1])-(4.3.4)), we have that

20
a=1, b= — c=—1-—20, d=6>+10
0+1
Therefore, we obtain
pl0 O g 1—26 02 +0
(270)(1*1, xg) = (x] +235) + m$1x2 + (=1 —20) (z1 + 5) + 6% +0,
I

whose top degree homogeneous part is exactly J() as we computed in Example [4.3.3]

Similarly, we can compute P o) = 1, P19y = J1,0) and Py 1y = J(11). [

Here we quote a result from [KS96] which reveals the relation between Jack

polynomials and interpolation Jack polynomials.

Theorem 4.3.4 ([KS96] Corollary 4.7). Let A be a partition such that ((\) < n. Let
p=0n—1,n—2...,0) where 6 is a parameter. The top homogeneous part of the

interpolation Jack polynomial P% is precisely the Jack polynomial J.

Remark 4.3.5. In fact in the paper [KS96], F. Knop and S. Sahi defined a larger
class of polynomials called the interpolation polynomials where p = (py,...,pn) is

an arbitrary vector in C" satisfying only the condition p; — p; # 1,2,3,... for all
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1 <4 < j < n. The interpolation Jack polynomial is just a special case of the

interpolation polynomial.

In [KS96], Sahi proved that the solution to the Capelli eigenvalue problem can
be interpolated by a polynomial in the highest weights that is characterized uniquely
by certain symmetry, vanishing and degree conditions. Knop and Sahi later showed in
a wide range of cases that the top degree component of such polynomials were the
celebrated Jack polynomials.

Recently, S. Sahi, H. Salmasian and V. Serganova proved in [SSS20] that an
analogous result holds in the setting of Lie superalgebra by using the Sergeev-Veselov’s
interpolation super Jack polynomials.

We finish this chapter by giving their definition as in [SSS20, Theorem 1.8], and
we shall discuss more about the result in [SSS20] in the next chapters where we find a

refined solution to the Capelli Eigenvalue Problem.

4.4 Interpolation super Jack Polynomials

In this section, let m,n € Zsq. Let C[z1,...,2m|y1 ..., ys] be the ring of polynomials
in m + n indeterminates with coefficients in C. Let # € C. We say a polynomial
flzr, o xmlyrs -y yn) € Clay, ..o, Zml|yr, ..., yn] is separately symmetric if f is
symmetric on {x; }1<i<m and on {y;}1<j<n separately. We first define an important

class of separately symmetric polynomials.

Definition 4.4.1. We denote by A,, .0 the subalgebra of separately symmetric poly-

nomials f such that
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on every hyperplane x; +0y; = 0 for all1 < ¢ < m and 1 < j < n. We call the

symmetry property defined in Equation (4.4.1) monoidal symmetry.
Definition 4.4.2. Let u,v € C™". We say u is equivalent to v if f(u) = f(v) for all

[ € MNpng. Wewrite u ~ v if u is equivalent to v.

Lemma 4.4.3. Let (z|y) = (z1,...,Zm|y1, ..., Yn) € C™". We have that

(z|y) ~ (z — &ly + emytj)

whenever x; + 0y; = (1 — 0), and

(zly) ~ (z + €|y — emyj)

whenever x; + 0y; = —1(1 - 0).

Proof. We have that (u+ $e;[v— 1en,1;) ~ (u— Se;Jv+ e,4;) whenever u; +6v; = 0.
Setting x = u + %ei and y = v — %emﬂ- yields that z; + 0y; = %(1 — 0) if and only if
u; + 6v; = 0, in which case the first condition holds. Alternately, setting x = u — %ei,

y=v+ %emﬂ, we have z; + 0y, = —%(1 —0) if and only if u; + fv; = 0, in which case

the second condition holds. O

We need one extra definition before we can define the interpolation super Jack
polynomials. Given an (m,n)-hook partition A € H(m,n) (Definition [2.2.11]), the
twisted Frobenius coordinates (p(A),q(A)) == (p1(A), -+, Pm(A), @1 (A), ..., gn(N)) of A

are defined as follows:

pz(A)—AZ—Q(Z—%>—%( —6m), and
N (4.4.2)
) = = my =07 (53 ) 5 (6 em),
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where 1 < i <m,1<j <nand (x) = max{0,z} for all z € R.

Definition 4.4.4. ([SV05] Section 6)Let X\, v be (m,n)-hook partitions. The interpo-
lation super Jack polynomials SP} are polynomials in m + n variables with coefficients

in C(0), that are uniquely determined by the following properties:
(i) SPY € Anno;

(ii) deg(SPY) < |A| where the degree of SP} is the total degree of both x and y;

(i) SP(p(A), q(N);0) = [L,en Ar(s);

(iv) SPX(p(n),q(p);8) =0 for all (m,n)-hook partitions p such that |p| < || and

wF A

Furthermore, the set {SP} }xcsmn) forms a basis for Ay, 0.

Remark 4.4.5. From [SSS20], it follows that by specializing 6 to a value in C\ Q<,
there are no poles in the coefficients of SP3, and we obtain from SP} a polynomial
SP{, with complex coefficients. Therefore, the polynomials SP{, € Apne are
polynomials in m +n variables with complex coefficients, that are uniquely determined
by the properties described in Definition . We also call SP5 , interpolation super

Jack polynomials.

In the next two chapters, we first summarize the results from [SSS20] for two cases:
(gl(m|n) & gl(m|n), C™" @ (C™")") and (gl(m|2n),8 (C™?")). In each case, they
present a solution to the CEP in which the eigenvalues are computed as interpolation
super Jack polynomials (with respectively, § = 1, %) evaluated on an affine function
of the highest weights with respect to the standard (respectively, opposite standard)
Borel subalgebra. In each case, we extend these formulae to provide solutions with

respect to any Borel subalgebra.



Chapter 5

The CEP for
gl(m|n) @ gl(m|n), C™I" @ (C™MIn)*

In this chapter, let g == gl(m|n) & gl(m|n) and V = C™" ® (C™")*. Let b,,, be the
standard Cartan subalgebra of gl(m|n) with dual By Then b= by @ by, 18 the
standard Cartan subalgebra of g. Let by, be the standard upper triangular Borel
subalgebra of gl(m|n) and bf:ln the opposite standard Borel subalgebra of gl(m|n).

Then by, == b°P

mln

® by, is a Borel subalgebra of g. We begin with giving the solution
to the Capelli Eigenvalue Problem for (g, b, V') and then find a refined solution to
the CEP for (gl(m|n) @ gl(m|n), b, V') for arbitrary b.

5.1 The Solution to the CEP for (g, by, V)

To give the solution to the CEP for (g, by, V'), we first show that P(V) is a completely

reducible and multiplicity-free g-module.

Theorem 5.1.1. The polynomial algebra P ((Cm‘” ® ((Cm‘")*) 1s completely reducible

%)
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and multiplicity-free g-module, with the decomposition

p(eme @)= @ (V) @V

AeH(m|n)

In particular, for X = (A1, ..., Amyn) € H(m|n), the highest weight A,,,, of V) with

[n

respect 10 by, is

i )\Z‘Gi + i<)\; - m>5]
i=1 j=1

where (x) == max{0,x} for all x. The highest weight of (Vrim)* with respect to by,
8 — A

mln -

Proof. Recall that from [CWO01, Theorem 3.2], the symmetric algebra 8 (Cm‘” ® (Cm|”)

is completely reducible and multiplicity-free, with the decomposition

AEH (m|n)

where the highest weight of Vniln is

Xm: \i€; + zn:()\; — m)d;.
i—1 =1

Further, given any gl(m|n)-module E = V? = we have E* & E¥' where ET is the

mln>

gl(m|n)-module on which any x € gl(m|n) acts as F(x) on E, where F(x) = —z*,

where st is the supertranspose. Then the result follows from the fact that
p(cr s (€)= s ((ene (@)) ) 2 () ser). o

We first define an affine map 7, : h — C™" before we give the solution to the
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CEP for (g, bs, V). First note that any element of Brn has the form

m n
Va,b = E CLZ'EZ'—‘— E b](SJ,
i=1 j=1

for some a = (ay,...,a,) € C™ and b= (by,...,b,) € C".

Definition 5.1.2. [SSS520, Table 3] For any X\, v, € b the affine map 1o : h* —

*
m|n’

C™" s defined by

“ m—n+1—2i - m+n+1-—2j
To((A, Vap)) = Z (ai + 5 ) e + z; (b]‘ + 5 ) [
]:
(5.1.1)

I i R

That is, the affine map 7 only depends on the second entry. We finish this section

by giving the solution to the CEP for (g, by, V') as follows.

Theorem 5.1.3. [SSS20, Theorem 1.13.]Let g = gl(m|n) @ gl(m|n), by = 67> @ by,

mln

and V = C™" @ (C™™)*. Then for each \, i € H(m|2n), the eigenvalue of the Capelli

operator Dfn‘n (Definition |3.4.4) on <V’\

mln

)* ® Vri|n with highest weight (=, A

Am|ns —m|n)

with respect to by is equal to

SPii0Tg ((—A A

min> —m\n)) )

where SP} | € Ay is the interpolation super Jack polynomial associated to p from

Remark[4.4.9
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5.2 The CEP for (g,b,V) with arbitrary b

In this section, let d be an arbitrary Borel sublagebra of g containing . Let ), be

the d-highest weight of the irreducible component <V’\

mln

) ® Vfiln appearing in the
decomposition of P(V'). The goal of this chapter is to show that we can we express

the eigenvalue of D) on (V)‘ >* ® Vr2|n asa SPY o7y (X))

mln

The first step is to observe the relation between the affine map 7y and the Weyl
vector of gl(m|n). Recall from Example [2.1.21] that the standard Weyl vector py of

gl(m|n) is given by

n

“m-n+1-2i m+n—+1-—2j
=Y I e

i—1 j=1

For simplicity, we denote

— 1—2 1-25
Ei::m nT ZandFj:m—i_n—i_ J (5.2.1)

forall1<i<mand 1< j <n.

Remark 5.2.1. It is clear that there is an isomorphism from b to C™" by sending
€; to e; and d; to ey,4;. For simplicity, we denote the image of o € hjnln under this

isomorphism by @. For example py = >, Eiei + Y7, Fjemyj.
By Remark [5.2.1] we can rewrite the affine map 7y as follows.

Lemma 5.2.2. Let n,x € b, . The affine map 7o defined in Deﬁmtion is then
7—0(77’:[) =7+ ﬁa

Having rephrased the result from [SSS20] in Lemma [5.2.2] we see in a more
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transparent way that the map 7y depends on the choice of Borel subalgebra through
the Weyl vector.
Our first main theorem is that an analogous formula holds for any increasing

Borel subalgebra.

Theorem 5.2.3. Let b be an increasing Borel subalgebra of gl(m|n). Let py be the
associated Weyl vector of b. Let ¢ be another Borel subalgebra of gl(m|n) that contains

Bmin- Define the affine map 74 : h* — C™" by
(1, %)) =T + o

>*®V,g|

(_Amln’Amln) € b* is the highest weight of (VW);m)* ® Vrﬁm with respect to the Borel

for any n,x € h* For any submodule (V)‘

appearing in P(V'), suppose

n

subalgebra by Let (A, A,) be the highest weight of (Vn’;‘ny ®@ VA with respect to

In

cDb. Then
SPyi o7 (A Ap)) = SPry o To((—= A, A

min? —m|n))7

where Py, is from in Remark[{.4.7]

Consequently, the eigenvalue of Capelli operator Dr’;m on the irreducible component

<V72|n>* ® Vni\b‘n with highest weight (A, Ay) is equal to SP; 1 o7y (A, Ap))-

We first rewrite the monoidal symmetry property for ¢, € A, »1 to facilitate the

proof of our main theorem.

Lemma 5.2.4. Let ¢, (zly) = cu(z1, ..., Zm|Y1,- .., Yn) € Aun1. Then c, is separately

symmetric in {x1,...,Tn} and {y1,...,ys} respectively, and moreover, we have that

cu(xly) = Cu(xi - ei|yj + €m+j) = Cy(ﬂﬁz‘ + ez’|yj - €m+j)
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ifxi—l—yj = 0.

Proof. The separate symmetry follows from the fact that ¢, € Ay, ;1. Then it suffices
to show that (z|y) ~ (z F €;|y £ e+;) whenever x; + y; = 0. The result follows from
Lemma by noticing when 6 = 1, the equivalence relation z; + 0y; = 3 (1 — 6)

is equivalent to z; +y; = 0. [

Proof of Theorem[5.2.3 Since SP;;, € A1, it suffices to show that

7o ((Ae; A)) ~ T0((=2np05 A ))-

From Remark [2.1.18] we know that we can obtain any increasing Borel subalgebra
from the ed-sequence associated to by, by a sequence of odd reflections, so we may
proceed by induction on the number of odd reflections taking b,,,, to b. The result
holds for b = b,,),,. Let k € Z>q be arbitrary and by be an increasing Borel subalgebra
of gl(m|n). Suppose that the result also holds for by.

Let oy, = €; — §; be a simple isotropic root with respect to by, and byi1 = ro(by).
Let pg, pr+1 be the associated Weyl vector of by, by4 respectively. Let A, and A,
be the highest weight of V,,,,, with respect by, and by respectively. Thus, it suffices

to show that for all Ay, A1 € b

mln’

Thk+1 ((/\k+173k+1)) ~ 7 (Aks Ak)) -

First notice that ), is of the form of > " p;e; + Z?Zl ¢;0; where p;, q; € Z> for
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all 1 <72 <m and 1 < j < n. Therefore, by Corollary [2.2.5] we have that

A if (A, ax) =pi +q; =0;
Ak—i—l = )
Ap— oy if (A, o) =pi+¢q; #0.

Suppose that (A, o) # 0. Then we have A, ; = A, — a; and hence A = X,:rl + Pt

Thus we have that

et (M1, Apr)) = Xk\-:l + Prt1

= Ay — Ok + Prt1-
Moreover, by Proposition [2.1.22) we have p,,1 = pr + ai. Therefore,

et (M1, Apsr)) = Xk — Qg + P+,
=X+ A

= 75 (Ak, Ag))

as claimed. Now suppose that (), a;) = 0, that is p; + ¢; = 0 and A, = A;. Then

we have

Tt (M1 Aein)) = Apyr + Ao = A + it
= A\ + o + a (5.2.2)

=7 (M6, A)) + € — emyy,

which implies that 7,11 ((Agg1, Aper)) and 7 (A, Ay)) only differ in their e; and €4

coefficients. We then analyze these coefficients. By definition, 7 ((Ax,Ar)) = Xk + Pk
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Recall from Lemma [2.1.23| the e; and e,,;; coeflicients of p;, are E; + (j — 1) and
F; — (m — 1) respectively. Therefore, by the fact that Xk = i1 Diei + Y5 GiCmtjs

the e; and e,,1; coefficients of 75, ((yx, A, )) are precisely
pit+Ei+(—1) and  ¢; + Fj—(m —1i)

respectively. For convenience, let A; =p; + E; 4+ (j — 1) and B; = ¢; + F; — (m — 1).
Thus, by the fact that

forall 1 <i<m,1 <7 <n and the fact p; + ¢; = 0, we have that
Therefore, by Corollary we have that

T (M M) ~ 7 (Aks Ap)) + € — emij = T ((/\k+1,Ak+1))

which completes the proof. O

In order to fully complete the argument that the refined solution to the CEP
for (g,b,V) can be found for any Borel subalgebras, we consider different Borel
subalgebras in the same conjugacy class under the Weyl group. That is, we include

those that correspond to €) sequences that are not necessarily increasing.

Corollary 5.2.5. Retain the setup in Theorem[5.2.5 Let ¢’ be any Borel subalgebra of
g containing b, Let b" be any Borel subalgebra which is conjugate to b under the Weyl

group action. Let p, p' be the Weyl vectors associated to b, b’ respectively. Let (A, Ap)
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and (A, Ay) be the highest weights of finite-dimensional irreducible gl(m|n) @ gl(m|n)-
modules <V’\

m‘n> ®VW’\L‘n with respect to ¢ b and ¢ BY' respectively. For alln,x € b
define

m|n’

Ty (n,0) =T + 0.

Then
SPy1o7 (A Ap)) = SPy o Te (A, Apr)) -

Consequently, the eigenvalue of Capelli operator D;‘"L'n on the irreducible component

<Vw’>|n)* @ Vinjn with highest weight (Ay, Ay) is equal to SP;y o7y (A, Ap))-

Proof. Since b’ is conjugate to b, there exists o € S, and ¢’ € 5, such that A,
is obtained from )\, by permuting €y, ...,€, via o, and permuting dy,...,9, via o’.

Similarly, p’ is obtained from p in the same way. Therefore we have
T (W A0)) = Ay 7/~ Ay + 5= 75 (A Ay)

where the equivalent relation ~ is used by the fact that the interpolation super Jack

polynomial SPy;, € Ay, 1 is separately symmetric. m

In Theorem and Corollary [5.2.5 we showed that for any Borel subalgebra b of
g, we can find an affine map 7, such that SP; ;o7 ((y, X)) = SP; 07 ((_)\m|na )\m|n))
which refines the result from [SSS20]. However, in the case of g = gl(m|2n), the
situation will be much more complicated. The next chapter will focus on investigating

the solution to the CEP in the case of g = gl(m|2n).



Chapter 6
The CEP for (gl(m|2n), 82 (C™I2n

In this chapter, let g = gl(m|2n). Let h be the standard Cartan subalgebra of g.
Let b, be the opposite standard (i.e., lower triangular) Borel subalgebra of g. Let
V =82 (C™*"). We follow a similar structure of Chapter |5 to first give the solution
to the CEP for (g, bop, V'), and then move on to study a refined solution to the CEP

for (g, V) for different Borel subalgebras of g.

6.1 The Solution to the CEP for (g, b,,, V)

To give the solution to the CEP for (g, by, V'), we first show that P(V') is a completely

reducible and multiplicity-free g-module.

Theorem 6.1.1. The polynomial algebra P (82 ((C’”'Q”)) is a completely reducible and

multiplicity-free g-module, with the decomposition

P (8% (€)= B (V) CRRY

A

where X\ runs over H(m|2n) and has all even parts. If we write X in the form

64
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(2M\1, ..., 2 \maon) , then the highest weight A, of <Vn)’\b|2n>* with respect to by, is

AO = — Z 2)\261 - Z M ((52]'—1 + 52]') (612)
=1 Jj=1

where p1; = (N; —m) == max{0, \; — m}.

Proof. By [CW01, Theorem 3.4], the symmetric algebra of the symmetric square of
the natural representation C™?" of the Lie superalgebra gl(m|2n) is a completely

reducible multiplicity-free gl(m|2n)-module, whose decomposition is

8 (87 (™)) = @ Violon

where A runs over H(m|2n) and has all even parts. Write A = (2A,..., 2\ 100)-

Then the lowest weight of Vniln with respect to b, is given by

Z 2)\1‘51 + Z<)\; — m) ((52]'_1 + 52]') .
=1 j=1

Then the result follows from the fact that for any g-module V, P(V*) = §(V) as

g-modules, and the fact that the highest weight of (V)‘

m|2n

> with respect to by is
negative of the lowest weight of V’rr>\1,|2n with respect to by, for any finite dimensional

irreducible g-module V72|2n‘ O

Let €2, be the set of all b,,-highest weights A, appearing in the decomposition
(6.1.1)). The span of €, is a subspace of h* denoted a*.

Definition 6.1.2. For ay,...,am,b1,...,b, € C, let X be in a* of the form \ =
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Doimy i€ + D5 1 bj(021 + 0g5). We define an affine map 7o from a* to C™n by

" m+1—2n—2i - m—+2+2n —4j
N e ) B M (R P
=1

j=1
(6.1.3)
where the set {e;, €mtj<i<mi<j<n S the standard basis for cmin,
For simplicity, for all 1 <i <m and 1 < j < n, let
1—2n—2 24+2n—4y
oA el QNP Y PR L s (6.1.4)
4 2
be the partial terms appeared in Equation (6.1.3) respectively. Notice that
1 1 . .3

Theorem 6.1.3. [SSS20, Theorem 1.15.]Let g = gl(m|2n). Let by, be the opposite
standard Borel subalgebra and V = §? (Cm‘”). Then for each A\, € H(m|2n), the

eigenvalue of the Capelli operator Dfnm (Definition|3.4.4) on (V)‘

m|2n

>* with highest

weight A, with respect to by, s equal to

SP;1(10(X)),

1
l'[‘7§

where SP;Lk 1 €A,
D) ’

Remark[4.4.5

n.l is the interpolation super Jack polynomial associated to p from

We finish this section by rewriting the monoidal symmetry property for ¢, € Am,n,%

to facilitate the proof of our main theorem in this chapter.

Lemma 6.1.4. Let c,(x|y) = cu(@1, ..., Zm|y1, .-, Yn) € Apn,1- Then c, is separately
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symmetric in {x1, ..., Tn} and {y1,...,yn} respectively, and moreover, we have that

cul = eily +emey) i+ 5y =3
cu(ely) =

cu(T + €y — emsj) foi""%yj :_le.

Proof. The separate symmetry follows from the fact that ¢, € Am,n,%' Then it suffices
to show that (z|y) ~ (z F €|y £ €nyj) whenever z; + $y; = +1. Then the result
follows from Lemma by noticing when 6 = £, the equality z; + y; = =5 (1 —0)

is equivalent to z; + %yj = ﬂ:;ll. O

6.2 Explicit form of 73())

In this section, we give the explicit matrix form of every affine map from b* to C™"
that extends the map 7y given in Definition [6.1.2] Namely, we give the set of matrices

M and vector a Xy such that 9(\,) = M\, + Xo for all A\, € a*.

Definition 6.2.1. Let C be the set of all matrices of the form

_%Im 0m><2n
+ O(m+n)><m A
On><m D

where D = (d;;) is the n x 2n matriz whose entries satisfy

Loifj=2i—1o0r2i

0 otherwise,
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and A is any (m + n) X 2n matriz whose columns A; satisfy the relation

Agi = —Agi (6.2.2)
forall1l <i<n.
Recall that
To(Ag) = ZO‘Z + Ei)ei + Z(uj + F})em+s,
=1 j=1

where )\, is of the form given in Equation (6.1.2)). Set Xy = 79(0).

Lemma 6.2.2. The set C is exactly the set of all matrices M such that 10()\)) =

MMy + Xo for all highest weights Ay € Qypyj2n-

Proof. We see that 7 is an affine transformation from h* onto C™". If we write this
as 7o(Ag) = Moy + Xo, then Xo = (Ey, -+, Ep, F1,- -+, F,) is uniquely determined
but My is not. Namely, if K is any matrix such that K\, = 0 for all Ay € Qj2n,
then 79(}y) = (Mo + K)A, + Xo as well, and by linearity these are all possible choices.
Since a* = span{ey, -+ , €y, 01 + 02, -+, 02,1 + 02, }, we deduce that the set I of all

matrices vanishing on a* is

K= { [O(nm)m A} | Agpo1 = — Aoy,

for all 1 <k <n, where A; is the ith column of A}.

We make the choice
M=| 2 o (6.2.3)
Opxm D

where D = (d;;) is the n x 2n matrix whose entries satisfy d;j = —% if j = 2i — 1 and
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2i, or 0 otherwise, and define C = {My + K | K € K}. Then any M € C satisfies
T0(No) = Mg + Xo. =

Remark 6.2.3. Let M be the particular matrix in Equation [6.2.3] Then a direct
calculation shows that Mp., = X, where p,, is the Weyl vector of gl(m|2n) with
respect to bgp.

However, this is not true of a general element M, € C, since p,, is not an element
of a*. In the following sections, we will see that the single matrix M is not suitable

for other Borel subalgebras, but that other subsets of C will be.

In the following, we will indiscriminately use Mj to refer to any element of C.
The rest of this chapter will focus on finding affine maps with respect to different
Borel subalgebras other than b,,. In next section, we first give an explicit example
of gl(1|2). We also include an explicit calculation for gl(1]|2n) in Appendix |A| for the
readers to understand the idea we used in later sections to prove the general case for

gl(m|2n).

6.3 The case gl(1]2)

In this section, let g = gl(1|2). We give a complete calculation of the affine maps.
This may give us an idea of how we set X, for a given b. Beginning with the Borel

subalgebra by, = d201€1, the highest weight of <V1A‘2> with respect to by, is

AO = (_2)\17 ’ — M1, _,ul) )
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where A1,y > 0 and if A\; = 0, so is p;. First recall from Equation (6.1.4) that we

have By = —% and F} = %, so that

T0(Ag) = (M1 + Ev, 1 + Fr).

b —b
Let M, = 2 be a matrix in C such that b,e are arbitrary. Let
0 e —1—e
Ey
Xo=1(0) = . Then we have shown that
Fy
. —2)\
—= b —b Ey A+ Ey
2
T0(Xg) = —u |t -
0 e —1—e Fy p1 + F
—t

6.3.1 The Borel subalgebra d,¢10;

Consider by = 75, (bop) = 02616;. By Corollary [2.2.5] The highest weight \; of

<V1’|\2> with respect to by is given by

A if (Mg, 61 — 1) =0
PR a1~ 1) (6.3.1)

Ag— (01 —e1) if (Ag, 00 —€e1) #0
More precisely, the condition for A\, = Ay is (A, 01 — €1) = 2A; + 1 = 0. Thus, by
the fact that A\i, 3 € Zsg, we conclude that )\, takes the form of \; = (0] 0,0) if

Ao =(0]0,0), and
Ar=(=2M+ 1] = =1, =) (6.3.2)
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otherwise. Call A, generic for b; in the second case of Equation (/6.3.1]), and nongeneric
otherwise. To find an affine function 7; that on input of A\; gives an output that is
monoidally equivalent to (), let

a b c A
M, = and X; =

def Bl

be arbitrary. Then for A\, = (=2A\; + 1| —u1 — 1, —p1), we want

A+ By
MA1+X1 ~

p1 + Fy

for all generic highest weights A\. By Lemma [6.1.4] we verify that

1 1 1 1. . 1 1
()\1+E1)+§(M1+F1):>\1+§M1—Z > 1 if and only if A; > 5—5,“17
and
1 1 1 1. . 1
(M + Ey) +§('u1 +F) =X\ + §u1 ~ 1 > ~1 if and only if A\; > —§,ul.

Thus, for generic highest weights )\, such that A\; > % — %,ul, no monoidal symmetry

can be applied. Therefore, we must in fact have equality

—2aM\+a—(b+co)u —b+ 44 _ M+ Ey (6.3.3)

—2d)\1+d—(e+f),ul—e+Bl /-L1+F1-
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This equality holds for infinitely many linearly independent pairs (A1, 1), so we deduce

that
1
a=—=,c=—-bd=0,f=—-1—ce¢.
2
—% b b
Therefore, My = is once again an arbitrary element of C, and the
0 e —1—e
vector X is
Ey + % +b
1 p—
Fi+e

Now let A} = Ay = (0| 0,0) be the only nongeneric highest weight. Then we must

have 71 (A;) ~ 79((0] 0,0)), which implies that

Ei+3+b E
e ~1 . (6.3.4)

F1+€ Fl

We calculate Ey + %Fl = —% and thus

Ey E+1
Fy -1

In fact, these are the only two elements in the equivalence class. Therefore, we have

two solutions:

11 1 B 41
M= 2 % |adx, = (6.3.5)
0 -1 0 -1
or
1 1 1
L1 E
M=) 2 % 2 |adxi=]| | (6.3.6)
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Thus we have that SP7, o7y (A) = SPr,o T0(Ay) for either of the pairs (M, X;)

above.

6.3.2 The Borel subalgebra by = €1020;

Consider by = 715, , (b1) = €10201. We follow a similar argument as in Section . We
calculate the highest weights ),, using Corollary When ), is generic (Equation
(6.3.2))), the coeflicient of ¢; is odd (and so nonzero). Therefore (A;,ds — €1) # 0, so
every generic highest weight with respect to by is also generic with respect to bs. The

(0] 0,0) weight remains the only nongeneric weight. Thus:

(01]0,0) if Ay =0

(=2\ +2,| =1 — 1,—p1 — 1) otherwise.

To find an affine function 7, that on input of A, gives an output that is monoidally

a b c Ay
equivalent to 79(}\,), let My = and Xy = . As before, we conclude

d e f By
that for the infinitely many generic highest weights we must have equality MyAo+ X5 =

Moo+ Xo. A calculation as before shows that My € C, so our desired equality simplifies

to
—2X\1 +2
S R A M+ By
—pp—1 |+ -
0 e —1—c¢ By i+ F
Ei+1
for some b, e, which implies X, = . For the nongeneric case, M, (0| 0,0) +
-1

Xy = X, which we have already seen is monoidally equivalent to X, = 75((0 | 0,0)).
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b M X
bop = 020161 <_0% 2 —;E 6) (}E{)
ot | () 4) | (F)
s | (44 ) ()
o | (00 0) | (R5)

Table 6.1: Summary of the affine maps for gl(1]2)

Thus we have that SP;k 1 0m(Ay) = SP; 1 07o(Ag) for My, X5 as above.
2 2

We summarize these results in Table [6.1]

6.4 A formula for the b-highest weight

In this chapter, we first define decreasing Borel subalgebras b and what it means for a
bop-highest weight to be generic with b. We then give a formula for highest weights of

<V72|2n> with respect to decreasing Borel subalgebras.

6.4.1 Borel subalgebras and decreasing )¢ sequences

In this subsection, we define decreasing Borel subalgebras and give a method to
obtain a Borel subalgeba corresponding to a given decreasing sequence as a result of a

sequence of simple odd reflections.

Definition 6.4.1. A decreasing de sequence for gl(m|2n) is a permutation of the set

{€i,01 | 1 <i<m,1 <k <2n} satisfying the following conditions:

o if k < k' then 0y precedes 0y in the sequence (that is, the indices of § terms is

decreasing);
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o ifi < i then €, precedes €; in the sequence (that is, the indices of the € terms is

decreasing).

We call a Borel subalgebra b a decreasing Borel subalgebra if the associated

de-sequence of b is decreasing.

Example 6.4.2. Let b,, be the opposite standard Borel subalgebra. The de sequence
corresponding to by, is

0202n—1 016, -+ - €1.
Notice that this is a decreasing de-sequence. '

By [2.1.17], conjugacy classes of Borel subalgebras of gl(m|2n) under the action
of the Weyl group are in one-to-one correspondence with decreasing de sequences.
The initial Borel subalgebra b,, corresponds to the initial de sequence, and the
transpositions that take one decreasing de-sequence to another one correspond to odd
reflections taking one Borel subalgebra to another. Moreover, let B be the set of all
decreasing Borel subalgebras of gl(m|2n).

The following lemmas give also the definition of key values ¢;, jrp and r, that

will be needed in the sequel.

Definition 6.4.3. Let b € B be a decreasing Borel subalgebra of gl(m|2n).
1. For each 1 <i < m, let {;y be the number of ds to the right of €.
2. For each 1 < k < 2n, let jip be the number of es to the left of dy.

When b is clear from the context, we may write ¢; and j; for ¢, and jjp

respectively.
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Lemma 6.4.4. Let b € B be a decreasing Borel subalgebra of gl(m|2n) with decreasing
de sequence S. Then b and S are completely determined by specifying (1, -+ ,lm) (or

equivalently (j1,- -, jon))-

Proof. Note that we can equivalently say that

gk =i | 6 = k}

since ¢; is left of §; when d; (and hence, d1,--- ,d;) is to the right of ¢;. Thus the

sequence of values of j is determined by the sequence of values of /. m

Next we give a list of roots which plays a vital role in finding highest weights

with respect to different Borel subalgebras.

Definition 6.4.5. Let b € B be a decreasing Borel subalgebra of gl(m|2n). Let Gy be

the set of the following roots

. *
51_€m752_€m7"'a6€m_6ma ()
51 - €m—1752 — €m—1," " 76€m,1 — €m—1;

01 — €1,00 — €1, ,0p; — €1.

Define ro =}, cq, -

By direct computation, we have the following corollary.

Corollary 6.4.6. Let G, be defined as in Definition [6.4.5. Then

m 2n
Ty = Z a=— Z&',b@' + Z]k,b5k-
1 k=1

aegb 1=
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Example 6.4.7. Let b = 6665(585756(556463(545362(516261. Then @ is

01 — €6,02 — €6, "+ ,08 — €g
0] — €5,02 — €5, ,08 — €5
01 — €4, ,04 — €4
51—63,"' ,54—63.

Moreover, in the notation of Corollary we have that
(gl,bv 62,57 g3,ba 64,!17 g5,b7 €6,b) = (07 07 47 47 87 8)

and

(J1,65 72,65 J3,05 Ja,bs J5.05 J6,00 J7.00 Jsp) = (4,4,4,4,2,2,2,2) .

Thus we have

4 8
Tb:2461‘4-2252‘—866—865—464—463. ‘
i=1

i=5
Lemma 6.4.8. Let b € B be a decreasing Borel subalgebra of gl(m|2n). Let by, be the
opposite standard Borel subalgebra. Let b = ry,70, | -+ Ta,(bop) where o;’s are simple
isotropic roots and take the from of 6; — € for some 1 < j <2n and1 <k <m. We

have that Gy = {aq, ..., 0q}.

Proof. The result follows from the fact that applying odd reflection is equivalent to
swapping the position of 4 and ¢, and Lemma that any Borel subalgebra b is

completely determined by specifying (¢, -+ ,¢,,) (or equivalently (ji, -+ ,Jj2n)). O

Definition 6.4.9. A highest weight Ay € Q2 15 called generic for a Borel subalgebra

b € B if the b-highest weight of the corresponding irreducible module is given by
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Ay = Ag— 76, where 1y is defined in Definition[6.4.5 Otherwise, A\, is called nongeneric.

6.4.2 A formula for nongeneric highest weights

In this subsection, we give a general formula for nongeneric highest weights. Let
Ay € Qy2,. Recall that a highest weight A\, for b € B is obtained by subtracting
a subset (potentially the full set if A, is generic) of G, from )\,. Thus we give the

following definition.

Definition 6.4.10. Let Ay € ,,2,. Let b € B and let A, be the highest weight of the

corresponding module with respect to b. Then the term

7(A,b) = Ag — A,

is the sum of the roots that are subtracted from )\, to produce \,.

Remark 6.4.11. Notice that if \; € €22, is nongeneric for some b € B, then

A=A = D e N, O for some proper subset Ny, of G,. Therefore,

7o it )\, is generic for b ,
> aen;, @ if A, is nongeneric for b.
Our next goal is to derive a formula for (A, b). To achieve the goal, we first give

two definitions.

Definition 6.4.12. Let b € B and A\ = (2A1, ..., 2 \mi0n) € H(m, 2n). If 2\, < by,

then let Iy be the least index I for which

lp > 2)\;.
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The index I, is an important index that shows up frequently in the rest of this
chapter. In fact, when we compute highest weights with respect to different b € B,
I gives the index where we can identify if we should or should not subtract odd
roots from the previous highest weights. That is, the highest weight only changes

when we apply an odd reflection rs,_; for some 1 < ¢ < 2n and j < Iy.

Example 6.4.13. Retain the setup in Example [6.4.7, where we have computed that

(€16, 26, 36, Cap, U5, lop) = (0,0,4,4,8,8).

Thus if Ay = —(6,4,2,2,0,0 | Oyxs), then I, = 3. [ )
Definition 6.4.14. Let b be a Borel subalgebra corresponding to a decreasing de

sequence. Let \y be a highest weight for b,,. Define

Cip if 1 <i<Iyp,
Uy =

2\ if Ly <i<m.

Then for each 1 <k < 2n, set jy i to be the number of indices i such that ly; > k.

Example 6.4.15. Let b = €56503070605€4€304030201€2€1 as in Example [6.4.7. We have
computed that
(gl,b7 82,67 63,517 64,57 65,57 66,5) = (07 07 47 47 87 8) )

which implies that

(ggb,ly 635727 Eéb,i’)u EA(,A? gAb,57 EA(,,G) = (Oa O) 27 27 Oa O) )
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and in turn,

(j&b,lu j&b,ijA[,,?n jAh,47jA[,,57 jAb,G) = (27 27 07 07 O? 0) : ‘

Lemma 6.4.16. The definition of £y ; is equivalent to

lip if lip < 2,
lri =

2\ Zf gi,b > 2M;.

Thus, we have that £ ; = min{l;, 2\;} for all 1 <i <m.

Proof. The result follows from the fact that for all ¢ < Iy, we have ¢;, < 2\;, and

for all j > I, we have
f]}b > gf)\,b,b > 2)‘I>\,b > 2)\J UJ

Proposition 6.4.17. Let b be a Borel subalgebra corresponding to a decreasing e

sequence. Let A\ be a highest weight for bo,. Then

m 2n
T(A, b) = — ZE&Z‘EZ‘ + Z‘j&’kék' (641)
1=1 k=1

In particular, A, = Ay — r(A, b) is the b-highest weight of the module corresponding to
A, for any A € H(m|2n).

We first give a detailed example to illustrate that r(A, b) is precisely the sum of

odd roots we should subtract from ), to obtain \j.

Example 6.4.18. Let b, = ds...01€. .. € be the opposite standard Borel subalgebra
of g[(6’8) Let b = 6665(585756(556463(5453(52(516261 and AO = — (6, 4, 2, 2, 0, 0 ‘ leg) as in
Example [6.4.13]
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To illustrate in detail how the highest weight changes with respect to different
Borel subalgebras, we first consider moving € to the leftmost of the de-sequence by
consecutively apply 75, _c, - - - Tsy—es 10 bop. In particular, we have that (X, 0; — €5) =
0 for all 1 <7 < 8. Thus the resulting highest weight is still \,. The same is true for
moving €5, that is, we have that ()y,d; —€5) = 0 for all 1 <1i < 8. Now consider the

next few intermediate Borel subalgebras. Let

b1 = €6€50807060504030201 €4€3€2€1
bg = 6665585756555453526451636261
[73 = 6665585756555453645251636261

b4 = 6665585756556454535251636261

That is, by = 75, ¢, (b1), b3 = r5,_¢, (b2) and by = rs,_¢,75,—¢, (b3). Therefore, we
have

b4 = T6g—eg - - T'61—egT0g—e5 - - .7’51,65(501)).

Recall \,, = Ay. Moreover, we have that by = 75, _¢,(b1) and (X, — €4) = 2 # 0,
which by Corollary implies that

Ahz = Abl - (61 - 64) = - (6747 2? 17070 ‘ 1701><7) .

Similarly, we have that by = rs,_,(b2) and ()g,,d2 — €1) = 2 # 0 which implies that

Ah :AbQ_(62_€4) :_(67472707070‘1771701><6>‘

3

Furthermore, we have by = rs, _¢,rs,_c,(b3) and (Abg, 0; — 64) =0 for 1 = 3,4. Thus



6. THE CEP FOR (gl(m[2n), 8% (C2)) 82

Ap, = Ap,- Moreover, we have that

b= To4—e3Td3—e3T62—e3761—e3 (54)

and by a similar argument we have that

Ab - A[M - (51 - 63) - (61 - 63) = Ab = _(674a0707070|2a 2701><6)-

In particular, the sum of odd roots we subtract from ), is precisely

T(Ah? b) == _263 — 264 + 251 + 2(52 .

Proof of Proposition [6.4.17. To show that r(A, b) is of the claimed form, it is equiva-
lently to showing that A\, = A\, — (A, b). Since the Je sequence is decreasing, we must
have

Up < lyp <Ulgp < - <Ly

Since A\g = —(2A1, -+, 2\, fl1, 41, * ** , fhn, ) cOrTEsponds to a hook diagram A, we
have

201 22X > - 2 20,

The generic case occurs when ¢;, < 2); for all 1 <7 < m, which is by the preceding
inequalities equivalent to the condition that ¢, < 2A,,. Thus ¢, = ¢;, for all
1 < i < m, and similarly, jyx = jrp for all 1 < k < 2n. Therefore, (A, b) = 1, and
we are done.

Now suppose ), is not generic and let I = I, be the least index for which

l1p > 2X;. We now show that Ay = A\; — (A, b).
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Choose a sequence of Borel subalgebras linking b, to b that is strictly decreasing.
In terms of de sequences, this implies that we first put ¢, into position, then ¢,,_1,
and so forth. Recall from Definition that the sequence of simple odd roots is

then

. *
51_€m752_€m7"'76€m_€ma ()
51 - €’rn—1752 — €m—1," " 754771—1 — €m—1;

51 _61752 — €1, 7551 — €71.

At each step b; of this sequence, corresponding to applying the reflection r,,, we use

the formula

Ap,_y T Gy if (Abi,p 042') #0

A, otherwise.
Note that (A, 6x — €;) = 0 if and only if the coefficients of both ¢; and 5 in Ay are
zero. Note also that in \,, we have p = 0 for all & > \,,.

We proceed inductively from m down to 1, following the rows of the list of roots

@, showing that if b;;; denotes the Borel subalgebra obtained after completing all

reflections up to the end of those in the row corresponding to €;,1, that
Aijrl = AO - Z (51 Tt 6EA,¢ - g&,zez) (643)

The base case corresponds to j = m, b = b, where there is nothing to show.
Suppose we have shown our inductive hypothesis up to €;11, as in (6.4.3). Let us

first determine the coefficients of €; and of d; with £ > 2;.
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The coefficient of ¢; in —A,_ is the same as that of —A; this value is therefore
2);. Let k> 2); > 2),,. Then the coefficient of d;, in A\, was zero. Moreover, since
2\; > 2\; > {y; for each j + 1 < i < m, none of the additional terms in (6.4.3))
contribute to the coefficient of d;,. Thus the coefficient of §;, in —Aij is 0 for & > 2);.

As we iterate through each of the roots
51 - 6]',52 — 6]',"' ,5@\7]. —Ej

we fall into the first case of (6.4.2)) because the coefficient of ¢; is nonzero at each

iteration. Therefore if b’ denotes the resulting Borel subalgebra, we have

Ab/:)\

Zbj

— (01 4+ 00y, — Ors65)-

If ¢) ; = {; then we are done.
Otherwise, £y ; = 2); and we infer that the coefficient of €¢; in Ay is 0, as is the

coefficient of o for any k > £, ; = 2\;. Thus for any remaining roots

5£A,j+1 - 6j7 e 7(5€j - 6j

we fall into the second case of (6.4.2)), and so

m

Aoy = Ay =X — D (014 + 0y, — rici).

=7

Therefore we may conclude by induction that

X=X — Y (614 + 0, — Lai&) = Ay — (A, b),
=1
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as required. O

We complete this subsection by giving the list of roots contained in r, — r(), b),
that is, the set of roots which we will not subtract from Ay when computing the

highest weight \,.

Lemma 6.4.19. Let b € B. Let )\, be a highest weight with respect to bo,. Let I =1y
be the least index for which 1y > 2X;.Then 1y — r(A, b) is the sum of the following

T0018S.

ok
52)\m+1 - Emu te 75£m,h - €m7 ( )
52)\m,1+1 —€m—1,""" 7(5@,”,1,5 — €m—1,
Oox; 41 — €157+, 0g;, — €7,

Proof. This is straightforward from the definition of Iy, 7y, 7(A, b) and the proof of

Proposition O

6.5 The CEP with compatible highest weights

In this section, we first derive some necessary conditions that the affine map 7, : h* —

C™" must satisfy in order for the relation
To(Ap) = Mp(Ay) + Xo ~ To(Ao) (6.5.1)

to hold for any A € H(m|2n) with even parts. Moreover, we define a class of

Borel subalgebras that we call very even, for which every Ay € ,,2,, is compatible.
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Then we prove the result for very even Borel subalgebras and prove that, when ),
is compatible with (not necessarily very even) b, the eigenvalue of D! 25, OL the

irreducible components (Vm|2n)* is S P: 1 0Tp(Ap)-
2

Lemma 6.5.1. For all b € B, if 7()\,) = Mo(),) + Xp such that (6.5.1) holds, then
we must have

Xb ~ Xo.

Proof. Since the zero weight corresponds to the trivial module, the highest weight
A of this module with respect to any Borel subalgebra is 0. Thus, we have that
To(Ap) ~ To(Ag) implies My(0) + Xy ~ My(0) + Xo which implies X, ~ Xp. O

Proposition 6.5.2. For all b € B, if 7,(),) = Mo(A,) + Xp such that (6.5.1) holds,
then we must have the identity

MbAb + Xb = MOA() + X() (652)

for all highest weights A, that are generic for b. Consequently, for all b € B we must
have

M[, eC and M[,Tb = Xb — X().

Proof. The idea is as follows: for sufficiently generic ), the identity M\, + X, ~
Moy + Xo must be an equality. More precisely: we call A\, generic for b if Ay = A\j — 7.

This corresponds to the condition that

It follows that the span of the b,,-highest weights that are generic for b is equal to a*,
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the span of the set of all b,,-highest weights. Since each matrix M € C has full rank, it
is surjective. Thus we can find a set of m + n linearly independent b,,-highest weight
vectors such that they are generic for b and also M )\, has all nonzero entries. Then
s\ is also generic for any positive integer s. Then for s sufficiently large, there are no
pairs (i, ) to which monoidal symmetry could be applied, that is, we can ensure by
choosing s large enough that (s); + E;) + 3(sp; + Fj) # £1 for any 1 <i < m and
1 < j < n, that is, the equivalence relation in Lemma [6.1.4] can never be used. Ergo,

for the highest weights ), in the basis b, we must have the equality

Mg, + Xp = Moy + Xo.

Since \, = Ay — 1, We can rewrite this as

M)Ay + (—Myry + Xp) = Mo)y + Xo.

Since this holds on a basis of a*, we conclude that these affine maps from a* to C™"
are equal. In particular, equality holds for any b,,-highest weight )\, and thus
holds for any ), that is generic for b.

Furthermore, the equality of the affine maps implies —M,ry, + Xy = X and, by
Lemma [6.2.2] that M, — M, € C. O

6.5.1 The very even case

In this subsection, we first define a set of Borel subalgebras we call very even, which is
a small subset of all Borel subalgebras. However, this set plays a vital role in finding

the refined solution to the CEP for (g,b,V).
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Definition 6.5.3. We call a Borel subalgebra b and its associated de sequence very

even if {; is even for all i.

Lemma 6.5.4. The Borel subalgebra b is very even if and only if jor—1 = jor for all

1<k <n.

Proof. By definition, jor_1 = jor if and only if no € lies in between do and dop_1
if and only if the Borel subalgebra sequence has the form of ...d9;09;_1 ... for all

ke{l,...,n} if and only if ¢, is even for all i. O

Lemma 6.5.5. If b is very even and 1y(\,) = My(Ay) + Xo satisfies (6.5.1)), then we

must have

Xp = Xo + Z 5&,1161' - Z]Qk,bemk« (6.5.3)
=1 k=1
Proof. Suppose b is very even and let )\, be a b,,-highest weight that is generic for b.
By Proposition [6.5.2] we must have

Mb € C and Mbrh = Xb — Xo.

Then note that r, = Ay — A, lies in a*, the span of highest weights with respect to
bop, since b is very even. It then follows that Myr, = Mr, for all M € C. A direct

computation yields the result. O
Thus we have the following proposition.
Proposition 6.5.6. Let b be a very even Borel subalgebra. Let M, € C and X, =

Myre + Xo as in (6.5.3). Then for any vector y € a* and any My € C we have

Mb(y—T[,) ‘I’Xb = M()y—l—Xo
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Proof. Note that since y € a*, we have that M,y = Myy for all My, My € C. Thus by

Proposition [6.5.2| we have that

Mb(y — T’b> -+ Xb = Mby — (X[, — Xo) —+ X[, = M()y + XO-

which completes the proof. n

We now turn to the nongeneric case. Recall that the sum of roots (), b) defined
in Equation (6.4.1)) satisfies A\, = Ay — r(A, b).
We first prove our key technical result, which gives a collection of terms that are

equivalent to 79(}\y)-

Proposition 6.5.7. Suppose b is very even and that Ay € Qpp2,. Then

Ao+ 71 €a¥,

and

M[)AO + Xo ~ MO()\O + T — T<A7 b)) + Xo.

Proof. First notice that both A\, and r, are in a* which is clear from the fact that we
are in the very even case. By Lemma [6.4.19, r, — r(), b) is the sum of the following

roots, which we showed in the proof of Lemma [6.5.5¢

52)\m+1 —€m,y 75€m,b — €m,

52)\m,1+1 —€m—1,""" 75£m—1,b — €m—1,

52)\[+1 — €1, 7551,[, — €7,
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where [ is the least index for which ¢;, > 2);. Suppose that b is very even, so that

lrp > 2A1 + 2. Then we have

1 1 1
>\m+1§)\m71+1§"'§)\1+1§le,b§§£I+1,b§"'§§£m,b-

That is, the intervals (A; + 1,¢;5) are nested, as ¢ decreases.
We show that we can transform A,,1; := M), + Xo, by a sequence of monoidal

symmetries determined by @, into the final result
Ar1 = Mo(dg + 16 —7(A, b)) + Xo.

We proceed by induction on ¢ from m to I on the rows of @ Let

L6
Tbaj = Z (Sk — (gj,b — 2>\j>€j

k=2X;+1

denote the sum of the roots on the row of @ corresponding to €;. Set

Aipr = Mo(Xg + Z rb,A,j) + Xo,

j=i+1

which is the partial sum obtained after completing the row indexed by i + 1.

Our inductive hypothesis is that
Ai—i—l ~ Ai7

that the coefficient of e; in A,y is A\; + E; and that the coefficients of e,,4; in A4y

with A, +1 <5 < %Ei,b are given by F; — (m — i).
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The base case is that ¢ = m, so equivalence is a tautology and the statement
about the coefficients is true. Suppose it holds for ¢ + 1. Let us prove the statement

for 7. Note that

A = N1 + Morp xi

= Aip1 + Mo Z O | — (ip — 2N)e
t=2)\;+1

Lin/2

= N1+ M Z (Ook—1 + dor — 2¢;)
k=Xi+1

'Lb/2

- AH—I + Z em—‘rk

k=Xi+1

Recall that monoidal symmetry defined in Lemma[6.1.4] gives us that y ~ y+e; — €44

if y; + %ym+k = —%1, and that

1 1 . .3

Suppose we have shown for some K, \; + 1 < K < ¢;/2, that A,y is equivalent to

ANiiigo1 =N + g — €mtk)-
k=X;+1

We now show that A;i1 k-1 ~ A1 k. Then by induction as K runs from \; + 1 to
l;p/2, we will conclude that A; ~ A;44.

Using the outer induction hypothesis, as well as the formula for A4y g1, we
compute that the coefficient of e; in Ajpq k1 is \; + E; + (K — A\; — 1) and the

coefficient of e,k in Ajiq g1 is Fx — (m —i). We now verify the conditions for
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applying monoidal symmetry. We compute

1

)\z‘+Ei+(K—)\i—1)+§(FK—(m—i)))
Z(Ei—f—%FK)—f—K—l—%(m—i)
:(%(m—i)—K—I—Z)+K—1—%(m—i):—}l

Therefore monoidal symmetry may be applied and we conclude that

Ai-i—l,K—l ~ Ai—i—l,K—l + e —emik = Ai—i—l,Ka

as required. Therefore we have deduced by induction that

Ai+1 ~ Az‘+1,£i/2 = Ai-

Finally, if i — 1 > I, we compute the coefficients of A;, to complete the outer induction.
The coefficient of e;_; in A; is the same as the coefficient of e;,_; in My\, + Xo,
which is \;_1 + E;_1, because we have added no roots involving €;_;.
Since 1 —1 > I and ¢;_1p is even, we have \; +1 < X1 +1 < %Ei_l,b < %éi,b.
Therefore the coefficient of e, , for all \;_; +1 < j < %gi—l,b was F; — (m — 1) in
A;yq and is thus F; — (m — i) — 1 in A, since we subtracted each e,,,; exactly once in

the course of computing A;. The induction is complete. O

Using the proposition, we now prove the main result for this section, which is,
for the very even case, we find an affine function 7, such that 74(),) ~ 70(}g). In

particular, we have the following theorem.

Theorem 6.5.8. Let b be a very even Borel subalgebra in B. For any M, € C, and
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Jor any Ay € Qjan, define
Tb(Ab) = MbAb + Xp

where Xy is defined in (6.5.3]). Then

where SP:l 15 the interpolation super Jack polynomial from Remark |4.4.5. Con-
2

sequently, the eigenvalue of the Capelli operator D* on the irreducible component

<V£|2n>* with highest weight X, is equal to SP7 (To(Ap))-

Proof. 1t suffices to show 7,(A,) ~ 70(}y). We have that

M)Ay + Xo = Mp(Ag — (A, b)) + Xo
= Mb(Ao + (T’h — T’(A, b)) — T’b) + Xb

= My(Ag + 15 — (A, 0)) + Xo

where this last equality follows from Proposition|6.5.6, applied with y = A\j+7—7(A, b),
which lies in a*. Finally, My (A, + r5 — (A, b))+ Xo ~ Mo\, + X0 by Propositionm
[

6.5.2 The non-very-even cases

Our ultimate goal is to extend the results of the previous section for the very even
case as much as possible to the not very even case. The idea is that for an arbitrary
decreasing de sequence, each ¢; is swapped with either an even or an odd number of Js.
If some ¢; is swapped with an odd number of ds, the corresponding de sequence comes

from some de sequences such that these ¢;s are swapped with an even number of Js.
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Thus understanding very even cases helps us understand the most general cases.
Let b be a Borel subalgebra corresponding to an arbitrary decreasing de sequence.

Let b, be the very even Borel subalgebra that corresponds to the /; 5 -sequence given

1
fz’,be =2 {5&',&4

for all 1 <4 < m. That is, b, is a very even Borel subalgebra and the odd reflections

by

that take b, to b are of the form o = do,_1 — €;, where the values k£ may be repeated
but the values ¢ are distinct.
For each 1 < k < n, the indices of the decreasing de sequence corresponding to b,

between 09, and do5_1, are in the form

02k Em g Em—jp—1 " " €y +102%—1 "

because jor counts the number of es to the left of oy, for example. Thus do, and
09r_1 are adjacent when jor_1 = jor, and otherwise are separated by the jor_1 — jor
adjacent € terms €m,—jy,, €m—jor—15" " s Em—jor_,+1- Furthermore, for each ¢; between

09r. and d9,_1, we have ¢, = 2k — 1.

Definition 6.5.9. Let b be as above. For each 1 < k <n, let
Ty ={1 <k <n| jou < jok—1}-

Define for each k € T,

m—/jok
Toddok = (Jok—1 — Joak)O2k—1 — Z € (6.5.4)

1=m—jog—1+1
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Example 6.5.10. Set b and )\, as in Example[6.4.18] Let by = €ge5050706€405€304€2€1030201.
That 1S, b1 = T5,—e, 765176, —e1 65 —coT63—eaT61—esTo5—e5 (). Then we have Ty, = {2, 3},

in particular, js — js = 2,j5 — jo = 1. o

Note that the list of roots whose sum is 7,44, % is precisely

{(52k71 — Em—jop» dop—1 — Em—jop—1y - - - ,02k—1 — Emfm,lﬂ}-
That is, the associated odd reflections are those taking
e '52k52k71€m7j2k€m7j2k71 ce €m7j2k71+152k71 T
to

“+ 09k Em—jor Em—jop—1 " Em—jay_1+102k—1 """ .

Lemma 6.5.11. Set 75446 = E Todd,oc- With notation as above, ry = rp, + Toddyp-
keTy

Proof. The result follows from the fact 7,44 is the sum of odd roots whose associated

odd reflections are those taking b, to b. [

Set
Cb = {M eC | vk € Tb, Mrodd,b,k = 0} (655)

Theorem 6.5.12. Set X, = X,,. The set Cy is a nonempty subset of C and for all

My € Cy and any My € C we have
Mg, + Xo = MoAy + Xo

for all Ny € o, that are generic for b.
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Remark 6.5.13. Notice that the choice of sthis subset C, of C depends on the choice

of vector Xp.

Proof of Theorem [6.5.19 Since ), is generic for b, it is also generic for b, since
lip, < l;p for all 7. Therefore since the theorem is proven for the very even case we

may apply Proposition to infer that

MM, + Xp, = MAy + Xo

for any M € C. By the lemma, A\, = A, + 7044, and by hypothesis X, = Xj,.

Therefore if M further satisfies

Mrodd,b,k =0 Vk €Ty (656)

then Mry44p = 0 and

MMX, + Xo, = M(Xy, — Toddp) + Xo. -

Thus by the preceding,

MMy + Xy = M(Xy, — Toddp) + Xo. = MoAg + Xo,

as required.

To see that the set of conditions defined by (6.5.6)) is nonempty, write

1
_§[m 0m><2n

Onxm D
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as in (6.2.1) and (6.2.2). To show that Mr,g4pxr = 0, fix k in T,. The (2k — 1)st
column of an arbitrary matrix M in C has the form (a1, -+, ap|b1, - ,bp—1/2,---b,).

Let w = (jak—1 — jox) # 0. Thus

a;w if 1 <4 < m is not in the set {m — jop_1 +1,...,m — jor}
s +awif 1 <i<misin the set {m — jor—1 +1,...,m — jor}
(M7 oddpr)i =
bi_mw ifi>mand i #m+k

(be—3)w if i = m + k.

Therefore setting each of these equal to zero fully determines the 2k — 1 column of
M (and thus, the 2kth column). Specifically, for each k in Ty, the (m + 2k — 1)th
column of a matrix in C, has nonzero entries only in rows ¢ = m — jog_1,..., M — Jo
and these entries are all equal to %(j%,l — jox) and its (m + 2k)th column has the
negative of these entries as well as —1 in row m + k.

For each k € Ty, the equation M1,q4p% = 0 can always be solved by choosing
values for the (2k — 1)th column of A. Since each condition from k € T} pertains to
a different odd-index column, this system is consistent and the set of solutions Cy is

nonempty. [

Recall that in the very even case, we defined ry, and r()\, b) where 7, corresponds
to generic highest weights and (A, b) helps us understand non-generic highest weights,
that is, the set of roots we should subtract. The term 7,446 (Or Toaq6.x) plays a similar
role as 5. We then need to find a similar definition for (), b) in order to understand
all possible highest weights.

Suppose that in the Borel sequence for b, there exists a sequence of at least two

adjacent es between 0o, and do5_1. Since jor is the number of € to the left of dor, we
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deduce that €, - , €y,_j,, +1 are precisely the es to the left of do, and €,,_j,, is the
first € to the right of dgx. Similarly, the index m — jor_1 + 1 refers to the first € to the

left of d9r_1. That is, our Borel algebra sequence contains

Tt 52k€m—m e 'Em—jgk_1+152k—1-

Now suppose that ), is not generic for b. Note that since the sequence of ); is

decreasing, we have that

Am—jor < Amjop—1 <000 S Aoy

On the other hand, the value of ¢;, for each m — jor <@ < m — jor_1 + 1, is exactly
2k — 1. That is, depending on the relation among 2k — 1,2\,,_;,, and 2\, ,+1,

we should subtract all, none or partial roots from the set

{(521@71 — €m—jopy - - - 7(521#1 - €mfj2k,1+1}~

These observations are the bases for the following definitions.

Definition 6.5.14. We say that a highest weight Ay € o, (or the corresponding
hook Young diagram \) is compatible with b € B if it is either generic for b, or for

each k € Ty, either 2\, > 2k —1 or 2Ap—j,, 41 < 2k — 1.

Definition 6.5.15. We call a Borel subalgebra b relatively even if there is at most
and 9,

one € between 9, k1 -

J2k

Recall that Ty is the set of indices k for which jor_1 — jor > 0; the condition of

being relatively even is the same as requiring that jor_1 — jor, < 1 forall 1 < k <n.
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Moreover, note that all very even Borel subalgebras satisfy jor_1 = j2r, and so are
also relatively even.
We then show that all highest weights are compatible for relatively even Borel

subalgebras.

Theorem 6.5.16. A highest weight Ay € Q2,15 always compatible with any relatively

even Borel subalgebra.

Proof. Let b be a relatively even Borel subalgebra and suppose to the contrary that
there exists a highest weight incompatible with b. That is, there exists an index k € T
for which

2o, S 2k =1 < 2N 41 < 22Xy, -

In this case of jox—1 — jor = 0, we have 2k — 1 = 2A,,,_;,, = 2X\,,_j,, , which forces
2k — 1 to be even, a contradiction.

In the case of jor_1 — jor = 1, we have that m — jor._1 + 1 = m — joi. and thus

2)\m_j2k—1+1 = 2)\m_j2k )

which forces 2k — 1 = 2X\,_j,, 41 = 2A\m—j,._,+1, Which forces 2k —1 = 2X,,_j,, ,+1

to be odd, a contradiction. This completes the proof. O

Therefore, by Theorem [6.5.16 if there are no adjacent es in the de sequence for b,
then all byp-highest weights are compatible with b. With this definition, we can state

the following main theorem of this section.

Theorem 6.5.17. Let b € B. Choose M, € Cy and set X, = Xy, where Xy, 1s defined

in (6.5.3). Define
To(Ap) = Moy + Xp.
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Then for any Ay € Qpmj2n that is compatible with b, we have that

SPZZ% oTp(Ap) = SP:;% o7 (Ag)

where SP:l 1s from Remark |4.4.5. Consequently, the eigenvalue of the Capelli

2

operator D" on the irreducible component (Vni‘pn> with highest weight A\, is equal to
SP:; (To(Ap))-

’2
To prove Theorem [6.5.17, we first define a special subset of T,. Recall that

Ty = {1 <k <n| jox < jor_1}. Then we have the following definition.

Definition 6.5.18. For each X\ that is compatible with b, define
Tb,)\ = {]{7 €T, | 2)\m_j2k,b > 2k — 1}

Note that the condition of Tj y indicates that €, j,, , is the term immediately to

the right of dgy in the de-sequence for b.

Proof of Theorem[6.5.17 1t suffices to show that 74()\,) ~ T0()g). If A, is generic for
b, then this has been shown previously in Theorem [6.5.12]
Suppose )\, compatible with, but not generic for, b. Recall that the set of roots

determining r, — (A, b) is given by

kok
52)\m+1 —€m,y 75£m,b — €m, ( )

52)\,-”,1—‘,-1 — €m—1,""" 75£m71,b — €m—1,

52,\,+1 — €5, 7561,[, — €1,
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where [ is the least index for which ¢7, > 2A;.
Recall that for each k € Ty, Togapr = (Jok—1 — Jor)02k—1 — Z;ani’}%,lﬂ €, and

that for each index ¢ in this sum, ¢; = 2k — 1. The condition of compatibility implies

that either
li=2k—-1< 2/\m—j2k < 2)\m_j2k_1 <o < 2/\m—j2k—1+1
in which case, I > ¢ and none of these roots appear in the expression @, or

2\ < 2>\m_j2k_1 <. < 2)\m_j2k—1+1 <2k—1= gz

m—jok

in which case I <7 and every root vector that occurs in 7,qq,6% appears in @
As in Definition [6.5.18] the set T; 5 is the set of k € T}, such that none of the
roots determining r,q4q4 » 0ccur among the roots in @ This set may be empty. It is

immediate that

r(A,b) =7(), be) Z Todd,b,k-

kGTb A

Then we can write

Ao =X = 7(A,0) =X — (A, b0) = ) Todak-

kETb A

Let My € Cy,. Then as My, € C, we can apply Theorem to deduce that

My, + Xy, ~ Moy + Xo.
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Now X, = Xp,. Furthermore

Mgy = My(Ag — r(A, be) — Z Todd,b,k)

kETb,)\

= Mb(Abe) - Z Mbrodd,h,k

keTy »

= M bﬁbe
where the third line uses the definition of Cy, and follows from the compatibility of A,
with b. u

In the next sections, we address the remaining cases, that is the case when ), is

incompatible with b. We first give a surprising example in g[(2]2).

6.6 Surprising example: an incompatible case gl(2|2)

In this section, let g = gl(2]|2) and b = ds€9¢19;. We provide an example in gl(2|2) to
illustrate that there are cases that we cannot express the eigenvalue of ng on <V2’|\2)
as a polynomial function of 7,(),). We thus would at least like to find a piecewise affine

map 7, such that the eigenvalue of Dg‘p can be expressed as a polynomial function on

75(Ap)-

Example 6.6.1. Consider the Borel subalgebra b defined by the sequence ds€5€10;.

Thus ¢; = {3 = 1, which is odd, while jo, = 0 < j; = 2. Then if b,, = 0201€2¢; we have

b = 7a,(Ta; (bop))

where oy = 01 — €1 and a; = §; — €3. The possible highest weights are:
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Ay

Ay

(condition)

—(22,2y | z,2) | 2z — 1,2y — 1|2+ 2,2)
—(22,010,0) —(22—1,01,0)

(0,010,0) (0,01 0,0)

z>y>0

x>0

We suppose there exists an affine map y — Myy + X, satisfying

My + X ~ M)Ay + Xo

for all highest weights )\, where ~ indicates that they are equivalent under monoidal

symmetry.

Set Ay = —(22,2y | z,2) for some integers x > y > 0 and z > 0. Note that

M)y = (z,y,2). We have from the formulas

1 1
Ei:Z(qul—Qn—Zi) and Fj:§(m—|—2—|—2n—4j)

with m = 2,n = 1 that

Therefore X, = (—i, —%, 1). This yields

Modo + Xo = |1y +3

By Proposition [6.5.2] if (6.5.1]) holds, then we must have M, € C, so M, has the
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explicit form

-1
—% 0 a —a . %—}—2@
Myry=10 -1 b —b = |5+20];
2
0 0 ¢ —-1-—c¢ 2c
0

and thus X, = (3 + 2a, £ + 2b, 2¢) + Xj.
The nongeneric cases impose two conditions on the choices of a, b, c. The first is

that Xy ~ Xy under monoidal symmetry, which implies a strict condition but at least

%+2a
Xo—Xo= |L42| €’ (6.6.1)

2c

We now compute My, + X; in the intermediate nongeneric case, that is, where z > 0
but y = z = 0. In this case,

)\b:AO_OZQ

which allows us to rewrite

My + Xo = Mydy — Myas + Mp(az + ) + Xo

= (MbAO -+ Xo) -+ MbOél
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Since M)Ay + Xo = Mo, + Xo for any choice of My, My, we infer that (6.5.1)) is in

this case tantamount to My, + Xy ~ (M, + Xo) + Myay. We compute

) 0
-5 0 a —a . a
Mbal = 0 _% b -} — %+ b
1
0 0 ¢ —-1-—c¢ &
0

Again, we infer that if monoidal symmetry holds, then necessarily Mya, € Z3, that is

a
iyl e (6.6.2)

Cc

Now note that (6.6.1) and (6.6.2)) are contradictory: for example, if a € Z then
1 +2a¢Z. [ )

This is a surprising result. We have found that there is a line in the span of the
b-highest weights on which the interpolation of the affine function valid on all other
highest weights does not give a result compatible with the monoidal symmetry of the

interpolation super Jack polynomial.

Proposition 6.6.2. In Ezample we conclude that Ty(A,) is not given by the

same formula Mo\, + Xy on all weights \,.

However, if we define

C[,:{MGC|M(O[1+OQ):O}
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and

Coinc ={M €C| Ma; =0}
then we have the following result.

Proposition 6.6.3. For b as above, and for any My € Cy and Mi,e € Cy ine, we define
Xy = Xo. Then the formula

MoA, + Xo  if Ay is generic for b,
To(Ap) =
Minc Ay + Xo  if Ay @s not generic for b

satisfies Ty(Ay) ~ To(Xg) for all \y € Qaj2. Therefore, we conclude that SP: 1 (Te(Ap)) =
SP, (1(A).

2

Proof. We only need to prove the non-generic case. We have that

M[,Ab—i-Xb = Mb()\—()é)—i-XO
= Minc&b + Minca + XO

= Mo, + Xo = 10(X)

which completes the proof. O

In the following section, we give a piecewise-affine function T, that satisfies
To(Ap) ~ T0(Ag) on all inputs Ay € Qyyp2,. In general, it will not have the simple form
of this example, as the incompatibility condition will not coincide with non-genericity

in general.
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6.7 Incompatible cases

Recall that we say that a highest weight Ay € €252, (or the corresponding hook Young

diagram ) is incompatible with b € B if there exists k € T, such that
20—, <2k — 1 < 2Xp—jy, 141

Moreover, we call such k the incompatible index. Also recall that ¢; is an increasing
sequence and 2); is a decreasing sequence.

Our first goal in this section is to show that ¢; and 2); can cross at most once.
That is, if A is incompatible with b, then k is unique. We first give an example to

llustrate this observation.

Example 6.7.1. Consider the Borel subalgebra b = €ge5030706€4€30504€2€1030907.
Then by Example [6.5.10, we have that T, = {2,3}. Also, we have that

(j17j27j37 j47 j57j67j77 j8) - (67 67 6a 47 47 27 2a 2) .
Then A is incompatible if either of the following holds

200 < 3 < 2)\; with £ =2, or

2My < 5 < 2)3 with k = 3.

Therefore, the incompatible Young diagrams satisfy

2)\1>3>2)\222)\32)\422)\522)\6
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or

2)\1 > 2)\2 > 2)\3 > 5> )\4 > 2)\5 > 2)\6
Thus if £k exists, it is unique. [

Lemma 6.7.2. Let b € B. Let Ay € Q2 be incompatible with b. Then there exists

a unique k € Ty such that 2\, _j,, <2k —1 < 2X\p_j,, 41

Proof. The existence follows from the definition of )\, being incompatible with
b. To show uniqueness, we first consider an adjacent e sequence to the left of

€m—jor " " " €Em—jor_1+1- Lhat is, the sequence has the form of

52p€m—j2p€m—j2p—1 cee Em—j2p,1+152p—1

for some p > k. Then as p > k and €,,_;,, , 41 is to the left of €,,_;,, , we have

2N oy 141 S 2y, <2k —1<2p—1.

Thus we may conclude that p is not an incompatible index. Similarly, consider an
adjacent e sequence to the right of €,,_j,, - €n—j, ,+1. That is, the sequence has
the form of d24€1—jp, €m—jog—1 - - - €m—jay_1+1024—1 for some ¢ < k. An similar argument
yields

2Am7j2q > 2)‘m7j2p71+1 >2k—1> 2]9 — 1.

Therefore, ¢ is not an incompatible index, and in turn, we conclude that if )\, is

incompatible with k& being an incompatible index, then £ is unique. O

Recall the index I = I, defined in Definition [6.4.12] is the least index for which
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Crp > 2X;. Next we connect I with the incompatible index. Consider the sequence

© Ook€m oy m—jo—1 " Em—jyy_1+102k—1" " -
such that k is an incompatible index. Then there exists J € [m — jor_1 + 1,m — jor.)
such that 2)\;,; < 2k — 1 < 2)\;. Then we have the following lemma.
Lemma 6.7.3. Let J be defined above. Then I\, = J + 1.

Proof. First notice that

gm—j% — ... = gm_m_l =2k — 1. (671)

Then by (6.7.1]), we have 2A;11 <2k —1=/{;115. Thus I < .J+ 1 by the definition
of I. Now suppose that I < J. Then by the inequalities ¢; < --- < /,,, it follows that
f],b < 6]7[,. MOVQOVQI’, 227 > 2k — 1 and £J7b =2k—-1 implies 201 > 2M5 > Kj,b > f],b,

which contradicts the definition of I. Thus we conclude I = J 4+ 1. O

Definition 6.7.4. We say p is in an incompatible range if there exists k such that

m— Jop—1+1<p<m— jou.

Lemma 6.7.5. Let b € B. If I, is in the incompatible range, then X is incompatible

with b.

Proof. Suppose that I, is in an incompatible range. Then there exists k such that

m—Jok—1 +1 < Inp —1< Iy <m— jo.
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Then we have that
2)‘m—j2k < 2)\I>\,b < 2/\I>\,b—1 < 2/\m—j2k—1+1

and

gm—j% = gl}\,h = em_j2k71 =2k —1.

Recall that Iy is the least index so that 2A7, ;v < £, , 5 = 2k — 1. Thus we have

2M1, -1 > {1, -1 = 2k — 1. Therefore, we have that
2)\m*j2k < 2)\I>\,b <2k—1< 2>\I>\,h*1 < 2/\m*j2k—1+1'

Thus, A is incompatible with b. O

This lemma implies that if, for given pair (b, \), we can find I}, such that
1, , = {1, ,—1, then X is incompatible with b. Now let us deduce how we must choose

our affine map in the case of incompatibility. Recall that we have

Toddpk = (02k—1 — €Em—jp,) + -+ + (52k—1 — 61“) (6.7.2)

+ (62k_1 — 6])",3_1) + -+ ((52/§_1 — Em—jgk_1+1> (673)

Recall from the proof of Theorem |6.5.17| that (@ is the set of roots we are not
subtracting. Thus in the incompatible case, we may redefine our (A, b) as follows.

Let R(b,Iyp) be the sum of roots in (6.7.3). That, is

Ivp—1

R(A b, 1) = (Inp —m+ Jog) — 1) dop—1 + Z €.

1=m—jog—1+1
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Then we have

r(A ) =7r(Abe) + RAD, L) + D Toddok

kETb’A
Note that if k is in Ty, then 2k — 1 # {7, .. Our next goal is to define a subset of C

that vanishes on the additional terms R(A, b, I ) and ZkeTb  Todd,b,-

Definition 6.7.6. For any index I such that {1 = 2k — 1 for some 1 < k < n, define
C[,J = {M eC | MR(A, b,]) = 0, Mrodd,b,k =0 f07“ 2k —1 7& g[}

We now can state our main theorem of this section.
Theorem 6.7.7. Let b be an arbitrary Borel subalgebra of g with decreasing e

sequence. Set X, = Xy,. Define

My + Xp for any My, € Cy, if Ay is compatible with b
To(Ap) =

My 1, Ay + Xo  for any My g, , € Co1,,, if Ay 18 incompatible with b.

Then for every Ay € yjon, we have that

SP*, 07 (Ab) =SSP, o (AO)u
122 M?Q

2

where SP;‘l is from Remark |.4.5. Consequently, the eigenvalue of the Capelli

2

m

operator D" 2, O the irreducible component (VA|2n> with highest weight \, is equal

Proof. The case where )\, is compatible with b has been proved in Theorem [6.5.17]
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We only need to prove the incompatible case. We have that

My 1, Ao + Xo = M1, , (Ag —7(X,0)) + X
= Mb,lu, Ag — T(A, be) - R(A, b, I)\,b) - Z Toddbk | T X

= Mb,I,\J, (AO - T(Aa be)) + Xba

by the definition of Cy , .. Since Cy, , is a subset of C and b, is very even, the term
My, , (Ao — (A, be)) + Xy is equivalent to My 1, Ay + Xo by Proposition which

completes the proof. O

This theorem completes the story of this chapter. By Theorem [6.5.12] Theo-
rem and Theorem [6.7.7, we conclude that a solution to the refined CEP for
(gl(m|2n), 8* (C™?2")) can be found by defining affine transformations or piecewise

affine transformations 7, such that SP; o 75(A,) = SP;; 0 ().



Appendix A

A detailed calculation for gl(1|2n)

In this section, let g = gl(1|2n). We outline a detailed computation and a refined
solution to the CEP of (gl(1|2n),8* (C'?")) in order to give the readers an idea of
how we derive a refined solution to the CEP of (gl(m|2n), 8* (C™?")). Recall that
the decreasing de-sequence associated to the opposite standard Borel subalgebra of

gl(1|2n) has the form of

(Sgn Cee 51 €1.
From Equation (6.1.5)), recall that we have

1 3
Bl +-F=°—j
1+2] 4 J

Consider the Borel subalgebra b whose corresponding de-sequence is . . . dg;41€1025025_1 . . ..

With respect to b, the possible highest weights of (Vﬂ\zn) are

Ab:_<2)\1_22 ‘ lu’l+17:u1+17"'7:ui+17:ui+17/'Li+17,ui+17"'7,un7/1’n) fOI‘OSZS]

113
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such that

20 =2+ pjp=0forall 0 <k <j—i—1.

We claim that the affine map 7,(),) given by M\, + X, where

33 55 1 . .
2/ 7237 T3 57 I3 570y
0 0 1 0 0 0 0 0 0 0 - - 0
o 0o 0 0 -1 0 0 0 0 0 «ov - 0
o 0o o0 0 0 0 -1 0 0 0 - - 0
M = S S S S S S :
o 0o 0 0 0 0 0 0 =10 - - 0
o 0o 0 0 0 0 0 00 0—10 0
o 0o o0 0 0 0 0 0000 0 —1--- 0
o 0o o0 0 0 0 0 0000 0 0 -1
and
B+
F—1
Fip
F,

satisfies 7y(\,) ~ T0(}y). Notice that M is an example of Definition [6.2.1] Then we
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have that
AM—i+FEi 45

w1+ Fy

i + Fj

i1+ Fipr — 1
M), + X = Hit1 +1

pj+ Fy—1

i1+ Fip

Hn + F,

which is equal to

M+ E+j—1

w1+ Fy

Wi + F;
Pi—(—G+1)) + Fim—@1)) — 1
(A.0.1)
-k + Fjp — 1

fj—o + Fio—1

fjt1 + Fia

iy + I,

Our claim is that for each 0 <i < j, we can use the monoidal symmetry property to
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show that M\, + X is equivalent to

M+Ei+7—i—(k+1)

pa + F

i +

Pi—(—G+1)) + Fjim—@t1)) — 1

M- (k1) T Fj- (o) — 1 (A.0.2)

pi—k+ Fjk

-0 + Fj—o

piv1 + Fia

pn + I,

for 0 < k < j—1— 1. We prove this by using induction on k. When k = 0, we have
that 2\; — 2¢ 4 p; = 0 and in particular, by considering the first row and the p;-row

of the vector in (A.0.1]), we have

N |
(>\1+E1+]—Z)+§(Mj+Fj—1)

1 1 |
Z(A1+§Hj)+(E1+§ j>+]—l—§

.+3 i 1
=1 —_ — — 7 — —
TR 2

1
4
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Thus by using the monoidal symmetry property in Corollary [6.1.4] the vector (A.0.1])

is equivalent to
M+Ei+7—i—1

p + Fy

i + F;

i (—(i+1)) T Ej—(j—+1)) — 1
Hi—k + Fj—k: —1 (AOB)
pj—1+ Fj_1 —1

-0 + Fj—o

pi+1 + Fj

iy + I,

which is the vector (A.0.2) when k = 0. Now suppose that the claim is true for k& > 0,
that is, M\, + X has been transformed into vector (A.0.2). We show this is claim
also holds for k + 1. Now consider the first row, and p;_(x41)-row of vector (A.0.2).

We have the following computation

. 1
M+ Byt j—i= (k+ 1))+ 5 (- + Fjgerny = 1)

1 1 . 1

= ()\1+§,Uzj_(k+1)) + (E1+§Fj_(k+1)> +j —Z—(k+1)—§
.3 . o 1
:z+Z—(]—(k+1))+]—2—(k‘+1)—§

3 1
:i+1—j+(/{2+1)+j—i—(/{?+1)—§
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1
1

Thus the vectors in (A.0.1) and (A.0.3) are equivalent. Thus, when k = j —i — 1,

we have that M\, + X ~ 79(Ao). Therefore since SP; € A and SP; o7y(A) is

1,n,% )
a solution to the Capelli Eigenvalue Problem of (gl(1[2n), 8* (C'*")), it follows that

SP; omy(Ap) is a solution to the Capelli Eigenvalue Problem of (gl(1]2n), 8* (C1P*))
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